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Abstract—We consider three capacity definitions for general receiver may decide how much information can be reliably
channels with channel side information at the receiver, whee  decoded based on channel state information at the receiver
the channel is modeled as a sequence of finite dimensionaI(CS|R) The outage capacity [5] illustrates this idea. Heee

conditional distributions not necessarily stationary, egodic, or desi di h that K I t of the ti
information stable. The Shannon capacity is the highest ra esign a coding scheme that works well most or the time,

asymptotically achievable with arbitrarily small error pr obability. ~ but, with some maximal probability, the decoder sees a bad
The outage capacity is the highest rate asymptotically achizable channel and declares an outage, and the transmitted informa
with a given probability of decoder-recognized outage. The tion is lost. The encoding scheme is designed to maximize
expected capacity is the highesexpected rate asymptotically hq capacity for non-outage states. Previously examingslin

achievable with a single encoder and multiple decoders, whethe ¢ ity i iteri di irel di
channel side information determines the decoder in use. Exgeted outage capacity is a common criterion used in wireless fadin

capacity equals Shannon capacity for channels governed by achannels.

stationary ergodic random process but is typically greaterfor Another method for dealing with channels with variable
general chgnnels. These aIt_ernat@ve defir_litions essentiialrelax quality is to apply the broadcast strategy [6]. The trantmit

the constraint that all transmitted information must be decoded \;a\vs the composite channel as a broadcast channel with a

at the receiver. We derive equations for these capacity defitions llecti f virtual . ind d by ch | redii
through information density. Examples are also provided to coliection or virtual receivers inaexed Dy channel rediaa

demonstrate their implications. S. The encoder uses a broadcast code to transmit to the virtual
receivers. The receiver uses side informatito choose the

. INTRODUCTION appropriate decoder. The goal is to identify the point in the

The well-known capacity formula broadcast rate region that maximizes #@xpected rate, where
1 the expectation is taken with respect to the distribufigs)
C = lim sup —I(X";Y") on S. In [7] Shamai derives the expected capacity for the

n—oo xn N

_ _ _ _ Gaussian slowly fading channel. The broadcast stratedgas a

does not hold in full generality. Dobrushin proved it for th@ised in [8] to minimize expected distortion. Here we bound

class of information stable channels in [1] Veardnd Han the expected Capacity for a broad class of channels.

showed the formula The alternative capacity definitions are of particular iese
C=swpI(X;Y) for a}ppllcat|ons where it is desirable to maximize average

x received rate and acceptable for the encoder not to know the
. ) . - exact delivered rate. Examples include systems with some
for general channels in [2], wherg(X;Y) is the liminf acceptable outage probability, feedback channels where th

in probability of the normalized information densities.igh receiver tells the transmitter which svmbols to resend.oon-c
formula highlights the pessimistic nature of the Shannon Y oo

. o ) ; dnunication systems using multiple resolution source codes
capacity definition — which forces the use of a single co eThese alternative definitions and main capacity resultewer
with arbitrarily small error probability. For example, der pacity

a collection of channel§IV, : s € S} parameterized by. proposed in our previous work [3]. Here we revisit capacity

Suppose the random variahfeis chosen according to Sometheorems for .generall channels W|th CSIR and give details
f the proofs in Section Il. In Section Ill we compare ca-

distribution p(s) at the beginning of transmission and then_ o S T
: L . pacity definitions and their implications through exampdés
held fixed. This is called aomposite channel [3] or averaged the Gilbert-Elliott channel and the binary symmetric chelnn

channel [4], and the capacity is dominated by the performanc . o2 .
of the “worst” channel, no matter how small its probability. (%SC). with rgndom crossover probabilities. Conclusions ar
Jven in Section V.

To deal with channels such as the composite channel ab
we relax the constraint that all transmitted informatiors ha II. CAPACITY UNDER DIFFERENT DEFINITIONS
be correctly decoded. Although the transmitter is forcedse

) : o . Consider a sequence of-dimensional channel% =
a single code in the absence of channel side information, t

" = Pzn xn e, WhereW™ is the conditional distribution

This work was supported by the DARPA ITMANET program undeargr from the inDUt _spacel’" to the output spac&™. Let X and
number 1105741-1-TFIND. Z denote the input and output processes respectively, where



each process is specified by a sequence of finite-dimensioAllprobabilities above are conditioned on codewdrdbeing
distributions, e.gX = {X" = (Xl("), e ,X,(l”))}go:l. sent: we omit explicit conditioning for conciseness. Frdj (
For the special case where the decoder has CSIR, we repre-
sent this information as an output of the channel. Spedifical
we letZ™ = (S,Y™), whereS is the channel side information for all R < I(X;Y ) —e and arbitrary > 0, which completes
and Y™ is the output. We assume th&t is independent our proof.
of X and unknown to the encoder. Thu&"(z"|z") = B. Outage Capadit
Ps(s)Pyn x» s(y"|z", s). The information density is defined ~ age Lapacity
similarly as in [2], i.e. Consider a sequence ¢2"%,n) codes. LetP{™ be the
P i n probability that the decoder declares an outagefre(éf be the
v x5 (0" ’S), (1) probability that the receiver decodes improperly givert tra
Pynis(y™ls) outage is not declared. We say that a rdte ¢) R is outageg
The logarithms in this paper are bas# not stated otherwise. achievable if there exists a sequencg2f*, n) channel codes
Throughout we will consider sequences(@f?,n) codes for such that lim P{™ <q and Jim P{™ =0. The outager
channelW, where an(2"*,n) code is a collection oR"# capacity of the above described channel is defined to be the
blocklengthn codewords and the associated decoding regiossipremum over all outaggachievable rates, i.e.

pe(n) < e 4 MB-LX5Y)4e) o

ixnwn(2";y"|s) = log

A. Shannon Capacity Cqy=(1-9q) SUp I(X;Y]S)
The achievability and converse theorems for the Shannon ] Lo o
capacityC' of a general channel =(1-9q Sup sup {a » lim Pr [EZ(X Y"S) < 04] < CI} N

C=supl(X;Z)=supl(X;Y]5) Notice thatC§ = C, so the outage-capacity is a generaliza-
X X tion of the Shannon capacity. The achievability proof fako
— supsup {a . lim Pr Fixw/ww/ (X" Y"[S) < a] _ 0} the same typical-set argument given above. The conversk res
X n—00 n likewise follows [2]. A closely-related concept efcapacity
are proved by Theoremg and 5 of [2]. We here provide Was defined in [2], where the error probabilityconsists of

another proof of achievability based on the notion of typiczgecoding errors which the receiver is unaware of. Whereas in
sets. In this proof we omit explicitly denoting the condiiog CUtage capacity the receiver declares an outage based & CSI
on the side informatiors for ease of notation. when it cannot decode with vanishing error probability. As a

consequence no decoding is performed for outage states.

In the example of a composite channel, the encoder uses a
single code book and sends information at @fg(1—q). The
receiver correctly decodes the information proporiibs ¢) of

n) S n.on ) the time and declares an outage proportasf the time. Thus
AP = {(x Y1) e (@%iy") 2 LG Y) - 6} " the average rate §9. The valueg can be chosen to maximize
(2)  the outage capacity’;. When an outage occurs, the receiver
Channel output™ is decoded taY" (i) wherei is the unique may notify the sender for retransmission or approximate the
index for which (X" (i), Y™) € A™. unreliable information from surrounding samples.
Error Analysis: Assuming equiprobable inputs, the expected )
C. Expected Capacity

probability of error is:
(n) Another strategy for increasing reliably-received rate is
P = Pr(errofl senj to use a single encoder and a collection of decoders, each

Encoding: Generate the codebook by choosiki¢ (1), - - -,
Xn(2nf) ji.d. according to some distributioRy (z").
Decoding: Define, for anye > 0, thetypical set A™ as

2nh parameterized by and decoding at a ratB,. The transmitter
< Pr((X"(1),Y") € AM)+ ) Pr((X"(j),Y") € A™) is forced to use a single encoder without channel side in-
j=2 formation. The receiver, on the other hand, can choose the
< appropriate decoder based on CSIR. Denote ) the

Pr {nZX"W" (X1 Y7 <L(X3Y) - e] probability of error associated with channelWe define the

Z n expected capacit¢’ as the supremum of all achievable rates
+2nR PXn (.’IZ‘ I)Pyn (yn) P P ¢ p A (n,S)

EsRs of any code sequence that satisfigsP. —0.We
show thatC* satisfies the lower boun@® > sup, Cy and the
< e (B-LXY)He) E  Pxnwn (2", y") (3) upper bound

(@ ) eal

(mn’yn)eAE”) 1
C® <suplimsup EgExnyn|g | —ixnwn(X";Y"|S)| S| .
for n large enough. The final inequality uses (1), (2), and the xp n%oop SEXTYRIS | X ( | )‘ }
fact that(z", ") € A" implies (5)

The lower bound is achieved using the code used for outage-
Pyn(y™) < 27"EXY)=0) pro (4727, ¢ capacity. For the upper bound, we assume channel side



information is provided to the transmitter (CSIT) so it can I1l. EXAMPLES
adapt the transmission rate to the channel state. In this cas Gjlpert-Elliott Channel

we also obtain those ratd®?; };cs achievable without CSIT.
Denote by X" (1),---,X?(2"%) and D,(1),--- , D,(2"%)
the set of codewords and decoding regions corresponding
channels. We fix v > 0 and define for eacly € S and
1<i<2nhs

The Gilbert-Elliott channel [9] is a two-state Markov
chain, where each state is a BSC. The transition probasiliti
between channel states ageand b respectively, the initial
state distribution is given by and 7 for statesG and B.

The crossover probabilities for the “good” and “bad” BSCs

n no L. oo satisfy0 < pg < pg < 1/2. We letz,, € {0,1}, y,, € {0,1},
fymeym: HZX"W"(X (0):Y7]s) < Ry =7} and z, = z, ® yn der<ote the channil in}put, ouiput,} and
= {Y" € Y": Pxnjyns(X"(4)|Y",s) <27"7}(6) error on thenth transmission. Whether or not the channel is
stationary or ergodic depends on the channel parameters. We
study the capacity definitions under a variety of scenarios.

B.(i)

where (6) follows from (1). Notice that for anywith R; > 0

1
Pxnyn|s {nixnwn (X™Y"[s) < Rs — 5] Example 1: Ergodic Case, Sationary or Non-Stationary
s bC)onsigler the (gz/;\(se Wlbt)@ anoihb nGO_rII;erE)iETIQ tt: hg/(g 4|-
—nR, el and rg = g + b), so the Gilbert-Elliott channel is
= Z [2 Pyejxens(Ds (01X (2), 5) stationary and ergodic. In this case the information dgnsit
=t %Z'Xan (X™Y™) converges to a delta function at the av-
+ Z PX’LY"‘\S(X”(i)ayn|5)} erage mutual information, so capacity equals average rmutua
y"E€B,(1)NDs (4) information as usual. The Shannon capacitys equal to the
2" fs expected capacityCs + m5Cp, WhereCe = 1 — h(pg),
< P 4 Z Z 27" Py g(y"]s) Cp =1—h(pp) andh(p) = —plogp — (1 — p) log(1 —p) is
i=1 yn€B,(i)ND, (i) the binary entropy function.
< P o, @) This is not a composite channel. Since any transmission
intrinsically experiences both good and bad channel states
Furthermore we have the receiver has no basis of choosing certain transmissions

1 over the others to declare outage. Outage capacity is ndt wel
Esliminf Pxnyn s hanWn (X" Y"S) < Rs — V‘ S}defined for stationary and ergodic channels, but becomes mor
interesting for non-ergodic channels as in Exantble

< lim EgPxnyns [1anWH(X";Y"S) < Rg _7’5} If 7¢ # g/(g + b) but b and g are nonzero, then the
e n Gilbert-Elliott channel is ergodic but not stationary. Hawer,
< lim [EgP™%) 427 =0, the distribution on the state§/ and B converges to a

n—oo

stationary distribution. Thus the channel is asymptdiycal
where the chain of inequalities follows from Fatou’s lemmanean stationary, and our four definitions of capacity haee th
(7), and the code constraifits P."** — 0. Since the proba- same values as in the stationary case.
bility must be non-negative, we conclude

1 Example 2: Sationary and Nonergodic Case
liminf Pxnyn|g [nixnwn (X™Y"|S) < Rs — 7’ S} =0 We now setg = b = 0. So the initial channel state is chosen

e according to probabilitie$r¢, 75} and then remains fixed for
almost surely (a.s.) it¥. Thus for anye > 0, all time. The Shannon capacity equals that of the bad channel
The outage capacityy = (1—¢q)Cj if the outage probability
Pxnyn|s [lixnwn(X";Y"S) < Rg — 7’ 5} <e q < mp andCy = (1 — q)Cg otherwise. The loss incurred
n from the lack of side information at the encoder is that the
occurs infinitely often a.s. Assumingy.y-(X™;Y"|S) is expec'_tgd capacity is strictly Ie_ss than the average of iddal
bounded byM, we then have capacitiestsCp + 71¢C¢ and is equal to [6]
1 max 1 —h(rxpg)+nclh(r*pc) —h(pc)], (8)
Exnyn|s {Eixnwn (Xn§Yn|S)‘ S} > (Rg—7)(1—€)—eM Osr=l/z

wherea * 8 = a(1 — 8) + (1 — «)8. The interpretation here
also occurs infinitely often a.s. Sineas arbitrary, we see that is that the broadcast code achieves rate h(r x pg) for the
bad channel and an additional rdte- x pe) — h(pg) for the
EsExnyns Fixnww (X" y"|5)’ S} >EgRs — v good channel, so the average rate is the expected capacity.
n Using thetangent match approach developed in [10] we can
infinitely often for arbitraryy, which gives us the upper bound@Ptainr* which maximizes (8). Namely if we define
(5) for expected capacity. Note that the expectation in the 1—2pp log(1/p1 — 1)
upper bound (5) is indeed I(X™;Y™|S). A=1— e’ fp1,p2) = log(1/ps — 1)’




thenr* =0 if 7¢ < Af(pp,pc); r* = 1/2 if g > A% and wherez = pxr,, § = (1 — 2p)ry,dp, the first order approx-
r* solvesf(rxpg,r*pp) = A/mc otherwise. A more general imation r,,_4, ~ r, — r,dp and h(z — &) ~ h(z) — h'(z)d.

case will be considered in the next example. Here ¢ is a small variation, and we do not explicitly address
the problematic limiting casé’(z) — oo asx — 0.
B. BSC with random crossover prObabl'ltleS Overall the expected rate is

We consider a BSC with random crossover probability 1/2 1/2
0 < p < 1/2. At the beginning of transmissiop is chosen ce = / f(p)R(p)dp = — F(p)dR(p)
according to some distributiofi(p) and then held fixed. We 01/2 0
also denoteF(p) = [ f(s)ds as the cumulative distribution / F(p)log (
function. This is an example of a composite channel. The 0 P*Tp
Shannon capacity i€ = 1 — h(p*) where p* = sup{p :
f(p) >0} =inf{p: F(p) = 1}, and the outage-capacity is
Cg = (1= q)[1 — h(pg)] wherep, = inf{p: F(p) =1 —q}.

We then consider a broadcast approach on this channel The S(p,rp,7.) = F(p)log <
receiver is equivalent to a continuum of ordered users, each P
indexed by the BSC crossover probabiliyand occurring The optimalr
with probability f(p)dp. The transmitter sends an infinite
number of layers of coded information and each user decodes S _ is — (13)
an incremental ratédR(p)| corresponding to its own layer. "odpT
Since the BSC broadcast channel is degraded, a user Wjfhere S, = 8S/dr and S, = 8S/dr'. After some algebra
crossover probabilityp can also decode layers indexed b¥13) simplifies to
larger crossover probabilities, hence we achieve a rate of

(pxrp) ' = (A —pxry) " (1-2p)f(p) —2F(p)

R(p) = — /1/2 dR(p). @ logc(1—piry) —log,(prrp) F(p)

- 1) (1 —2p)r,dp.(11)

The optimalr(p) maximizing the expected rate can be solved
through calculus of functional variation. Let us represent

- 1> (1-2p)r,. (12

p*?"p

(p) should satisfy the &#er equation [12]

(14)
o ) In general (14) has no closed-form solution but there exist
The problem of determining the expected capacity then bojlgious numerical approaches.
down to the characterization of the broadcast rate region.
In the discrete case withy users, assuming < p; < --- <
pn < (1/2), the capacity region is shown to be [11]

As an example we examine capacity under different def-
initions for a crossover probability uniformly distributeon
[0,1/2]. The Shann?n capacity = 0. The outagey capacity

D e ) ) . C°=(1-¢q) |1 —h(=%)|. To evaluate the expected capacity

{R: R =h(rixp) —h(ri-i*pe) L i< N} (10) we sofver(gz)[for eécﬁp)i]n (14). It is seen thad < r, < 1/2
where() = ry < 7, < --- < ry = 1/2. Since the original only for p, < p < p, with the two cutoff probabilities
broadcast channel is stochastically degraded it has the sartp;) = 0 andr(p,) = 1/2. For the uniform distribution case,
capacity region as a cascadefBSC's. The capacity region p; = 0.136 andp,, = 1/6, which illustrates it is unnecessary to
boundary is traced out by augmentifd — 1) auxiliary use the channel all the time to achieve the expected capacity
channels [11] and varying the crossover probabilities ahea In fact no information is sent whep > 1/6.
For eachi, r; equals the overall crossover probability for In Figure 2 we plot the capacity under different definitions.
auxiliary channeld up toi. See Figure 1 for an illustration. We observe that, although the achievable rate in non-outage
states,Cy /(1 — q), could exceed the expected capadity,

Auxiliary channel X y Doeraded BSCBC o the outagey capacityCy is always dominated by the expected
capacityC*¢. We further define cutoff outage probabilitigs=
tet ce 1—2p; andq, = 1 — 2p,. In Figure 3 we plot the achievable
I — ‘ rates in each state for variogs capgcity definitions. We Isate t
‘ r, P 4 the code for outage-capacity achieves a constant rate for
e PN non-outage states and a rdteotherwise. For this example,

the incremental rateglR(p)| are nonzero only fop; < p <
p.. Therefore the code for expected capacity achieves a rate

We extend the above result to the continuous case with @Whenp > p,. Whenp decreases fromp, to p, the rate
infinite number of auxiliary channels. In this case we defigradually increases fror to 0.38 bits per channel use, and
a monotonically increasing functior(p) equal to the overall stays at this constant level fgr < p;. Since all channels are
crossover probability of auxiliary channels up to that et €dually probable, the area under each curve is the average
by p. In the following we use both(p) andr, interchangeably. rate of that strategy. The area under the expected capacity
For the layer indexed by, the incremental rate is curve is the largest. The expected capacity curve is, in some
places, lower than the curve for outageeapacity. Although
—dR(p) = h(p*rp) —h(p*rp_gp) =~ dlog (1/x — 1), the outagey code achieves a rate higher than the broadcast

Fig. 1. BSC broadcast channel with auxiliary channels fadoen coding



code for expected capacity when< p;, the same code has
decoding rate) for all other channel states > p;, giving a

lower area under the total curve.

In summary, when optimizing(p) for the expected capacity
we first identify the cutoff probabilitieép;, p,,) and then solve
(14) to obtainr(p) for eachp. We want to emphasize that

the correct cutoff range, although seemingly a very coarse
characterization of the optimal solution, is crucial to the

expected rate. Consider some alternative approaches:
o Optimal cutoff [p;, p,): r(p) = 0 for p < p;, r(p) =

— Y
% for p; < p < py, andr(p) = 1/2 for p > p,;

« Entire rang€l0, 1/2]: r(p) = (1/2)(2p)".
The choice ofy makesr(p) convex ¢ > 1), linear ¢y =

1) or concave { < 1) in both approaches. The achievable

rates are plotted fo20 trials in each case together witf in
Figure 4. In each trial is randomly chosen betweénand4.

We observe that the correct cutoff range yields an achievabl
expected rate very close t@¢. But the expected rate varies

dramatically if we naively spread(p) over [0,1/2].

In view of the pessimistic nature of Shannon capacity
for composite channels with CSIR, we propose alternative
capacity definitions including outage capacity and expkcte

IV. CONCLUSION

capacity. These definitions lend insights to applicatiohens

side information at the receiver combined with appropriate
source coding strategies can exploit these more flexiblemst

of capacity. We prove capacity theorems or bounds under each
definition, and illustrate how average achievable rateshbman
improved through examples of Gilbert-Elliot channels and a

BSC with random crossover probabilities.
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