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AbstractÑW e consider the following rate distortion problem:
givena sourceX and correlated,decodersideinformation Y , Þnd
the minimum encodingrate for X required to compute f (X , Y )
at the decoderwithin distortion D . This is a generalization of the
classicalWyner-Ziv setupand wasresolved by Yamamoto(1982).
However, this result involved an auxiliary random variable that
lacks explicit meaning.

To provide a more dir ect link between this variable and the
function f , Orlitsk y and Roche (2001) established the minimal
rate required in the zero-distortion case as an extension of
K ¬ornerÕs graph entropy. Recently, we (with Jaggi) showed that
the zero-distortion rate can be achieved by minimum entropy
graph coloring of an appropriate product graph. This leads
to a modular architecture for functional source coding with a
preprocessingÒfunctional codingÓscheme operating on top of a
classicalSlepian-Wolf source coding scheme.

In this paper, we give a characterization of YamamotoÕs
rate distortion function in terms of a reconstruction function.
This (non-single-letter) characterization is an extension of our
previous results as well as Orlitsk y and RocheÕs results. We
obtain a modular schemeoperating with Slepian-WolfÕs scheme
for the problem of functional rate distortion. Further, we give an
achievable rate (with single-letter characterization) utilizing this
schemethat intuiti vely extendsour previous results.

I . INTRODUCTION

A. Motivation

Considera network of sensorsin which eachnodetransmits
its measurementsto a centralreceiver. We considerthesource
coding aspectof this problem with the assumptionthat a
reductionin the sourcecoding rate translatesto a bandwidth
reduction.Often, the information from eachsensornode is
correlatedwith that of other nodes.Thus, the sensorsare
not required to transmit all of their information. Moreover,
the receiver often wishesonly to computea function of the
sensedinformation(up to a distortionD); it hasno usefor the
exact information. This suggeststhat using a clever scheme,
the requiredtransmissionratecanbe reduced.

Recent work in designing efÞcient distributed coding
schemes,suchaswork by PradhanandRamachandran[1] and
Colemanet al. [2], allow for a ratereductiondueto correlation
in thedata.However, they donotaccountfor theratereduction
possibleby consideringthat the receiver is only requiredto
computesomefunction of the transmittedinformation.

In this paper, the end goal will be to obtain a schemethat
improves the transmissionrate by Þrstpreprocessingthe data

for a given function and distortion, and then using efÞcient
distributedsourcecoding schemeson the preprocessedinfor-
mation.Next, we presenta motivating example.

Example1: Considertwo sourcesuniformly and indepen-
dently producing k-bit integers X and Y ; assumek ! 2.
The sourceY is decoderside information.We assumeinde-
pendenceto bring to focus the compressiongains from using
knowledgeof the function.

First, supposef (X , Y ) = (X , Y ) is to be computedat the
decoderwith zero-distortion.Then,the rateat which X must
encodeits information is k bits per symbol (bps).

Next, supposef (X , Y ) = X + Y mod 4. The value of
f (X , Y ) dependsonly uponthe Þnal two bits of both X and
Y . Thus,at most (and in fact, exactly) 2 bps is the encoding
rate.Note that the rategain, k " 2, is unboundedbecause we
are reducinga possiblyhugealphabetto oneof size4.

Finally, supposef (X , Y ) = X + Y mod 4 as before,but
thedecoderis allowedto computef up to a1-bit distortion.By
1-bit distortion,we meana Hammingdistortion function.One
possiblecodingschemewould simply encodethe single least
signiÞcantbit X . ThenonecouldcomputetheleastsigniÞcant
bit of f (X , Y ), thus achieving an encodingrate of 1 bps,
further reducingthe rate.

The above exampledescribesa function that readily lends
itself to further compression.In general,however, this may
not hold. For example, if the function were not separable,a
more complex coding schemewould be necessary, and it is
not clear a priori that such a schemeeven exists. Thus, we
needa moregeneral systematicmethodthat leadsto a coding
schemefor any deterministic function.

B. Setupand ProblemStatement

As the Þrst step towards Þnding explicit schemes that
require minimal transmissionrate for computing functions
within a certain distortion Þdelity criterion, we considerthe
caseof a single sourcetransmittingto a receiver (with side
information) that wishesto computea function of the source
informationandthe side information.We aregiven a random
variableX takingvaluesin aÞnitesetX . Thesideinformation
available at the receiver is denotedby the randomvariable
Y taking value in the Þnite set Y. Both X and Y are
discretememoryless sourceswith joint distribution p(x, y),
with (x, y) # X $ Y. Denote n-sequencesof the random



X

Y

DECODEENCODE
! ",f X Y!e(X)

Fig. 1. X is encodedsuchthat f̃ (X, Y), a representationof f (X, Y) to
within distortionD , canbe computedusinge(X) andside informationY.

variablesas X and Y where (X , Y ) = { X i , Yi } n
i =1 and n

will be clear from context.
The receiverÕs function of interest is the deterministic

function f : X $ Y % Z , or its natural vector extension
f : X n $ Yn % Z n . The receiver wishes to computef
within distortionD with respectto a given distortionfunction
d : Z $ Z % [0, & ). The natural vector extensionof the
distortion function is

d(z1, z2) =
1
n

n∑

i =1

d(z1i , z2i ),

wherez1, z2 # Z n . As in [3], we assumethat the distortion
function satisÞes d(z1, z2) = 0 if and only if z1 = z2.
(Otherwise,one can redeÞnethe equivalenceclassesof the
function valuesto make this condition hold.) This restriction
forcesthe vectorextensionto satisfy the sameproperty.

We say that a code with parameters(n, R, D) produces
f within distortion D if for every ! > 0 and sufÞciently
large n = n! , there exists a sourceencoderen

1 : X n %
{ 1, . . . , 2n (R + ! ) } , anddecoderen

2 : { 1, . . . , 2n (R + ! ) } $ Yn %
Z n , suchthat

E [d(f (X , Y ), e2(e1(X ), Y ))] ' D + !.

We wish to Þnd efÞcientcoding-decodingschemeswith im-
proved ratesR and a characterization of the minimal R. See
Figure1 for an illustration of the questionof interest.

C. Relevant PreviousWork

We introduce the necessarydeÞnitions and notation to
explain previouswork. Given thesourceX , thecharacteristic
graph of X with respectto Y , f and p(x, y) is a graph
G = (V, E) with vertex set V = X and edgeset E deÞned
asfollows: (x1, x2) # E if thereexists somey # Y suchthat
p(x1, y)p(x2, y) > 0 and f (x1, y) (= f (x2, y). Effectively, G
describestheconfusabilityof variousvaluesof X andcaptures
the essenceof f . This wasÞrstdeÞnedby Shannon[4].

We extend the notion of the confusabilitygraphto include
distortion and deÞnethe D-characteristic graph of X with
respectto Y , f , and p(x, y). The vertex set is again V =
X . The edgeset is now E D where a pair (x1, x2) # E if
thereexists somey # Y suchthat p(x1, y)p(x2, y) > 0 and
d(f (x1, y), f (x2, y)) > D . Denotethis graphasGD . Because
the d(z1, z2) = 0 iff z1 = z2, the 0-characteristicgraph,G0,
is the characteristicgraphG.

Considera graphG = (V, E) with the distribution, p(x),
over its verticesV . Let X denotetherandomvariableover the
verticeswith that distribution. The graphentropy of G with
respectto distribution of X , Þrst introducedby K¬orner[5], is
deÞnedas

HG (X ) = min
X ! W ! !( G)

I (W ; X ),

where !( G) is the collection of all independentsets1 of G.
To clarify, X # W meansthat the joint distribution p(w, x)
on !( G) $ X is suchthat p(w, x) > 0 implies x # w. This
graphentropy can be shown to be the minimal rate at which
X mustbesentto computea functionf (X ) at thereceiver [6]
with vanishingerror. Equivalently, this is the characterization
of the minimal raterequirementfor our problem of interestin
the specialcasewhencardinality of Y is 1 andthe distortion
is D = 0.

This wasfurther improved by Orlitsky andRochewith the
restrictionD = 0 of our problem of interest.They extended
the deÞnitionof graphentropy to conditional graph entropy
deÞnedas

HG (X |Y ) = min
X ! W ! !( G)

W " X " Y

I (W ; X |Y ).

As in the deÞnitionof graphentropy, W is a randomvariable
over spaceof independentsets!( G) satisfyingMarkov prop-
erty W " X " Y andX # W asdeÞnedearlier. They showed
[7] that HG (X |Y ) is the minimum rate at which X must be
encodedin order for a receiver with side information Y to
computea function f (X , Y ) at zero-distortion(i.e. D = 0)
with vanishingprobability of error.

The rate distortion function, R(D), for the functional
source coding problem with side information evaluated at
D is deÞned as the minimum R such that there is a
code with parameters(n, R, D) that produces f within
distortion D . In other words, we can equivalently say
that there exists a sequence(in n) of codes such that
limn #$ E [d(f (X , Y ), e2(e1(X ), Y ))] ' D becauseas n %
& , ! % 0.

As statedearlier, Yamamotofully characterizedthe rate
distortion function [8] in termsof auxiliary randomvariable
W . The ratedistortion function is:

R(D) = min
p!P (D )

I (W ; X |Y )

where P(D) is the collection of distributions on (W, X , Y )
such that W " X " Y forms a Markov chain and such that
thereexistsa g : W $ Y % Z , whereW is thealphabetof W ,
with E [d(f (X , Y ), g(W, Y ))] ' D . Thecardinalityof W can
beboundedasin theWyner-Ziv result(|W | ' |Y| + 1). Feng,
Effros, and Sevari [9] consideredthe sameproblemwith ÷X
and ÷Y , noisy versionsof X and Y , available insteadof the
sources.

1A subsetof thevertex setof a graphG is an independentsetof thegraph
if no two nodesin the subsetareadjacentto eachother in G.



D. Our Contribution

WhenD = 0, any distribution over independent setsof the
characteristicgraph(with theMarkov propertyW " X " Y ) is
alsoin P(0). Further, any distribution in P(0) canbe thought
of as a distribution on independentsetsof a graphG. When
D > 0, is the sametrue?Can we parameterizethe graphG
with D and improve on the rate?

First, we show that Þnding g in the Yamamotoresult is
equivalentto Þndinga suitablereconstructionfunction, öf . Let
Fm (D) denotethesetof all functions öf m : X m $ Ym % Z m

for any m with the propertythat

lim
n #$

E [d(f (X , Y ), öf (X , Y ))] ' D .

Above, n % & refers to the block length of öf -values
increasingwithout bound.In otherwords,the functionsin the
expectationabove areactually functionson X mn $ Ymn .

Let F (D) =
⋃

m ! N Fm (D). Let G( öf ) denotethe char-
acteristicgraph of X with respectto öf , Y and p(x, y ) for
any öf # F (D). Note that this must be a subgraph of the
characteristicgraph Gm (for the appropriate m). Because
Gm has Þnitely many edges,there are only Þnitely many
subgraphs.Thus, for eachm, thereare Þnitely many graphs
G( öf m ) to consider andthetotal numberof graphs(asopposed
to functions) to consideris countable. For each m and all
functionsin Fm (D), denote,for brevity, thenormalizedgraph
entropy 1

m HG( öf ) (X |Y ) asHG( öf ) (X |Y ). Then,

Theorem1:

R(D) = min
öf !F (D )

HG( öf ) (X |Y )

Theorem1 givesmeaningto the auxiliary randomvariable
from YamamotoÕs result.Theauxiliary randomvariableis over
the independent setsof the characteristicgraphwith respect
to a distortion-D approximation öf of f . The above is not
single-letter, but motivatesthe single-letter achievableratewe
describenext.

We parameterizethe characteristicgraphG on D (speciÞ-
cally, we useGD ) andimplicitly Þnda classof öf (up to graph
equivalence),though the rate given by this graph is perhaps
not tight. By restricting to a subsetof F1(D ), we make the
optimizationdeÞnedby Theorem1 tractable.In fact, this is
now a Þniteoptimization.Themodulararchitectureimplied by
the following theoremis the main contribution of this paper.

Theorem2: The rateHGD (X |Y ) is achievable,whereGD

is the D-characteristicgraphof X with respectto Y , f , and
p(x, y).

E. Implications

A coding schemethat employs a modular architecture
(preprocessingfollowed by a Slepian-Wolf [15] code) is
an immediatecorollary. SeeFigure 2. The preprocessingis
coloring of the data with respectto the graph GD . This is
followed by a Slepian-Wolf code. At the decoderside the
reconstructedcolorscanbematchedup to a particular öf value,
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Fig. 2. Coloring basedcodingallows separationbetweenfunctionalcoding
and distributed sourcecoding to computea function of the sourceswithin a
given expecteddistortionasshown above.

which is within D of f . This follows by our previous work
(with Jaggi)[10]. The detailsaregiven in sectionIII.

I I . PROOFS

A. Proof of Theorem1

We restateTheorem1 for completeness:

R(D) = min
öf !F (D )

HG( öf ) (X |Y )

Proof: We prove that the given characterizationis valid
by Þrst showing the rate HG( öf ) (X |Y ) is achievable for any
öf # F (D), andnext showing that every achievability scheme
mustbe in F (D).

By Orlitsky and Roche [7], we know that the
rate HG( öf ) (X |Y ) is sufÞcient to determine the

function öf (X , Y ) at the receiver. By deÞnition,
limn #$ E [d(f (X , Y ), öf (X , Y ))] ' D . Thus, the rate
HG( öf ) (X |Y ) is achievable.

Next, supposewe have any achievable rate R, with cor-
respondingsequenceof encodingand decodingfunctionsen

1
and en

2 respectively. Then the function öf (á, á) = en
2 (en

1 (á), á)
is a function öf : X n $ Yn % Z n with the property (by
achievability) that limn #$ E [d(f (X , Y ), öf (X , Y ))] ' D
(again becauseasn % & , ! is driven to 0). Thus, öf # F (D),
completingthe proof of Theorem 1.

This characterizationis mostly il lustrative. Indeed,F (D) is
an (uncountably) inÞnite set, but as statedbefore,the set of
graphsassociatedwith thesefunctions is countably inÞnite.
Moreover, any allowable graph dictatesan ordinal function,
but it hasno meaningin termsof distortion.Given theordinal
function öf , choosingthe cardinal values that minimize ex-
pecteddistortion is a tractableoptimizationproblem.Further,
this shows that if one could Þnd an approximationfunction
öf , the compression rate will improve (even when öf is not
optimal).

The problemof Þndingan appropriatefunction öf is equiv-
alent to Þndinga new graphwhoseedgesarea subsetof the
edgesof the characteristicgraph.This motivatesTheorem2
wherewe usethe D-characteristicgraphto look at a subset
of F (D).



B. Proof of Theorem2

In this section, we prove Theorem 2, which statesthat
HGD (X |Y ) is an achievable rate.

Proof: Weshow thatHGD (X |Y ) is achievableby demon-
strating that any distribution on (W, X , Y ) satisfying W "
X " Y and X # W # !( GD ) also satisÞesthe Yamamoto
requirement(i.e. is also in P(D)).

Supposep(w, x, y) is suchthatp(w, x, y) = p(w|x)p(x, y),
or W " X " Y is a Markov chain.Further supposethat X #
W # !( GD ). ThendeÞneg(w, y) = f (x%, y) wherex%is any
(say, the Þrst) x # w with p(x%, y) > 0. This is well-deÞned
becausethe nonexistenceof x suchthat p(x, y) > 0 is a zero
probability event, and x # w occurswith probability one by
assumption.

Further, becausew is an independentset, for any x1, x2 #
w, one must have (x1, x2) /# E D , the edge set of GD .
By deÞnition of GD , this means that for all y # Y
such that p(x1, y)p(x2, y) > 0, it must be the case that
d(f (x1, y), f (x2, y)) ' D .

Therefore,

E [d(f (X , Y ), g(W, Y ))] = E [d(f (X , Y ), f (X %, Y ))] ' D

becauseboth X # W andX %# W areprobability 1 events.
We have shown that for a given distribution achieving the

conditional graph entropy, there is a function g on W $ Y
that hasexpecteddistortion lessthan D. In other words,any
distribution satisfyingW " X " Y and X # W # !( GD ) is
alsoin P(D). Further, any suchdistribution canbeassociated
with a coding scheme,by Orlitsky and RocheÕs work [7],
that achieves the rate I (W ; X |Y ). When the distribution is
chosensuchthatI (W ; X |Y ) is minimized,this is by deÞnition
equalto HGD (X |Y ). Thus,therateHGD (X |Y ) is achievable,
proving Theorem 2 andproviding a single-letterupperbound
for R(D).

I I I . CODING SCHEME

To describewhy a modular coding schemeis implied by
Theorems1 and2, we restatesome pastwork in this area.

The OR-product graph of G = (V, E), denotedGn =
(Vn , En ), is deÞnedasVn = V n , andtwo vertices(x1, x2) #
En if any component(x1i , x2i ) # E .

A graphcoloring is a functionc : V % N with theproperty
thatfor any two x1, x2 # V with c(x1) = c(x2), it mustbethe
casethat(x1, x2) /# E . Theentropy of any coloringis givenby
thedistribution inducedon thecolors(p(c(x)) = p(c" 1(c(x)))
wherec" 1(x) = { øx : c(øx) = c(x)} .

This deÞnitioncan be extendedto colorings of high prob-
ability subgraphsof the original graph. For any ! > 0, an
! -coloring of a graphG is deÞnednext. Let A ) X $ Y be
suchthat p(A ) ! 1 " ! . Let öp(x, y) = p(x, y|(x, y) # A) for
(x, y) # A , and 0 otherwise.Let öG denotethe characteristic
graphof X with respect to Y , f , and öp. Note that the edge
set of öG is a subset of the edgeset of G. Any coloring c of
öG is an ! -coloring of G.

Let the conditional chromatic entropy of a graph G on
verticesX with respectto a distribution p(x, y) be deÞned
as:

H "
G (X |Y ) = inf

!> 0
{ H (c(X )|Y ) : c is an ! -coloring of G} .

By our previous work (with Jaggi) [10],

lim
n #$

1
n

H "
Gn (X |Y ) = HG (X |Y ).

In otherwords,coloringhighprobability subsetsof sufÞciently
largepower graphsof thecharacteristicgraphis sufÞcient (and
in thelimit, necessary)to computea functionat zerodistortion
with arbitraryprobability of error.

For Theorem1, this implies that given any reconstruction
function öf # F (D), the minimum entropy graphcoloring of
G( öf ) is necessaryand sufÞcient to compute öf . Computation
of öf meansa distortion-D reconstructionof f . Thus, a graph
coloring schemeas in Figure 2 is achievable for any valid
reconstruction.

This directly applies to the result of Theorem2, wherethe
graphis GD ; coloringit andits powersis sufÞcientto compute
the function f (X , Y ) to within a distortion D . This gives
the modular schemewe have sought.We now describethe
particularsof a codingscheme like that shown in Figure2.

First, all atypicalelementswould be removed from consid-
eration.Then,theD-characteristicgraphwould beconstructed
basedon the function and the distribution (conditioned on
typicality). Finally, thegraphwould becolored,andthecolors
are sentover the channelusing a Slepian-Wolf code(at rate
H (c(X )|Y )). These colorings are then ! -colorings of the
original graph GD . At the receiver, the color is recovered.
And from the color, the function canbe computed(to within
distortionD).

Findingminimum-entropy graphcolorings(i.e. graphcolor-
ings that achieve the (conditional)chromaticentropy) is NPÐ
complete[11]. Nevertheless,the schemeprovided is layered.
Thedistributed sourcecodingmoduleis well-understood(e.g.
[1], [2]). The graph coloring module has beenwell-studied;
algorithmsand heuristics that perform well exist (e.g. [12],
[13]).

IV. CONCLUSION

In this paper, we have shown that YamamotoÕs rate dis-
tortion function can be achieved by Þnding the conditional
graphentropy minimizing approximation (to within distortion
D) of the function f . This is a hard optimization problem.
Nevertheless,the insight gainedfrom this perspective led to a
simplemodularachievability scheme.

Themodulesin theschemearea graph coloringcomponent
followed by a distributed source coding component. This
separationinto a well-understoodproblem(distributedsource
coding)anda NPÐcompleteproblem(minimum entropy graph
coloring) is beneÞcialbecauseit allows for the use of the
many heuristicsavailablein thegraphcoloring literature.This
schemeis likely suboptimal,but becauseE D ) E , we must



have HGD (X |Y ) ' HG (X |Y ) ' H (X |Y ), and thus thereis
guaranteed(weak) improvement.

The authors(with Jaggi)have examinedthe casewhereY
is not side information in [14], completelycharacterizingthe
region whena restrictionis placedon the sourcedistribution.
This extendedthework of SlepianandWolf [15]. Theauthors
intend to similarly extendingthe resultsfor side information
from this paperto the casewhereY is not side information.

Onecanapproachmany functionalsourcecodingproblems
as graph coloring problems. This approach is attractive be-
causeit reducesthe problemsinto smallerproblems that are
well-studied,if not completely solved.
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