SourceCodingwith Distortion
throughGraphColoring

Vishal Doshi, Devavrat Shah,and Muriel Medard
Laboratoryfor Informationarnd DecisionSystems
Massachusetthstitute of Technology
Cambridge MA 02139
Email: {vdoshi, devavrat, medard} @ mit.edu

AbstracfW e consider the following rate distortion problem:
givenasource X and correlated,decodersideinformation Y, Pnd
the minimum encodingrate for X required to computef (X,Y)
at the decoderwithin distortion D. This is a generalizaion of the
classicalWyner-Ziv setupand wasresohed by Yamamoto (1982).
However, this result involved an auxiliary random variable that
lacks explicit meaning

To provide a more direct link betweenthis variable and the
function f, Orlitsky and Roche (2001) estadished the minimal
rate required in the zero-distortion case as an extension of
Kerner@ graph entropy. Recently, we (with Jaggi) showed that
the zero-distortion rate can be achieved by minimum entropy
graph coloring of an appropriate product graph. This leads
to a modular architecture for functional source coding with a
preprocessingOfunctional codingOschene operating on top of a
classical Slepian-Wblf source coding scheme.

In this paper, we give a characterization of Yamamoto®
rate distortion function in terms of a reconstruction function.
This (non-single-letter) characterization is an extension of our
previous results as well as Orlitsky and Roche® results. We
obtain a modular schemeoperating with Slepian-Wolf@ scheme
for the problem of functional rate distortion. Further, we give an
achievable rate (with single-letter characterization) utilizing this
schemethat intuiti vely extendsour previous results.

I. INTRODUCTION
A. Motivation

Considera network of sensorsn which eachnodetransmits
its measurerantsto a centralrecever. We considerthe source
coding aspectof this problem with the assumptionthat a
reductionin the sourcecoding rate translateso a bandwidth
reduction. Often, the information from each sensornode is
correlatedwith that of other nodes. Thus, the sensorsare
not requirad to transmitall of their information. Moreover,
the receier often wishesonly to computea function of the
sensednformation(up to a distortionD); it hasno usefor the
exact information. This suggestghat using a clever scheme,
the requiredtransmissiorrate can be reduced.

Recent work in designing efbcient distributed coding
schemessuchaswork by PradharandRamachandrafi] and
Colemaretal. [2], allow for aratereductiondueto correlation
in thedata.However, they do notaccountfor theratereduction
possibleby consideringthat the recever is only requiredto
computesomefunction of the transmittedinformation.

In this paper the end god will be to obtaina schemethat
improvesthe transmissiorrate by brstpreprocessinghe data

for a given function and distortion, and then using efbcient
distributed sourcecoding schemeson the preprocesseihfor-
mation. Next, we presenta mativating example.

Examplel: Considertwo sourcesuniformly andindepen-
dently producing k-bit integers X and Y; assumek ! 2.
The sourceY is decoderside information. We assumende-
pendencdo bring to focusthe compressiorgains from using
knowledgeof the function.

First, supposd (X,Y) = (X,Y) is to be computedat the
decodermwith zero-distortion.Then,the rate at which X must
encodeits informationis k bits per symbol (bps).

Next, supposef (X,Y) = X + Y mod 4. The value of
f (X,Y) dependsonly uponthe Pnaltwo bits of both X and
Y. Thus,at most(andin fact, exactly) 2 bpsis the encoding
rate.Note that the rategain, k" 2, is unboundedbecaus we
arereducinga possiblyhugealphabetto one of size 4.

Finally, supposef (X,Y) = X + Y mod 4 asbefore,but
thedecodeis allowedto computef upto a 1-bit distortion.By
1-bit distortion,we meana Hammingdistortion function. One
possiblecoding schemewould simdy encodethe single least
signibcantbit X . Thenonecould computethe leastsignibcant
bit of f (X,Y), thus achieving an encodingrate of 1 bps,
further reducingthe rate.

The abore example describesa function that readily lends
itself to further compressionin general,however, this may
not hold. For example,if the function were not separablea
more comgex coding schemewould be necessaryand it is
not clear a priori that such a schemeeven exists. Thus, we
needa more geneal systematianethodthat leadsto a coding
schemefor any deterministt function.

B. Setupand Problem Statemen

As the brst step towards bnding explicit schems that
require minimal transmissionrate for computing functions
within a certain distortion Pdelity criterion, we considerthe
caseof a single sourcetransmittingto a recever (with side
information) that wishesto computea function of the source
information andthe side information. We are given a random
variableX takingvaluesin abnitesetX . Thesideinformation
available at the recever is denotedby the random variable
Y taking value in the Pnite set Y. Both X and Y are
discrete memoryles sourceswith joint distribution p(x,y),
with (x,y) # X $ Y. Denote n-sequencef the random
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Fig. 1. X is encodedsuchthatf (X, Y), a representationf f (X,Y) to
within distortionD, canbe computedusinge(X) andsideinformationY .

variablesas X andY where(X,Y) = {X;,Yi}]L; andn
will be clearfrom context.

The receier® function of interestis the deterministic
functionf : X $ Y % Z, or its natural vector extension
f @ X"$ Y" % Z". The recever wishesto computef
within distortionD with respecto a given distortionfunction
d:Z$Z % [0,&). The natural vector extension of the
distortionfunctionis

d(z1,27) = % Z d(z1i, 22i),
i=1

wherezy,z, # Z". As in [3], we assumethat the distortion
function satsbesd(z;,z;) = 0 if andonly if zz = 2z.
(Otherwise,one can redebnethe equivalenceclassesof the
function valuesto make this condition hold.) This restriction
forcesthe vector extensionto saisfy the sameproperty

We say that a code with parameterqn, R,D) produces
f within distortion D if for every ! > 0 and sufbciently
large n = n,, there exists a sourceencodere] : X" %
{1,...,2°(R*} anddecodere] : {1,...,2"R*D1$ Y" %
Z", suchthat

E[d(f (X,Y),ex(e(X), Y )]

We wish to bnd efbcient coding-decodingschemeswith im-
proved ratesR and a characterizéion of the minimal R. See
Figure 1 for anillustration of the questionof interest.

D+ I

C. Relevant Previous Work

We introduce the necessarydepbnitions and notation to
explain previous work. Giventhe sourceX , the characteristic
graph of X with respectto Y, f and p(x,y) is a graph
G = (V,E) with vertex setV = X andedgesetE debned
asfollows: (x1,X2) # E if thereexists somey # Y suchthat
p(x1,Y)p(X2,y) > 0 andf (x1,y) € f(xz,y). Effectively, G
describeghe confusabilityof variousvaluesof X andcaptures
the essencef f . This was brstdebnedby Shannon[4].

We extend the notion of the confusabilitygraphto include
distortion and debnethe D -characteristic graph of X with
respectto Y, f, and p(x, y). The vertex setis again V =
X. The edgesetis nov EP where a pair (x1,x,) # E if
thereexists somey # Y suchthat p(x1,y)p(x2,y) > 0 and
d(f (x1,y),f (x2,y)) > D. Denotethis graphasGP . Because
the d(z1,z,) = 0 iff z; = z, the O-characteristiggraph, G°,
is the characteristigraphG.

Considera graph G = (V, E) with the distribution, p(x),
overits verticesV. Let X denotetherandomvariableover the
verticeswith that distribution. The graphentrory of G with
respecto distribution of X, Prstintroducedby Kerner[5], is
debnedas
min

He(X) = X1W!I( G)

H(W;X),

where !( G) is the collection of all independensets of G.
To clarify, X # W meansthat the joint distribution p(w, X)
on!( G) $ X is suchthat p(w,x) > 0 impliesx # w. This
graphentrogy canbe shavn to be the minimal rate at which
X mustbe sentto computea functionf (X ) atthereceier [6]
with vanishing error. Equivalently, this is the characterization
of the minimal rate requirementor our problem of interestin
the specialcasewhencardnality of Y is 1 andthe distortion
isD = 0.

This was further improved by Orlitsky and Rochewith the
restrictionD = 0 of our probdem of interest. They extended
the debnitionof graphentrofy to conditional graph entropy
debnedas

min
X1 W!I(G)
w" X"y

Ho(X|Y) = L(W;X]Y).

As in the dePnitionof graphentrogy, W is a randomvariable
over spaceof independentsets!( G) satisfyingMarkov prop-
ertyW" X" Y andX # W asdebnecearlier They shoved
[7] thatHg (X |Y) is the minimum rate at which X mustbe
encodedin order for a recever with side informationY to
computea function f (X,Y) at zero-distortion(i.e. D = 0)
with vanishingprobability of error.

The rate distortion function, R(D), for the functional
source coding problem with side information evaluated at
D is debnedas the minimum R such that there is a
code with parameters(n,R,D) that producesf within
distortion D. In other words, we can equivalently say
that there exists a sequence(in n) of codes such that
limpss E[A(f (X,Y),e2(e1(X),Y))] "' D becauseasn %
&,!%0.

As stated earlier Yamamotofully characterizedthe rate
distortion function [8] in termsof auxiiary randomvariable
W. The rate distortion functionis:

R(D)= min 1(W:X]Y
(D) p”gm(rllj)( S XTY)

where P(D) is the collection of distributions on (W, X,Y)
suchthatW " X " Y forms a Markov chain and suchthat
thereexistsag: W3 Y % Z, whereW is thealphabeof W,
with E[d(f (X,Y),g(W,Y))] "' D. Thecardinalityof W can
be boundedasin the WynerZiv result(|W|"' |Y|+ 1). Feng,
Effros, and Sevari [9] consideredthe sameproblemwith X
and Y, noisy versionsof X andY, available insteadof the
sources.

1A subsebf the vertex setof a graphG is anindependensetof the graph
if no two nodesin the subsetare adjacentto eachotherin G.



D. Our Contribution

WhenD = 0, ary distribution over independensetsof the
characteristigraph(with the Markov propertyW " X " Y)is
alsoin P(0). Further ary distribution in P (0) canbethought
of asa distribution on independensetsof a graphG. When
D > 0, is the sametrue? Can we parameterizehe graphG
with D andimprove on the rate?

First, we shav that Pnding g in the Yamamotoresult is
equialentto Pndinga suitablereconstructiorfunction, fO. Let
Fm (D) denotethe setof all functionsf@, : XM $ Y™ % Z™M
for any m with the propertythat

Jlim E[d(f (X,Y),fAX,Y))]"' D.

Above, n % & refersto the block length of fAvalues
increasingwithout bound.In otherwords,the functionsin the
expectationabove are actually functionson X™ $ Y™

Let F(D) = Uy nFm(D). Let G(f9 denotethe char
acteristicgraph of X with respectto 0 Y andp(x,y) for
ary O # F (D). Note that this must be a subgrph of the
characteristicgraph G™ (for the appropriate m). Because
G™ has Pnitely mary edges,there are only Pnitely mary
subgraphsThus, for eachm, thereare Pnitely mary graphs
G(f%,) to consicer andthetotal numberof graphs(asopposed
to functions) to consideris countble. For eachm and all
functionsin F, (D), denote for brevity, the normalizedgraph
entrofy H g (XIY) asHg g (X]Y). Then,

Theoem1:

R(D) = "Ilr:ni(rllD) Hg ) (X 1Y)

O

Theoreml gives meaningto the auxiliary randomvariable
from Yamamota€esult. Theauxiliary randomvariableis over
the indepeneént setsof the characteristiqgraphwith respect
to a distortionD approximationfo of f. The above is not
single-letter but motivatesthe single-léter achievable rate we
describenext.

We parameterizehe characteristiggraphG on D (specib-
cally, we useGP ) andimplicitly Pnda classof fO(up to graph
equivalence),thoughthe rate given by this graphis perhaps
not tight. By restrictingto a subsetof F;(D), we make the
optimization debPnedby Theorem1l tractable.In fact, this is
now a bniteoptimization.The modulararchitectureamplied by
the following theoremis the main cortribution of this paper

Theoem2: TherateHgo (X |Y) is achivable,where GP
is the D -characteristiggraphof X with respectto Y, f, and

p(X, y)-

E. Implications

A coding schemethat employs a modular architecture
(preprocessingfollowed by a Slepian-VIf [15] code) is
an immediatecorollary SeeFigure 2. The preprocessings
coloring of the datawith respectto the graph GP . This is
followed by a Slepian-V@If code. At the decoderside the
reconstructedolorscanbe matchedup to a particularvalue,
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Fig. 2. Coloring basedcodingallows separatiorbetweenfunctional coding
and distributed sourcecoding to computea function of the sourceswithin a
given expecteddistortion as shavn above.

which is within D of f. This follows by our previous work
(with Jaggi)[10]. The detailsare given in sectionlll.
Il. PROOFS

A. Proof of Theoem1

We restateTheorem1 for conpleteness:

R(D)= min H. & (X]|Y
(D)= min Hego (X 1Y)

Proof: We prove that the given chamcterizationis valid
by brst shawving the rate HG(f@)(X |Y) is achievable for ary
O# F (D), and next shaving that every achiezability scheme
mustbein F (D).

By Orlitsky and Roche [7], we know that the
rate HG(f@)(X [Y) is sufpcient to determine the
function fI(X,Y) at the recever By dePniton,

limngs  E[d(F (X, Y),fAX,Y))]
HG(f@)(X |Y) is achievable.

Next, supposewe have ary achievable rate R, with cor
respondingsequenceof encodingand decodingfunctions e
and €} respectrely. Then the function {44 = €5(ef(3,9
is a function fO : X" $ Y" % Z" with the property (by
achievability) that limpgs E[d(f (X,Y),fAX,Y))] * D
(again becauseasn % & , ! is drivento 0). Thus,O# F (D),
completingthe proof of Theoren 1. ]

This characterizatioms mostlyillustrative. Indeed,F (D) is
an (uncountah}) inbnite set, but as statedbefore, the set of
graphsassociatedwvith thesefunctionsis countablyinPnite.
Moreover, ary allowable gragph dictatesan ordinal function,
but it hasno meaningin termsof distortion.Given the ordinal
function 0, choosingthe cardinal values that minimize ex-
pecteddistortionis a tractableoptimizationproblem.Further
this shaws that if one could Pnd an approximationfunction
O the compresion rate will improve (even when O is not
optimal).

The problemof bndingan appropriatefunction O is equiv-
alentto bPndinga newv graphwhoseedgesare a subsetof the
edgesof the characteristigraph. This motivates Theorem2
wherewe usethe D -characteristiggraphto look at a subset
of F (D).

D. Thus, the rate



B. Proof of Theoem2

In this section, we prove Theorem2, which statesthat
Hgo (X]Y) is an achievablerate.

Proof: We show thatH g, (X |Y) is acHevableby demon-
strating that ary distribution on (W, X,Y) satisfyingW "
X" Y andX # W # !( GP) also satisbeghe Yamamoto
requirementi.e. is alsoin P (D)).

Suppose(w, X, y) is suchthatp(w, X, y) = p(w|x)p(x, y),
orW" X" Y isaMarkov chain.Further supposehat X #
W # I( GP). Thendebneg(w, y) = f (x%y) wherex®is ary
(say the brst) x # w with p(x%,y) > 0. This is well-dePned
becausehe non«istenceof x suchthatp(x,y) > 0 is a zero
probability event, and x # w occurswith probability one by
assumption.

Further becausew is anindependenset, for any x1, X, #
w, one must have (x1,x») # EP, the edge set of GP.
By debiition of GP, this meansthat for all y # Y
such that p(x1,y)p(X2,y) > 0, it must be the case that
d(f (x1,y),f (x2,y)) " D.

Therefore,

E[d(f (X, Y), (W, Y))] = E[d(f (X,Y),f (X Y))]" D

becauseboth X # W andX *# W are probability 1 events.
We have shavn that for a given distribution achieving the
conditional graph entropy, thereis a functong on W $ Y
that hasexpecteddistortionlessthanD. In otherwords, ary
distribution satisfyingW " X " Y andX # W # I( GP) is
alsoin P (D). Further any suchdistribution canbe associated
with a coding scheme,by Orlitsky and Roche®work [7],
that achieves the rate | (W; X |Y). When the distribution is
chosersuchthatl (W ; X |Y) is minimized,thisis by depPnition
equalto Hgo (X |Y). Thus,therateHgo (X |Y) is achievable,
proving Theoren 2 and providing a single-letterupperbound
for R(D). ]

I1l. CODING SCHEME

To describewhy a modular coding schemeis implied by
Theoremsl and 2, we restatesone pastwork in this area.

The OR-poduct graph of G = (V,E), denotedG" =
(Vn,En), is debnedasV, = V", andtwo vertices (X1, X2) #
E, if ary component(xs;, X)) # E.

A graphcoloringis afunctionc: V % N with the property
thatfor ary two x1, X, # V with c(x1) = ¢(x2), it mustbethe
casethat(x1, x2) # E. Theentrogy of ary coloringis givenby
thedistributioninducedon the colors(p(c(x)) = p(c 1(c(x)))
wherec 1(x) = {®: c(®) = c(x)}.

This debnitioncan be extendedto colorings of high prob-
ability subgraphsof the original graph.For ary ! > 0, an
I -coloring of a graphG is debPnednext. Let A) X $ Y be
suchtha p(A) ! 1" !. Let (X, y) = p(X,Y|(x,y) # A) for
(x,y) # A, and 0 otherwise.Let @ denotethe characteristic
graphof X with respetto Y, f, andp. Note that the edge
setof @ is a subse of the edgesetof G. Any coloring ¢ of
@ is an!-coloring of G.

Let the conditional chromatic entropy of a graph G on
vertices X with respectto a distribution p(x,y) be debned
as:

H:;(X Y) = li>m;{H (e(X)|Y) : cis an!-coloring of G} .
By our previous work (with Jaggi) [10],
N
n';!@ ﬁHGn(XlY) = Hg(X]Y).

In otherwords,coloring high probaility subset®f sufpciently
large power graphsof the characgristicgraphis sufPcient (and
in thelimit, necessaryjo computea functionat zerodistortion
with arbitrary probability of error.

For Theorem1, this implies that given ary reconstruction
function fO# F (D), the minimum entropy graphcoloring of
G(f9 is necessarynd sufbcientto computef®. Computation
of fO meansa distortionD reconstructiorof f . Thus, a graph
coloring schemeas in Figure 2 is achievable for ary valid
reconstruction.

This directly applesto the resut of Theorem2, wherethe
graphis GP ; coloringit andits powersis sufbcientto compute
the function f (X,Y) to within a distortion D. This gives
the modular schemewe have sought.We now describethe
particularsof a codingschene like that shovn in Figure 2.

First, all atypicalelementsvould be removed from consid-
eration.Then,the D -characteristigraphwould be constructed
basedon the function and the distribution (conditioned on
typicality). Finally, the graphwould be colored,andthe colors
are sentover the channelusing a Slepian-VIf code (at rate
H (c(X)]Y)). Thes colorings are then !-colorings of the
original graph GP . At the recever, the color is recovered.
And from the cdlor, the function can be computed(to within
distortionD).

Findingminimum-entroy graphcolorings(i.e. graphcolor
ings that achieve the (conditional)chromaticentrogy) is NPD
complete[11]. Neverthelessthe schemeprovided is layered.
The distributed sourcecodingmoduleis well-understoode.g.
[1], [2]). The graph coloring module has beenwell-studied,;
algorithms and heuristics that perform well exist (e.g. [12],
[13]).

IV. CONCLUSION

In this paper we have shavn that Yamamotarate dis-
tortion function can be achieved by Pnding the conditional
graphentrofy minimizing approximaion (to within distortion
D) of the function f . This is a hard optimization problem.
Neverthelessthe insight gainedfrom this perspectie led to a
simple modularachievability scheme.

Themodulesin the schemearea grgph coloring component
followed by a distributed source coding component. This
separatiorinto a well-understoodoroblem(distributed source
coding)anda NPBcomplet@roblem(minimum entrogy graph
coloring) is benebcialbecauseit allows for the use of the
mary heuristicsavailablein the graphcoloringliterature.This
schemes likely suboptimal,but becauseéE® ) E, we must



have Hgo (X |Y) '

He(X|Y)" H(X]Y), andthusthereis

guaranteedweak) improvement.

The authors(with Jaggi) have examinedthe casewhereY
is not side information in [14], completelycharacterizinghe
region whena restrictionis placedon the sourcedistribution.
This extendedthe work of SlepianandWolf [15]. The authors
intend to similarly extendingthe resultsfor side information
from this paperto the casewhereY is not side information.

Onecanapproachmary functionalsourcecodingproblems
as grgph coloring problans. This approat is attractve be-
causeit reducesthe problemsinto smaller problems that are
well-studied,if not compktely solved.

(1]

(2]

(3]

(4]
(5]

REFERENCES

S. S. Pradhanand K. RamchandranQDistriluted sourcecoding using

syndromes(DISCUS): designand constructiorQ IEEE Trans. Inform.

Theory vol. 49, no. 3, pp. 626D643Mar. 2003.

T. P ColemanA. H. Lee,M. Medard,andM. Effros, OLav-complexity

approache$o Slepian-Wolfneatlosslesdistributed datacompressio)
IEEE Trans.Inform. Theory vol. 52, no. 8, pp. 3546D3561Aug. 2006.

A. WynerandJ. Ziv, OTheate-distortiorfunctionfor sourcecodingwith

side information at the decode®IEEE Trans. Inform. Theory vol. 22,

no. 1, pp. 110,Jan.1976.

C. E. Shannon,OThezero error capacity of a noisy channel) IEEE

Trans. Inform. Theory vol. 2, no. 3, pp. 8019,Sept.1956.

J. Kerner OCodingf aninformationsourcehaving ambiguousalphabet
and the entrofy of graphs) 6th Prague Conferenceon Information
Theory 1973, pp. 411D425.

(6]

(7]

8l

(9

(10]

(11]

(12]

(13]

(14]

[15]

H. S. WitsenhausenQOThezero-error side information problem and
chromaticnumbers) IEEE Trans. Inform. Theory vol. 22, no. 5, pp.
592D593Sept.1976.

A. Orlitsky and J. R. Roche, OCodingfor computing) IEEE Trans.
Inform. Theory vol. 47, no. 3, pp. 903D917Mar. 2001.

H. YamamotoOWyneiZiv theoryfor agenerafunctionof thecorrelated
source)IEEE Trans.Inform. Theory vol. 28, no. 5, pp. 803D807Sept.
1982.

H. Feng, M. Effros, and S. Savari, OFunctionalsource coding for
networks with receiver side informationQ Proceedingof the Allerton
Conferenceon Communication,Control, and Computing, Sept. 2004,
pp. 1419D1427.

V. Doshi, D. Shah,M. Medard,and S. Jaggi, OGraphcoloring and
conditionalgraphentropy,Oin Proceedingsof the Asilomar Confeence
on Signals,Systemsand Computes, Oct.-Nov. 2006, pp. 2137D2141.
J. Cardinal,S. Fiorini, and G. V. Assche,OOnminimum entrogy graph
coloringsQISIT 2004, JuneBJuly2004, p. 43.

J. Cardinal, S. Fiorini, and G. Joret, OMinimum entropy coloring®
Lecture Noteson ComputerScience,ser InternationalSymposiumon
Algorithms and Computation,X. Deng and D. Du, Eds., vol. 3827.
SpringerVerlag, 2005, pp. 819D828.

C. McDiarmid, OColouringsf randomgraphsQin Graph Colourings
ser PitmanResearciNotesin MathematicsSeries,R. NelsonandR. J.
Wilson, Eds. LongmanScientibc& Technical, 1990, pp. 79D86.

V. Doshi, D. Shah,M. Medard,and S. Jaggi, ODistrilited functional
compressionthrough graph coloring® in Proceedingsof the Data
CompessionConfeence Mar. 2007, pp. 93D102.

D. SlepianandJ. K. Wolf, ONoiselessoding of correlatedinformation
sourceIEEE Trans.Inform. Theory, vol. 19, no. 4, pp. 4719480July
1973.



