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Abstract

We consider the discrete, time-varying broadcast channel with memory, under the assumption that the
channel states belong to a set of finite cardinality. We begin with the definition of the general finite-state
broadcast channel and discuss the possible definitions of the probability of error for this model. Next,
we define the physically degraded finite-state broadcast channel and show that a superposition codebook
with memory achieves capacity for this scenario. We then define the stochastically degraded finite-state
broadcast channel, and relate this model to a physical communication scenario. We use the capacity
result for the physically degraded channel to characterize the capacity of the stochastically degraded
one. In both scenarios we consider the general finite-state channel as well as the indecomposable one,

in which the effect of the initial state on future states becomes negligible with time.

I. INTRODUCTION

The information-theoretic model for the broadcast channel (BC) was introduced by Cover in 1972 [1].
In this scenario a single sender transmits three messages, one common and two private, to two receivers,
over a channel defined by {X 0y, z]x), Yx Z } Here, z is the channel input from the transmitter, y is the
channel output at receiver 1 (Rx1) and 2 is the channel output at receiver 2 (Rx2). In the years following
its introduction the study of the BC focused on the memoryless scenario, i.e., when the probability of a
block of n transmissions is given by p(y", 2"|2™) = [, p(yi, zi|x;). In recent years, capacity analysis

of time-varying channels with memory has been the focus of considerable interest, especially in the
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Gaussian setup. This has been motivated by the proliferation of mobile communications for which the
channel is subject to multipath and correlated fading. The correlation of the fading process introduces
memory to the channel.

There are several approaches to model time-varying channels with memory. The approach we focus on
in this paper is the finite-state channel (FSC) model, introduced as early as 1953 [2]. In this model the
channel memory is captured by the state of the channel at the end of the previous symbol transmission.
Letting S;—1 denote the state of the channel at the end of transmission interval ¢ — 1, the transition
function of the FSC at the i’th transmission interval satisfies p(y;, si|z%, y' =1, s°™1) = p(ys, s:|xi, 5i-1).
Note that both the channel output and the current state depend on the channel input as well as the previous
state. The previous state, S; 1, makes (Y;,S;) independent of the entire history (X! Yi=1 §i=1) The
capacity of FSCs without feedback was originally studied by Shannon in 1957 [3]. In his work, Shannon
derived the capacity of indecomposable FSCs in situations where the transmitter can calculate the state
sequence (i.e. the current state is a function of the previous state and the current channel input). Later,
Blackwell, Breiman and Thomasian derived the capacity of indecomposable FSCs without Shannon’s
restrictions [4]. The general (i.e. non-indecomposable) FSC was studied by Gallager, who included an
extensive treatment of the subject in his book [5]. The capacity of FSCs for specific classes has been
studied by several other authors, see [6], [7] and references therein. Recently, the capacity of FSCs with
feedback has been studied [8]. Specifically, it was shown in [9] that feedback can increase the capacity
of some FSCs. A channel model related to the FSC is the finite-memory channel [4]. In this model, the
distribution of the current channel output depends on a finite number of past channel inputs and outputs,
as well as on the current channel input. When the alphabets are discrete, this channel can be modeled as
an FSC. When the alphabets are continuous, and the channel output consists of a weighted, finite linear
combination of the input symbols with additive colored Gaussian noise, this model represents a Gaussian
scenario with finite intersymbol interference [5]. Note, however, that for modeling memory using channel
states, the latter case requires an infinite state space. Finally, we note that for finite-state channels, the rate
expressions usually involve limits of mutual information expressions taken with blocklength increasing
to infinity. The computation of such limits has also been considered, see for example [18].

There are other models for time-varying channels. One model is the arbitrarily varying channel (AVC).
The AVC is characterized by the transition function p(y"|z",s") = []:; p(yi|zi, s;). This model was
first considered in [10]. The AVC models a memoryless channel whose law varies with time in an
arbitrary and unknown manner (see also [11], [12]). The state transitions in the AVC are independent

of the channel input and output symbols. For a comprehensive discussion on models for time-varying
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channels see the survey paper [11].

In the context of discrete multi-user channels with states, the capacity of degraded arbitrarily varying
broadcast channels (DAVBCs) has been recently investigated in [13] and [14]. In [13] DAVBCs with
causal and non-causal side information at the transmitter are considered, and in [14] the capacity of
DAVBCs with causal side information at the transmitter and non-causal side information at the good
receiver is derived. The finite-state multiple-access channel (MAC) was studied in [15]. This scenario is
characterized by the channel transition function p(y, s|x1,z2,s’), and the work in [15] also considered
the effect of feedback on the achievable rates.

In this work we study the finite-state broadcast channel (FSBC), depicted in Figure 1. In the FSBC
scenario, the channel from the transmitter to the receivers is governed by a state sequence that depends
on the channel inputs, outputs and previous states. These symbols interact with each other according to
the transition function p(y, z, s|x, s’), where s’ and s denote the state of the channel at the end of the

previous and current symbol intervals, respectively. As for the point-to-point FSC [5], we can divide

n Receiver 1
M, LGN Rx, Hmoml
M, xn | p(y,z,s[x,s’)

— Encoder—"—
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- - RX Hlﬁomz

2
N J :
Finite-State Recelver 2
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Fig. 1. The finite-state broadcast channel. The transmitter and receivers operate without knowledge of the channel states.
The finite-state machine illustration emphasizes that the channel is governed by an “internal” state sequence. My is a common

message intended for both receivers, My and M2 are private messages for Rx; and Rxo respectively.

the class of FSBCs into indecomposable channels and non-indecomposable channels. We will provide
a precise definition of indecomposable FSBCs in Definition 2. Loosely speaking, in indecomposable
channels, the effect of the initial state on future states becomes negligible as time evolves. For non-
indecomposable channels the initial state may affect the state sequence indefinitely. Thus, for example,
there may be states that will never be revisited a second time. We consider both types of channels in this
work.

The focus of this work is on degraded FSBCs. The capacity of discrete, memoryless, degraded BCs was
characterized by Gallager [16] and Bergmans [17] in the 1970’s. The key ingredient in the achievability
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theorem was the introduction of a superposition codebook, originally suggested by Cover in [1]. We
also note that the finite-memory Gaussian BC was considered in the work of [19], in which the capacity

region of Gaussian BCs with intersymbol interference and colored Gaussian noise was derived.

Main Contributions and Organization

We study the capacity region of the degraded FSBC assuming that the receivers and transmitter operate
without knowledge of the channel states. First, we consider the question of defining the achievable rate
based on the average probability of error going to zero with code blocklength. Here, there are two
possible approaches. One approach is the compound channel approach (see [20]), where we require that
the achievable rates have their average probability of error go to zero for the every initial state. The
second approach is to define the average probability of error using only the channel input and outputs in
the definition, without explicitly considering the states (see [15]). For non-indecomposable channels, the
compound approach seems the more suitable of the two approaches since we generally require the code
associated with an achievable rate to guarantee a small probability of error for every possible initial state.
When the channel is indecomposable it would appear that the definition of average probability of error
should not depend on the initial state and, in fact, both error probability definitions proposed above lead
to the same capacity result. We will expand on these ideas in the next section. We also define, for the first
time, the notion of degradedness for a BC with memory. We then prove an achievability result and an
upper bound, with the average probability of error defined as in the compound channel approach. These
results give the capacity region of the non-indecomposable degraded FSBC and of the indecomposable
degraded FSBC, both for the physically degraded and stochastically degraded channels.

The rest of this paper is organized as follows: in Section II we introduce the channel model and state
the formal definitions for the scenario. In Section III we present the capacity results for the general
degraded FSBC and the indecomposable FSBC. Finally, in Section IV we conclude the paper. The proof
of the converse and the achievability theorem are given in Appendix B and Appendix C, respectively. In

Appendix F we discuss the implication of the alternative definition for the probability of error.

II. CHANNEL MODEL AND DEFINITIONS
A. Notations

In the following we denote random variables with upper case letters, e.g. X, Y, and their realizations
with lower case letters, x, y. A random variable (RV) X takes values in a set X'. We use ||X|| to denote

the cardinality of a finite, discrete set X, X" to denote the n-fold cartesian product of X, and px ()
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to denote the probability mass function (p.m.f.) of a discrete RV X on X'. For brevity we may omit the
subscript X when it is obvious from the context. We use px |y (x|y) to denote the conditional p.m.f. of X
given Y. We denote vectors with boldface letters, e.g. x, y; the 7’th element of a vector x is denoted with
z; and we use :I:f where ¢ < j to denote the vector (z;, Tit1, ..., Zj—1,%;); 27 is a short form notation
for m{, and x = z". When ¢ > 7, :1:{ = o, where & denotes the empty set. A vector of random variables
is denoted by X = X", and similarly we define Xg 2 (X, Xy, w0y Xjo1,X;) for i < j. We use H(-)
to denote the entropy of a discrete random variable and (-;-) to denote the mutual information between
two random variables, as defined in [21, Chapter 2]. I(-;-), denotes the mutual information evaluated
with a p.m.f. ¢ on the random variables. Finally, co R denotes the convex hull of the set R, IN denotes

the set of natural numbers, and we use X L Y to denote that X is statistically independent of Y.

B. Definition of the General FSBC Scenario

Definition 1. The discrete finite-state broadcast channel is defined by the triplet {X xS, p(y, z, s|z,s),
YxZxS } where z is the input symbol, y and z are the output symbols, s’ is the channel state
at the end of the previous symbol transmission and s is the channel state at the end of the current
symbol transmission. S, X, ) and Z are discrete sets of finite cardinalities. The p.m.f. of a block of n

transmissions is

n n n

p(y y % S 7xn|50)

n
i—1 _i—1 _i—1 _i—1
:Hp(yiyziasiwrih/ y R y S y L 750)

=1

(@ T

a . . - . L .

= l_Ip(xi’xZ 17yZ 17Z1 1)p(yivzivsi|yz 17'22 1731 1,1‘2,80)
=1

®) n n

= Hp(xi|xl—1’yl—1’zl—1) Hp(yivziys”xivsi*l)a (1)
i=1 i=1

where s is the initial state of the channel. Here, (a) holds since the transmitter is oblivious of the channel
states, therefore z; is independent of {sk}z_:lo when /71, 4~ and 2'~! are given, and (b) captures the
fact that given s;_1, the channel outputs and the channel state at time ¢ are independent of the past.

Equation (1) is the most general formulation as it does not rule out feedback. When the transmitter
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operates without feedback, then (see also [22])

= p(ynv va $n|xn7 SO) = Hp(ylv Ziy S@'|ZU1'7 81‘71)' (2)
i=1

Definition 2. The FSBC is called indecomposable if for every € > 0 there exists Ny(e) € IN such that
for all n > Ny(e),

[p(sn]%, 50) = p(snlx, 5p)| <, 3)

for all s, x, and initial states sp and s.
Note that (3) is identical to the definition of the indecomposable point-to-point FSC [5, Equation
4.6.26]. This is because indecomposability characterizes the interaction of the states and the channel
inputs, averaging out the channel output(s), [5, Section 4.6]. As in both the point-to-point channel and

the broadcast channel there is a single channel input, the criteria for the channel to be indecomposable

is the same, despite the fact that the models are different.

Definition 3. An (R, R1, R2,n) deterministic code for the FSBC consists of three message sets, Mg =
{1,2,...,2"F0 My = {1,2,...,2"1} and M5 = {1,2,...,2"%} and three mappings (f, gy, g,) such
that

f:iMogx My x Mg — X"

18 the encoder, and

gy : V"= Mo x My,

Gz 2" = Mo x Mo,

are the decoders. Here, My is the set of common messages and M; and M are the sets of private
messages to Rx; and Rxg, respectively. We assume no knowledge of the states at the transmitter and

receivers.

Definition 4. The maximum average probability of error of a code for the FSBC is defined as maxg, cs Pe(n) (s0),

where

P{"(sq) = Pr(gy(Y™) # (Mo, M) or g,(Z™) # (Mo, M3)|s0)
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is the average probability of error when the initial state is sg, and the messages My € My, My € M,

and My € M, are selected independently and uniformly over their message sets.

Definition 5. A rate triplet (Ry, R1, R2) is called achievable for the FSBC if for every € > 0 and § > 0
there exists an n(e,d) € IN such that for all n > n(e,d) it is possible to construct an (Ry — 0, Ry —

9, Re — d,n) code with maxg, cs Pe(n)(so) <e
Trivially, this requires Pe(")(so) < e for every initial state sp € S.

Definition 6. The capacity region of the FSBC is the convex hull of all achievable rate triplets.

As discussed in Section 1, there are two possible definitions for the average probability of error. Each
definition leads to a different characterization of the upper bound on the capacity region of the FSBC.
In Definition 4 the probability of error is evaluated for every initial state sg, as is done, for example, in
[20]. Alternatively, we can define the average probability of error without explicitly considering the initial
state, as was done, for example, in [15]. This leads to two possible approaches to defining the achievable
rates, each associated with a different definition of average error probability. The first approach is used
in Definition 5: this is the compound channel approach (see also [11], [20]), where it is required that
the probability of error can be made arbitrarily small for every initial state. This definition is particularly
useful for non-indecomposable channels, since for such channels the effect of sy may never fade and
we must account for all initial states. We will show that this approach allows us to obtain the capacity
region of the general, degraded finite-state broadcast channel (the channel is general in the sense that
no assumptions are made on the state transitions). The second approach does not explicitly involve the
initial state, therefore it is suitable for scenarios where the initial state does not affect the behavior of
the channel as the blocklength grows to infinity. This is the case with indecomposable FSBCs. When
the channel is non-indecomposable, then this definition imposes some kind of an “averaging” and thus it
leads to an optimistic error bound. However, when the channel is indecomposable, then both Definition
4 and the alternative definition lead to the same capacity region. In this paper we use the compound

approach. Details on the alternative approach can be found in Appendix F.

We now proceed to the definition of the degraded FSBC. Before stating the definition we remark that
in this work we use the convention that Z™, the channel output at Rxo, is a degraded version of Y, the

channel output at Rx;.
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C. Definition of Physical and Stochastic Degradedness for the Broadcast Channel with Memory

For the discrete, memoryless broadcast channel (DMBC), physical degradedness is characterized via

a “single-letter” relationship

p(zly, z) = p(zly). 4)

In the memoryless case this is sufficient as the scenario is completely characterized by the joint distribution
p(y, z|x). Conceptually, the essence of physical degradedness is that one receiver is “weaker” than the
other receiver in the sense that the signal received at the “weak” receiver is a noisy version of the signal
received at the “strong” receiver. Intuitively, the concept of degradedness can be captured by the following
two statements, which will be made mathematically precise shortly:

S1. The channel output at the weak receiver, Z*, does not “contain information” not already present at

the channel output of the strong receiver, Y.
S2. Y? makes Z* independent of X".
The single letter characterization (4) suffices to capture S1 and S2 for memoryless BCs. However, when

there is memory, a single-letter characterization is not possible. Thus, we have the following definition:

Definition 7. The FSBC is called physically degraded if its p.m.f. satisfies

p(yi|xia yi_1> Zi_la 50) = p(yi|$ia yi_l’ SO)a (52)

p(zi|xiayi>zi_1750) = p(zi‘yivzi_1750>' (5b)

Condition (5a) captures the intuitive notion of degradedness, namely that Z°~! is a degraded version of
Y1 thus it does not add information when Y1 is given (statement S1). Note that in the memoryless

case this condition is not necessary as, given X;, Y; is independent of the history. Condition (5b) follows

from the standard notion of degradedness (statement S2).
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Using conditions (5a) and (5b) we obtain (when p(y", 2" |sg) > 0)

p(z",y", 2" |s0)

p(y™, "[s0)

I p(zi, yi, w21y 2 so)

 TT p(ys, @yt 2=t so)

CITeip(lz Ly L D) T p(za vl 2yt 2, s0)
a [Ty plzily =t e =) T p(yily' =, 2%, s0)

(a) H?:lp(xi‘xi_l)H?:lp(zipyi‘z Lyt at so)

B [T p(sfa=) T p(yily™=, 2%, s0)

o [Ty pQyily' ™", @', s0) [Timy p(zilz" 1 ¢, 2, s0)

a [T p(yly'=1, 2, s0)

n
é H Zl|zz_1>y1730)7 (6)

p(zn‘ynu xn7 50) =

where (a) is because there is no feedback, (b) follows from (5a) and (c) follows from (5b). We therefore

conclude that when (5) holds then

p(zn|yn7xn780) :p(zn‘yn780)7 (7)

hence p(y", 2"|x™, s0) = p(y"|z", so)p(z"|y", so). Note that (6) shows how to obtain p(2"|y", z™, so) in
a causal manner. Also note that Z" is a degraded version of Y but still depends on the state sequence
(i.e. degradedness does not eliminate the memory).

1

A special case of the physically degraded FSBC occurs when in (5b) it holds that p(z;|2?, %, 2%, s9) =

p(zi|yi). Hence,

p(z"[y", 2", s0) = p(2"y", s0) = p(z"|y") Hp zilys). ®)

Equation (8) is similar to the definition of degradedness for the DAVBC used in [13].

Definition 8. The FSBC is called stochastically degraded if there exists a p.m.f. p(z|y) such that for
every blocklength n
p(z"2", s0) = > _p(z",y"[z", s0)

yn

n

= ZP(Z’J”’IE H zz’yz )
yn
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Note that (9) is satisfied if there exists a p.m.f. p(z|y) such that
P(zi, silwissic1) = Y p(Wi, silwi, si1)p(zilyis si, v, si-1)
= p(yi, silwi, si-1)p(zilys). (10)
Yy

In fact, when (10) holds then also (5b) holds (with p(z;|y;) on the right-hand side). Using (10) we can

write the p.m.f. p(2"|2", sg) as

p(zn’wn Zp n n‘x )
(g) ZHP(Zi’Si‘Sifl,l‘i)

St i=1
i ZH Z yz,51|51 1,3%) (Z’L|y1)
Sm i=1y,€Y
© ZZHP Yi, Silsi—1, i) p(zilyi)
n
= ZZHp(yi7Si’Sl;l?yiilvxnvso)ﬁ(zi‘yi)
Sn ym i=1
n
ZZp ", s"a", s0) [ [ zily)
i=1

= > py"la", Hp zilyi), an
yn

where (a) follows from (2) after summing over )", (b) follows from (10), and to see (c) we write

explicitly the case of n = 3 (the same steps can be repeated for an arbitrary n since y; appears only in

the 7’th summation):

3
H Zp(yi75i|5i71,l‘i)]§(zi|yi)
- < > p(yl>51|50,$1)ﬁ(21|y1)> ( > P(y2752|817$2)25(z2|3/2)> ( > p(y3,5382,x3)ﬁ(23|y3)>

y1€Y Y2€Y ys€Y

=> > ) <p(yl,81|50,901)15(21yl)P(y2,52!51,$2)ﬁ(22|y2)p(y3753|827$3)25(Z3|y3))-

Y1 €Y Y2€Y ys€y
D. The Stochastically Degraded FSBC: An Example
We now give an example of an actual scenario represented by Definition 8. Consider a scenario in

which a base station transmits to two mobile units, located approximately on the same line-of-sight from
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the base station (BS), as indicated by the dashed line in Figure 2. Let the BS transmit a BPSK signal and
let the received signals be subject to additive Gaussian noise. Let decoding the messages at the receivers
take place after hard-decision decoding of the channel symbols with a threshold at zero. The resulting
scenario is the binary symmetric broadcast channel (BSBC, [1]). Denote the situation in which there
is no traffic on the road between the BS and the mobiles as state A. Let the channel BS-Rx; have a
crossover probability €;(A) = 0.1 and the channel BS—Rxy have a crossover probability e2(A) = 0.15.
This can be represented as a stochastically degraded BC with a degrading channel p(z|y,s = A) whose
crossover probability is

e12(A) = ;2_;22 = 0.0625.

Assume that occasionally a car passes on the road between the BS and the mobiles. This causes attenuation
in both channels simultaneously. Call this state B and let ¢;(B) = 0.18 and e2(B) = 0.22. Again we
have e12(B) = 0.0625'. Hence, the degrading channel is the same for both states, irrespective of the
state sequence. This satisfies condition (9).

Note that in this example the state sequence represents the traffic pattern, thus the state transitions
reflect the average length of a vehicle and the average time between cars. Hence, the states are not
independent. This channel is actually a Gilbert-Elliott channel [28], where a passing car corresponds to
a “bad” state and without a car the channel is in a “good” state. More generally, we can define a set of

states for this scenario, e.g. S = {1,2,..., K}, with Y = Z = {0,1} and

p(zi, 8ilYi, si-1) = p(silsi—1)p(zilyi, si)
ea(k) ,z=1-y
p(z\y, s = k) = )
1 —612(/6) s =1
e12(k) € (0,0.5),k = 1,2, ..., K. This results in a collection of physically degraded BSBCs that can give
more flexibility in modeling the scenario of Figure 2, as the degrading channel may now depend on the

state. However, for this reason, this model does not satisfy our definition of stochastic degradedness in

Definition 8.

'The scenario parameters assumed in this example are: Two-ray propagation model, Rx decoding scheme is maximum-
likelihood, Base station Tx power = 30 dBm, Base station antenna gain = 10 dBi, Rx antenna gain = 0 dBi, Rx noise floor =
—90 dBm, Base station antenna height = 10 m, Rx antenna height = 1.5 m, BS-Rx; distance = 7.2 Km and BS-Rx» distance

= 8 Km. We also assume a passing car increases the path attenuation by 3 dB.
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Fig. 2. A stochastically degraded FSBC scenario: the mobile units are located on the same line-of-sight from the base-station

(indicated by the dashed line). Passing cars affect the channels to both mobile units simultaneously.

E. The Discrete Broadcast Channel with Finite Memory

Definition 1 is the most general definition for a discrete broadcast channel with memory varying over
a finite state space. It should be noted, however, that channel memory does not arise only from correlated
changes in the propagation medium, such as correlated fading. Channel memory is also introduced by
components in the transmitter and the receivers that have memory. In the transmitter these are the transmit
filters (channel mask, IF and RF filters). In the receivers, memory is introduced by the loops, such as AGC
and timing, and in particular the equalizer, all of which operate on the channel outputs [29]. Therefore, the
channel has memory even when the medium is fixed (e.g. as in microwave communication in the LMDS
frequency range [30]). The situation in which memory is only due to components in the transmit-receive
chain can be modeled by the BC with finite memory. The point-to-point finite-memory channel was first

considered in [4]. We now define the discrete, finite-memory broadcast channel:

Definition 9. The discrete broadcast channel with finite memory of length K is defined by the triplet

{XK“ x YE x ZK,p(yK+1, zK+1]mK+1, YK, 25, Y x Z}. For a sequence of n transmissions we have

—.

@
Il
i

p(ynv Zn|1:nv x(lK—s—la yO—K—I—l’ ZO—K—i—l) = p(yia Zi|xﬁK+1a yi_}h_l, Zi}%.&.l)

(a

—-

p(yi, Zi|x§—Kv y;:}(’ Z;:}()’
1

.
I

where (a) follows from (2). Note that (950

g+ ¥k 1 20 5 +1) constitutes the initial state, but this state is

generally not known at the transmitter and receivers at the beginning of the transmission, since this requires

April 30, 2008 DRAFT



the receivers to send their outputs to each other and to the transmitter. Defining S = Y& x ZK x XK

and s;_1 = (yf:}{, zf:}{,xﬁ}(), we see that this channel is a special case of the FSBC. Therefore, the

results for this scenario can be obtained from the FSBC results. Since the channel memory is finite, this

channel is indecomposable [4].

III. CAPACITY THEOREMS FOR THE DEGRADED FSBC

In this section we present the main capacity results for both the physically and stochastically degraded

FSBC:

A. The Physically Degraded FSBC
Let Q, be the set of all joint distributions p(u",z™) on (X} U;, X™) where the cardinality of the
auxiliary RV U" is bounded by
| i U] < min {[| 2] |V 12113 (12)
Define the region R,, as

Ryn =co U {(30731732) Ry >0,R1 >0,Ry >0,
€9y

1

50eS N

1
Ry + Ry < min [(U”;Z”ISO)%}.

S()ES n

The main result is stated in the following theorem:

Theorem 1. For the physically degraded FSBC {X x S,p(y, z,s|x,s'),Y x Z x S} defined in Definition

7, the capacity region of the rate triplets (Ro, R1, R2) is given by
Cpa = lim R, (13)
n—oo
and the limit exists.
Proof Outline: The converse proof is based on manipulating Fano’s inequality. The details are given in

Appendix B. The detailed achievability proof is deferred to Appendix C; we here provide a basic sketch
of this proof to highlight its key elements:

2See [23, Chapter 2] for the definition of the limit of a sequence of sets.
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1) Fix n and a joint probability distribution p(u",z™). Generate a superposition codebook with u™ as
the cloud centers, indexed by the messages in Mo, and x™ as the cloud elements indexed by the
message pairs in M x Ma.

2) Using maximum-likelihood decoding at Rxs according to
1 .
arg max Z Mp(z"]un(mg), 50)
ma
3068

we show that a positive error exponent for decoding My can be obtained as long as Ry <
ming,es 1 (U™ Z"|so)—lm52THS” £ Ry, (p). As degradedness implies that for every so, 21(U™; Z"|sg) <
%I (U™;Y™|s0), then also for decoding M at Rx; we can achieve a positive error exponent.

3) Using maximum-likelihood decoding at Rx; according to

1 )
argmax » | Tp(y” (2" (1, ma), so)
- £ |8

we show that, given that My was correctly decoded at Rxy, a positive error exponent for decoding
M; at Rx; can be achieved as long as Ry < minges 1(X™Y"|U™, s)) — h&THSH £ Rin(p).
4) Next, for a fixed n and some integer b, we let ng = nb. As in [15], we construct a distribution for
(U™, X™) by taking the product of the basic distribution for a block of n symbols b times:
b
p(u",2"™) = bH P(u?gﬁl)nﬂv xl();;?fl)nJrl)'
=1
For blocklength ny we generate a superposition codebook according to p(u™°, 2™ ). Now, we show
that taking b large enough results in an average probability of error that is arbitrarily small, hence
(R1n(p), R2n(p)) is achievable.
5) Finally, for A > 0 define C™(\) and F,()\):

n _ . l n. n . l n., n n /
c"™(\) _p(ﬁfﬁl){iﬂl&% nI(U i Z ’S[))-i-/\glégnI(X ;YU ,50)} (14)
1 S
Fo(\) = C™()\) — (1+A)Og2n””. (15)

The maximization in (14) is carried out subject to the cardinality bound on x}_,U; given in (12).

We show that F),(\) is sup-additive, hence

C®(A\) £ lim C™(\) = lim F,()\) = sup F,(\). (16)

n—oo n—oo

Therefore, the boundary of the achievable region can be written as

Ro(Ry) = ogir,\lfgl (C™(A) = ARy). (17)
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Comment 1. Note that we use x?_,U; and not U™ since we cannot guarantee that all the RVs {U;}.",
have the same cardinality. Thus, the sample space over which the auxiliary RV U™ is defined is not the

n-fold product of a single set U, but the product U; X Uz X ... X Up,.

B. The Stochastically Degraded FSBC

Since the capacity region of the broadcast channel depends only on the conditional marginals p(y™|z™, so)
and p(2"|x", s0) (see [21, Chapter 14.6]) then the capacity region of the stochastically degraded FSBC
is the same as the corresponding physically degraded FSBC:

Corollary 1. For the stochastically degraded FSBC of Definition 8, the capacity region is given by
Theorem 1 where p(y, z, s|z,s') is replaced by p(y, s|x, s")p(z|y), such that Equation (10) is satisfied.

C. The Indecomposable FSBC

When the FSBC is indecomposable, the effect of the initial state becomes negligible as n increases.
Therefore, the maximum of each of the mutual information expressions over all so € S asymptotically
equals the minimum over all sg. Hence, for all the initial states, the limits of the mutual information
expressions as n approaches infinity are the same. Before stating the result, let us define

Rn=co | {(30731732) iRy > 0,R1 20,k >0,

€9y

1
Ri < I(X"5Y"0"),,

1
Ro+ Ry < —I(U™; Z”)qn}.
n
The rate regions for this scenario are now characterized in the following theorem:

Theorem 2.

1) For the indecomposable physically degraded FSBC the capacity region is given by

Contecom = lim Ry, (18)

n—00
and the limits exist.

2) For the indecomposable stochastically degraded FSBC, the capacity region is obtained from Equa-
tion (18), where p(y, z, s|x, s') is replaced by p(y, s|z, s')p(z|y), such that Equation (10) is satisfied.

Proof : See Appendix E.
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D. Discussion

We note the following facts about the FSBC capacity region and capacity-achieving codes.

1) From the derivation of the capacity region for the physically degraded FSBC it follows that the
capacity region C,q is given as the limit of the intersection over S of regions defined for finite n.
This can be seen by letting

Rn(s0) = col {(Ro,Rl,R2> i Ry > 0, R >0, Ry >0,
4n€Qn

1
Ry < *I(Xn; Yn|Unv SU)qnv
n

1
Ro+ Ry < nf(U";Z"SO)qn} (19)
Then,
Ro = () Ral(s0) (20)
SoES

and Cpg = limy, o0 [) s0ES R (so). It is natural to ask if the capacity region can also be written as
the intersection over S of the limit regions for all sg € S. If this holds then the capacity region for
the physically degraded FSBC with initial state unknown to the receivers and transmitter can be
interpreted as the intersection of the capacity regions when the initial state is known at the receivers
but not at the transmitter. Note that the fact that lim;, o [,,cs Rn(s0) exists does not imply that
for each sy € S, lim,, oo Rn(S0) exists. However, if all the limits {lim,, RH(SO)}soeS exist,
we have the following proposition:

Proposition 1. If all the limits {limy, .o Rn(50)},, cs exist, the capacity region Cpq defined in (13)
can be written as

Cpa = lim (1) Rnlso) = ) lim Rn(s0). 1)
e So GS Soes e

Proof: Assume first

(Ro, R1,R2) 2R € lim_ () Rals0).
8065

This implies that for all € > 0 there exists N(€) such that for all n > N(e), and for all sy €
S, R — € € Ry(sp). Therefore, for every sgp, R — € € lim,, oo Ry(S0) and as S is finite we
have lim,,_,~ ﬂsoes Rn(so) C ﬂSOGS lim,, 00 R (S0). Alternatively, R € ﬂ%es limy, 00 R (S0)
implies that for every € > 0 and for every sg € S there exists N (¢, so) such that for all n > N (e, s)

we have that R—e € R,,(s0). Since S is finite, then taking N (€) = maxs,ecs N (€, So), we obtain that
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Fig. 3.

2)

3)

4)

foralln > N(¢), R—e € ﬂSOGS Rn(so) hence lim, HSOGS Rn(so) 2 ﬂSOES limy, 00 R (S0),
implying these sets are equal. ]
Thus, the capacity region can be viewed as the intersection of all the capacity regions obtained
when the initial state is known at the receivers (but not at the transmitter). This is illustrated in

Figure 3.

Achievable
Region

Achievable region obtained as an intersection of achievable regions with initial state known only at the receivers.

Since the limit defining the region C, exists, then as n increases, the achievable region increases
as well. Although this point seems trivial (and in the discrete, memoryless case it always holds),
it is important to note that when the channel has memory this property is not guaranteed when the
limits cannot be shown to exist®. Thus, for the FSBC, larger blocklengths yield a larger achievable
rate region. Since a larger n corresponds to a higher complexity code, in practical designs the rate
increase associated with increasing n can be weighed against the resulting complexity cost.

The codebook structure that achieves capacity is a superposition codebook. This introduces a
structural constraint when optimizing the codebook for achieving the maximum rate triplets.

As noted in the discussion following Definition 5, for indecomposable channels both definitions of
the achievable rate lead to the same capacity region. This happens because when the channel is

indecomposable, the effect of the initial channel state becomes negligible over time.

3Consider for example a non-stationary channel with noise that oscillates with time.
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5) For the discrete finite-memory BC each receiver can send its last & channel outputs to the other
receiver and to the transmitter, so that at the next message interval the initial state will be known to
all. However, as this channel is indecomposable it is not necessary, in the limit of large blocklength,
to design the encoder and decoders based on knowledge of the initial state to achieve the maximum
performance.

6) The auxiliary RV U" introduces difficulties mainly in places where we need to rely on its cardinality.
This is because we cannot translate the bound on the cardinality of U™ into a bound on the
cardinality of a subset of U". In particular, we cannot use the cardinality of U™ when deriving the
capacity region for the indecomposable FSBC. Moreover, letting n = m 4 mo, from Equation (2)

we have that

my may

p(z", "™, s 2", s0) = p(z

m; my ma |1
78 x )

Y 50).

But because p(z™|u") # p(z™'|u™) we have that
p(zml ) Z/ml ) Sml ’un7 30) 7é p(zml ) yml ) Sml ‘uml ) SO)-

This is a major difference between the FSBC and the point-to-point and MAC channels. Consider,
for example, the expression

x| {1;101235 %I(U"; Z™s0) + A max %I(X”; yruon, 36)} : (22)
which serves as an upper bound on the achievable region. While in the point-to-point channel the
corresponding upper bound converges for all channels (see [5, Theorem 4.6.1]), for the FSBC (22)
can be shown to converge only for the indecomposable case. Therefore, using superposition coding,
the dependence between U™ and (Y™, Z") is fundamentally different from the dependence between

X™and (Y™, Z™). This is in contrast also to the DMBC.

IV. CONCLUSIONS

We have defined the degraded finite-state broadcast channel as well as its capacity region for both
indecomposable and non-indecomposable channels. Specifically, we first defined the notion of degrad-
edness for the broadcast channel with memory. Then, we considered two possible definitions for error
probability based on either worst-case (relative to initial state) or averaged (relative to the initial state
distribution) error. Average error probability is best suited to indecomposable channels since the effect of
the initial channel state becomes negligible over time, whereas the worst case error probability is more

appropriate for non-indecomposable broadcast channels. When the channel is indecomposable, in fact,
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both definitions lead to the same achievable regions. This is because for indecomposable channels, as
time evolves the state distribution converges to a single distribution, and hence, for asymptotically large
blocklengths the initial state does not affect the achievable rates.

We derived the capacity region of the general degraded FSBC and of the indecomposable degraded
FSBC under the worst-case criteria. As in the discrete, memoryless case, the capacity-achieving strategy
uses a superposition codebook. However, as the channel has memory, we have to consider a correlated
distribution over the entire codeword, instead of generating a codeword by independently selecting sym-
bols. A key element is verifying that in the limit as the blocklength n increases to infinity, the achievable
region converges. Convergence is crucial as otherwise it may be that increasing the blocklength will
decrease the achievable region, which means that this channel does not support reliable communication
in the standard sense.

In future work we intend to study the effect of feedback on the capacity region of the FSBC. It is
well known that in the discrete, memoryless, degraded BC feedback does not increase capacity [27].
However, since for the point-to-point FSC feedback helps [9], then also for the degraded FSBC feedback

can increase the capacity region.

APPENDIX A

AUXILIARY LEMMA

Lemma A.1 ([5, Lemma 1 in Appendix 4Al). Let X,Y,Z,S be a joint ensemble. If S has a finite
cardinality then

[I(X;Y|Z,5) = I(X;Y|Z)| < log, ||S]].

This lemma implies that the RVs A™ B™ C" S satisfy

I(A™; B"|C™) > I(A™; B"|C", S) — log, ||S]| (A.D)
I(A™; B"|C",S) > I(A™; B"|C") — log, [|S]]- (A2)
APPENDIX B

CONVERSE FOR THEOREM 1

In the derivation of the converse we consider only the two private messages case since the common
message can be incorporated by splitting the rate to Rxy into private and common rates, as in [21,

Theorem 14.6.4]. The converse is stated in the following lemma:
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Lemma B.1. If for some A > 0,
Ry + ARy > C®(\) + e, (B.1)

where C*°(X) is defined in (16), then there exist initial states 50,5, € S for which
- - 1
P (30)Ra + AP (80)R1 > € = ~(1+ A)(1 + log, [|S])). (B.2)

The implication of (B.2), as explained in [16], is that for large values of n, maxg cs Pe(n)(so) cannot

be made arbitrarily small, outside the region whose boundary is given in (17).
Proof: Recall that Pe(; )(so) and Pe(? )(so) denote the probabilities of error at Rxo and Rx; respectively,

when the initial state sg is not available at the receivers and transmitter. From Fano’s inequality (see [5,

Equation 4.6.16]) we have that for any given initial state sg
H(M>|Z", s0) < PP (s0)nRy + 1 (B.3a)
H(M Y™, sh) < P (sh)nRy + 1. (B.3b)

Denote by sq,, the initial channel state that maximizes H(M2|Z", so) and with s, the initial channel
state that maximizes H(M;|Y™, s{,). Now, note that
min I(MQ; Zn‘S()) = min {H(MQ‘S()) — H(MQ‘ZTL, 80)}
SQGS S()ES
= nRy — max H(Ms|Z", so) (B.4)
8063

migI(Ml;Y”\Mg,sg) = mig{H(MﬂMz,sg) — H(M|Y™, Ma, s4) }
BN ENS

= nRy — max H(M|Y", Ms, s()
sGES

> nRy — max H(M|Y", s;). (B.5)
SHES
Next, we show that
min [(Ma; Z™|sp) + Amin I (My; Y| Ma, sp) < nC™(\). (B.6)
S()GS 5668

First note that
I(My; Z"(s0) = H(Z"|s0) — H(Z"| M2, s0)
= H(Z"|so) — H(Z"|U", s0)

= I(U™; Z"|s0),
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where U; = M, i = 1,2,...,n. We also have that
I(My;Y"|Ms, sp) = H(Y"™|Ms,sy) — H(Y™| My, Ma, s(,)
< H(Y"| My, sj) — H(Y™ X", My, Ma, s()
= H(Y™U", sp) — HY"| X", U™, s()
= I(X";Y™U", sp),

where our definition of U™ satisfies the Markov relationship U"|s(, <= X™|sf, <> Y"|s(. Combining both

derivations we have that for our choice of U™:

min [ (Ma; Z™[sg) + A mig I(My; Y™ Mo, sj)
s0€

8068
< min I(U"; Z™|sp) + Amin I (X™; Y| U™, sp)
S0ES SHES
(a)
< nC"™(N),

where (a) is because C™(\) is obtained by maximizing over all joint distributions p(u™, z™) subject to
the cardinality constraint (12) (we show in Appendix C-H that this is enough to achieve the maximum),

hence (B.6) is verified. Therefore,

1
min 1(My; 7"1s0) + A min T(My: Y7 M, 55) — (1+ ) logs 5] < n <C”()\) _a+ )\)Og2n||8||>
So ENS

< nC™(N), (B.7)

where (B.7) is shown in Appendix D.
Plugging (B.4) and (B.5) into (B.7) yields
nRy — H(Ms|Z", 50,) + A(nRy — HOM Y™, 8,,.)) — (14 Nlogy [IS]| < nC=())
= H(M|Z", s0,n) + NH (M |Y", sgvn) + (14 Mlogy [|S]| = n(R2+ ARy — C™(X))
= H(M2|Z", s0) + )\H(Ml\Y",sgm) >n (e -1+ )\)W) ,

where the last line follows from (B.1). Combined with Fano’s inequalities (B.3), we have
P (so)nRy + 14+ A (P (s )nRy +1) > ne — (1+ A)log, |1S]|

which means that for large values of n, at least one of the states sg p, sgm results in a probability of

error (at the respective receiver) that is bounded away from zero, thus completing the proof. [ ]
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APPENDIX C

ACHIEVABILITY OF THE RATES OF THEOREM |

We prove that all the rates of Theorem 1 are achievable for the physically degraded FSBC. The

derivation requires that condition (7) holds, which was shown in Section II-C to be true when the channel

is physically degraded. In the derivation we shall consider only the two private messages case since the

common message can be incorporated by splitting the rate to Rxs into private and common rates, as in

[21, Theorem 14.6.4]. Recall that the transmitter and receivers do not know the channel states.

A. Proof Outline

The main steps of the proof are as follows:

1y

2)

3)

4)

5)

6)

For a given n, generate a superposition codebook using p(u", z™), where u" are the cloud centers
indexed by the messages in My and z'™ are the cloud elements indexed by the message pairs in
M1 x M.

Rxs, the weak receiver, uses maximum-likelihood (ML) decoding to decode the message Mo from

its channel output Z". This gives rise to a rate bound on Ra:

Ry < min —I(U"™; Z™|sp) — M A
SpES N n

Ron(p)- (C.D
Rxy, the strong receiver, uses ML decoding to decode the message My from its channel output Y.
This gives rise to a second rate constraint on Ry. We show that due to degradedness, this bound is
looser than (C.1). Next, Rx; proceeds to decode M; using Y™ and the decoded M. This results

in a rate constraint on R;:

1
Ry < min —I(X™; Y™ U", s)

5,eS N

1
) )

Using the product extension of the basic distribution p(u™, z™) to blocklength b = Kn, K € N,
we show that the rate pair (R, (p), R2.,(p)) defined in (C.1) and (C.2), is achievable.

We next show that the achievable region is sup-additive, implying that taking n — oo results in
the largest achievable region.

We derive a bound on the cardinality of the auxiliary RV U™, thus asserting that the optimization

problem for finding the maximum rate pairs has a finite-dimension domain for any given n.
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Before giving the details of the proof we write the average probability of error when the initial channel

state is sg as:
P (s0) < PYY(Mi|so) + Ply) (Ms]so)
< PY)(My, Ma|so) + Py (Ms]so)
= PW(My|s0) + PT) (M| Ma, so) + PP (Ma]se) 2 P (sg), (C.3)

where P (M |so), i = 1,2 is the average probability of error for decoding M; at Rx; when the initial
state is sg, and Pe(11 (M| Mg, s¢) = Pr( decoding error for M;|M; decoded correctly at Rxy, sg). In the

following sections we provide bounds on the probabilities in (C.3).

B. Code Construction and Encoding

« Fix a blocklength n and a joint distribution p(u", z™). For each message ma € Mo, independently
generate a codeword according to Pr(u(mg)) = p(u™). Next, for each message ma € My generate a
codebook with 2™ codewords x(m1, mg), m; € My where each codeword is generated according
to the probability Pr(x(mi,ma)) = p(z™|u"(mz2)), and is selected independently of the codewords
generated for the other m; messages.

o For transmitting the message pair (mq,my) the transmitter outputs x(mq,ms).

C. Decoding at the Weak Receiver Rxs

Since the messages mo are selected uniformly, the decoder that minimizes the probability of error is
the maximum likelihood decoder [25]. A natural choice of a decoding rule for the BC with memory is
to extend the decoding rule used in the DMBC to the scenario with memory. As in [5, Section 5.9], the
decoder overcomes its ignorance of the initial state by averaging over all initial channel states sg € S.
The derivation follows the essential steps of [5, Section 5.9].

First, define
Bz u) 2

ZT
=Z|1
>0,

2", s0)

(ZTL’ yn7l,n’ Sn‘un7 80)

p(a"|u")p(z", y", s"|z", s0). (C.4)

. p
Xn Sn
Xn Sn
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Let the decoding rule be the ML decoder according to p(z"|u"™). Then, for a received sequence z,
if Vmb € Mo, ml # 1o p(zlu(mse)) > p(zlu(msi)) = g2(2) = 1o,

with ties broken arbitrarily. The probability of error when message mo is transmitted using u(ms) and
the initial state is sg is given by
Py (mafu(ms),s0) = > Y. pla.y,xsu(ma), s),
2:g.(2)#mz Y, X", 8"
see (C.4). Note that this probability, for a given u(msz) and a given z, is the average over all possible
codewords x, state sequences s and received sequences at the strong receiver Rxi, y. Proceeding as in

[5], we consider the error event

Em, = {m’2 is decoded when my is transmitted using codeword u(msz), and z is received at RXQ} .

The probability of E,,; averaged over all possible selections of u(my) is?

Pr(E,,;,) = Pr(mj decoded |mga, u(ms), z)
(@)
= > p(u(my))

u(ms):p(zlu(m;))>p(zlu(ms))
sy Pz[u(ms))?
< ) P(a(m3)) i) (C.5)
u(msy)EXi, Ui P 2
with s > 0. Here, (a) holds since g,(z) = m} implies p(z|u(mb)) > p(z|u(ms)).

Now, the probability of error when my is transmitted using u(ms) and z is received is

Pr ( error |m2,u(ms),z) = Pr U En,

myFEms

< | > Pr(Em)

m’ﬁémz

p
(z[u)*
< | X Z
m27£m2 uex? \U; ‘u m2>)
P

= |(IMaf| = 1) > p(ﬂ)(

uexr U,

*As z is given, the initial state does not affect Pr(E,.;,).
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where in (a) 0 < p < 1° and (b) follows from the bound (C.5) by noting that u(m/) functions as a
dummy variable of summation.

The average probability of error for a given sg, averaged over all codewords u(msz) and received
sequences z can be written as

P (malso) = Y plu(ma)) Y plalu(ms), so) Pr ( error ma, u(ms), z)

u(mz)exr_ U, Zn

<lsiy. > p(u(mg))(

Zn u(ma)exT_ U

3 H;p(z]u(mg),so)> Pr ( error [ma, u(ms),2),

SoES

as summing over all initial states sg results in an upper bound. Using the bound (C.6) in this expression,

we can upper bound the average probability of error for the message mo for any sg by

Py (malso) < [ISIIY° " plu(ma))i(zlu(ms))

Zm u(me)EX?_ U,

P
p(zlu)®
Mol — 1 p(u) =2
(H 2” )uexzy_:lui ( )p(ZIU(mg))s
@ 1 7 1+p
a 1 1+p
< SI([Mal| =17 Y | > plu) (Z WP(ZIH, 80)> (C.7)
Zn | XU, S0€ES
14p
< [ISI] ([[M2]] —1)”HSHP£§Q§; ZM plu)p(alu, so) ™ | (C.8)
" X?'zl i

where in (a) we set s = l}Tp (see [5, Section 5.6]). Note that the bound on ]56(; ) (malso) is independent
of the particular sg, hence it bounds the average probability of error for all messages and initial states.

Next, define
1+p

1 1
En,?(pvp(u7x)750) = _ﬁlogZZ Z p(ll)p(Zh_l, SO) e
zZn X7 Ui

log, || S|
) Al !7

F £ min E _
Tl,?(pap(uax)) glég n,Q(p,p(U,X),So) n

0 < p < 1. Then, from (C.8), the probability of error averaged over all codebooks generated according

to the distribution p(u™,z™) is given by

P (ma]s) < ||S|]27 " Fralpp(ux)=pRa) (C.9)

>We use the following lemma from [5, Section 5.6]: Let p(A1), p(A2).....p(Axr) be the probabilities of a set of events and
) p
D (UM Am) be the probability of their union. For any p, 0 < p <1, p (UM 1 Am> < [Zf:zl p(A,,,,)] .

m=1 m=
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The next step is to show that for a fixed initial state so, 3p, 0 < p < 1 for which E,, 2(p, p(u,x), s9) —

p — pRy is positive as long as

log, [|S]]
n
1 1 S
RQ<*I(U”§Z”|SO)— OgQH H
n n

log, ||S]]
n

First, we note that the maximum of E,, 2(p, p(u, %), so) — p — pRs vs. p can be found by equating

the first derivative vs. p to zero, as long as the second derivative is negative. The first derivative is

0

— Rs.
dp 2

log, ||S o log. |IS
(En72(p,p(u7x), s0) — F’g2n||| - PR2> = o n2(0; p(1, %), 50) — g2n||| —~

Noting that p(u) = p(ul|sg) since u is selected independently of the initial state, we arrive at

1
— —I(U™; Z"|s0).
n ( ) |80)

0
87,0 n,2<pap(uax)a 50) 0

Lastly, extending the technique for the discrete, memoryless, point-to-point channel of [5, Theorem 5.6.3]
to the case with memory following the argument in the proof of [5, Lemma 5.9.2], it can be shown that
for every initial state sg, if

log, ||S]|

1
RQ < *I(Un; Zn‘S()) -,
n n

we can find a p* > 0 such that

% Llogs ||S .
En72(p ,p(u,X),So) —p g2n||| —pP R2 > 0.

We give the details of this argument when considering the rate bound on R; in Appendix C-E, since that
case is more general.

Thus we obtain that for a given n, if

1 1
Ry < min S1(U™; 27)sg) — 2821151 &
n

min Ry n(p), (C.10)
there exists p* > 0 for which F), 2(p*, p(u,x)) — p*Ry is positive, hence Pe(g) (malso) in (C.9) has
a positive error exponent. As a last comment, note that the expression in (C.10) can be negative.
However, in Appendix D we show that max,,» ;) B2, (p) is sup-additive. Thus, as long as the limit

limy, -, 0o MaXp(yn gn) Ron (p) is non-zero, then there exists some p(u™,z™) and Ny € IN such that for all

n > Ny, Ra,(p) > 0, and we can restrict our attention only to positive rates.
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D. Decoding the Message mso at the Strong Receiver Rx;

Define
Ply" ") £ Z S p(y" ", s0)
H |
= Z || Z ( nvyn7xnﬂsn‘un780)

Zn X? S?
= Z HSiH Z p($n|un)p(2n’yn7Sn|$n,80>‘
S0ES Zn Xn Sn

Let the decoding rule be the maximum-likelihood decoder according to p(y™|u™):

if Ymb € Mo, mly # 1o plylu(me)) > plylu(msi)) = Rx; decides on 7o,
with ties broken arbitrarily. The average probability of error when my is transmitted using u(msg) and
so is the initial state is given by

P (malu(ms), s0) = 3 3 pzy.x,slu(ms), so).

y:3mb#me,p(yu(ms;)) >p(ylu(ms)) 27,X™,5™

Applying the same steps used in the derivation of the probability of error at Rxs to this case, we conclude
that the error exponent for decoding the message mso at Rx; can be made positive for every sop € S as
long as

log, HSH
" . (C.11)

1
Ry < min —I(U™;Y"|s0) —

8063 n

However, the physically degraded FSBC satisfies (7), thus
p(yn’ Zn|un’ 50) = Zp(yn’ 2", xn‘un’ 80)
= > p(y" " " so)p(" " ", ", 50)
Xn
= " p(y", 2" u", s0)p(="1y", s0)
X'n.

= p(y"|u",50)p("|y",50),  Vso €S,
and by the data processing inequality we obtain I(U™;Y™"|s() > I(U™; Z"|s;), where s{, minimizes
(C.11). Thus,

I(U™ 2" s0) < IU”Z” < IU”Y” - IU”Y”
i?éfén ( s0) ( |50) ( |s0) = golégn ( |50)-

It follows that, if for decoding mg at Rxa we can find a p* > 0 that results in a positive error exponent
whenever Ry < Ry, (p), then it is possible to find a (possibly different) p* > 0 that results in a positive

error exponent for decoding mo at Rx;.
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E. Decoding the Message m at the Strong Receiver Rx;

Decoding m; at Rx; takes place after mo was decoded correctly. Denote with Ty the message for
Rxo that was decoded at Rx;. Next, define
1
B S Y ey o).
zn5rsses IS

Let the decoding rule be the maximum-likelihood decoder according to p(y™|z™):

if Vmy € My, my # 1y Plylx(i,m2)) > B(ylx(m],m2)) = gy(y) = M,
with ties broken arbitrarily. The probability of error when m; is transmitted, T?’LQ 18 decoded at Rx; and
the initial state is sg, is given by

P (maling, so) = > > p(z,y,s|x(m1,m3), 50).

y:3mi#Ema By [x(ma :”:12))§15(Y|X(m'1 7”:12)) Zm,8n

From now on we assume 7722 = ms. The bound on the probability of error averaged over all selections

of the codebook {X(ml, mg)} for a fixed u(ms) is given by (cf. (C.7))

my EM;,
f 14+p
P mafa(ma). so) < 11 (Ml = 1S [ pelatma) | 32 plvle so)
2|5 2 1s1”
The bound averaged over all possible selections of u(mz) is given by
P (mafma.so) = 3~ pla(me)) P (mafu(m), so).
><;L=1Z/{i
Bounding the expression using similar steps to those leading to (C.8) we obtain
P (ma|ma, 50)
1 714p
1+p
< ISIH(IMall =1 Y plulma) Y | D p(xlu(ms) <Z Sk (ylx, 80)>
X7 U yn | an $0ES

1+p
< [ISIF(Mal] = 1) HSH”ZHSH Z Z[szIumz (v, 30)1+p]

SoES

1+p
< lISIH([Mall = )" [IS]1” max > pw)) ] [ZP(XU)p(Y|X> 80)“"]
O XU yr Lan

082 : 1 1l4p
—n(—pRl—p%mlnsoes — 310, T pu, P(8) By [ en x)p(y]x.50) 757 | )

< |82 (C.12)
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As in the analysis for Rxg, for every initial state so we find the maximum R; that allows a positive error
exponent. Then, minimizing R; over all initial states guarantees a positive error exponent for all sg € S.

To see this define

1+4p
1 1
En11(p,p(u, %), 50) = ——logy > p(w) Y | > p(xlu)p(ylx, s0) 7 (C.13)
X7 Ui yroLar
. log, ||S
Fo1(p;p(u,x)) = min Ey, 11 (p, p(u, %), so) — PM» (C.14)
S0ES n
and rewrite (C.12) as
P (malma, s0) < ||S|j27"(Frn (o) =pha), (C.15)

To find a p > 0 that results in a positive value of F}, 11(p, p(u, x)) —pR; we first equate the first derivative

of Ey11(p,p(u,x),s0) w.rt. p to zero. Differentiating E,, 11(p, p(u,x), sg) w.r.t. p results in

1+4p
n 8p 10g2 Z Z [Z p(x|u)p(y|x, so)ulrp]

y7 X =1 Xn

1 1
- - X

1 714
} pln2

" e 2y u, P(W) [Zx" p(x[u)p(ylx, so) =+
1 1+p
> Z u) [ZP(X\u)p(ylx, 30)””] x
. o

yn Xn

ST Y e p(xw)p(y]x, 50) 77 In(p(y|x, 0))
In x|u X, S0) e — T :
( 2y o) sy o) )H

Setting p = 0 we obtain

) 1+p
1og22 Z [Z (x[wp(y |X780)1+"]

xn =0
_ L ! )
" Sy St P(W) | e pxf)p(y [ s0) | 1n2
) Z {[Zp<x|u>p<y|x, s0)| x
yr o xi U xn
1S olxluln(vlx. o) — 2o PEWPYIX, s0) n(p(yx, s0))
(1 2 plximptybe o) > DXy . 0) )H

1
= —I(X";,Y"|U", so)
n

The next step is to show that By < LI1(X™;Y™|U", s0) — % guarantees the existence of a positive

error exponent when the initial state is sg. Basically, one can repeat the argument in Appendix C-C.
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However, since the expression (C.13) contains an auxiliary RV with an extra summation, we provide all

the details of the proof. The conclusion is stated in the following lemma:

Lemma C.1. For any superposition codebook satisfying the Markov relationship U"|sq < X"|sg <

Y"|s0, as long as

1 1 S
Ry < Lr(xm ymiom, s) — g2l (C.16)
n n
then there exists 0 < p* <1 such that
. L1ogs ||S .
Eni1(p*,p(u,x), s0) — p g2n||| —p R >0.
This implies that for Ry < minges 21(X™;Y"|U™, s() — kfngHS” we can find a p* > 0 such that

Fn,n(,o*,p(u,x)) - p*Rl > 07

i.e. the error exponent in (C.15) is positive.

Proof: We first highlight the main elements of the proof. This will be followed by the detailed proof.
1) Proof Outline:

o Note that [En,ll(P,p(u,X), 50) - P% o pR1:| ‘ 0 =0
p:

log, ||S]| : : i :
—2=" — pR; is concave in p. Thus if it decreases with p at

o We show that E,, 11(p, p(u,x), so) — p
p = 0, it will keep decreasing and the error exponent will be negative (i.e. the bound in (C.15) is

greater than 1). Therefore, for the bound to be useful, this expression must increase with p at p = 0.

OF.n(pp(ux).so) _ lom IS _ .

e The derivative at zero is B -

} ‘ K Making it positive gives an upper
p:

bound on R;.

aEn,ll (PJ)(va) 730)
op

is analytic in p at p > 0. Therefore, E,, 11(p, p(u,x), so) —plog‘zinusl‘ —

o Furthermore,
pR; is continuous.

o Positive derivative at zero, together with the continuity of the expression and its first derivative,
imply that there is a region of positive p for which the error exponent is positive. This allows us to

pick p > 0 and get a positive error exponent.
2) Proof Details: The stationary point is obtained when the first derivative is zero. Therefore,

_ (9En711(p,p(u,x), SO) o 10g2 HS”

R
! dp n
is a stationary point . The first step is to show that E, 11(p, p(u,x), so) — pR1 — plOgQTHSH is a concave
function of p. Since pR; + pw is linear in p, it is also convex, and it is left to show that

n

En11(p,p(u,x),so) is concave in p.
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Concavity implies that for p3 = 0p; + (1 — 0)p2, p1,p2 >0,0< 6 < 1,

En,ll(p37p(uax)7 SU) 2 eEn,ll(plvp(u7X)7 50) + (]- - H)En,ll(p27p(u7x)7 50)'

We start with [5, Equation (5B.6)] in the proof of the lemma in [5, Appendix 5B1°. This equation states
that for a fixed so, u and y, a distribution p(x|u) on X", a set of positive numbers p(y|x, so), a pair of

positive numbers s, 7, a number 6, 0 < 6 < 1, and t = 0s + (1 — 0)r, that

s6 r(1-0)
[Zp(xlu)p(yx,swi] . (C17)

xXEX™

[Z p(x[w)p(ylx, 30)1] < [Z p(x|w)p(ylx, so)*

xexn xEX™

Using (C.17) witht =14 p3, s =1+ p; and 7 = 1 + pa we have

X

1 L+ps . (1+p1)0
[Z p(x[u)p(ylx, 80)1*”3] < [Z p(x|u)p(y|x, so)w]

XEX™ XEX™
| Qp)(1-6)
[ > pxl)plylx, 80)”92]

XEX™

Multiplying both sides by p(u) and summing over all (u,y) we get

1+ps
2. 2 [Z p(x[w)p(ylx, 80)1*1#3]

uex? U; yeyn xexm

(14p1)0
< > Zp<u>[2p<xru>p<y\x,50>l+%] [meyu)p(y\x,sow

uex? U; yeyn xXEX™ xXeEX™

] (I4p2)(1-6)

X

] (I4+p1)0

- > ¥ [p<u>1fm > pxlwp(ylx, so) o

uex  U; yeyn XEX™

Y

1 e (1-0)
[p(U)”"Q > pxu)p(ylx, 80)””2]

xexn

where we expressed p(u) = p(u)’p(u)'~?. We now apply Holder’s inequality (see [24, Equation 2.8.3]):

6
Sab < [Sar| | b
J J

1-6

J

The equation [5, Equation (5B.6)] follows from Holder’s inequality, see [24, Section 2.8, Theorem 12], [5, Problem 4.15c].
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for non-negative a;’s and b;’s and a finite number of values j, § € (0, 1). This results in:

. ) (1+p1)0 ) .
> [p(u)”“ > p(x[wp(ylx, 50)”“] [p(u)”” > p(x[w)p(ylx, so) 2

uex U; yeyn xXEA™ xXeEX™

(14p2)(1-0)

0

) ) (14p1)
< Y Y [p(u)“*’l > p(X!u)p(ylx,SO)“m] X

uexr U yeyn XEX™
(1+Pz) (170)
_1 _1
>, > [p(uw > p(xru>p<y|x750>1+pz]
uex  U; yeyn xeXxn
(14p1)7 ¢
Y Y [z p<x|u>p<y|x,30>l+m] .
uex? U; yeyn xXeX™
(1-6)

(1+p2)
S ) [Z px[w)p(yx, SOMI ,

uex? U; yeyn xXeX™
where we treated the double summation as a single summation over a larger alphabet. Taking log, of

both sides we obtain

—nEn11(p3, (0, %), 80) < —nky11(p1,p(0, %), 50)0 — nEy11(p2, p(u, %), s0)(1 — 0)
which is the desired result.
Finally, we note that E,, 11(0,p(u,x), so) = 0, and if I(X™; Y"|U", s0) > 0, then E,, 11(p, p(u,x), s9) >
0 for p > 0. To see the latter, we recall the first statement in the proof of the lemma in [5, Appendix
5B]’. This statement asserts that

1 I+e
Z p(x|u)p(ylx, So)w]

xexn

is non-increasing in p. Since 21(X™; Y"|U™, 59) > 0 we have that for at least one u s.t. p(u|sg) = p(u) >
0 then I(X™;Y™|u,sg) > 0. Hence, from the properties of mutual information it follows that Y |u, so
is not independent of X|u, s, i.e. p(y|x,u, sp) = p(y|x, so) is not constant for all x with p(x|u, sg) =

1 ql+e
p(x|/u) > 0. Thus from the lemma, [er;vn p(x|u)p(y|x, so) 1+p} is strictly decreasing with p, and

"Lemma in [5, Appendix 5B]: Let Q = [Q(0), Q(1), ..., Q(K — 1)] be a probability vector and let ao, a1, ..., arx—1 be a set

of non-negative numbers. Then the function

f(s) =1n [Z Q(k)a; ]
k=0

is non-increasing and convex with s, for s > 0. Moreover, f(s) is strictly decreasing unless all ax for which Q(k) > 0 are

equal. The convexity is strict unless all the nonzero ay for which Q(k) > 0 are equal.
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1 114p
hence after adding the average over u we have that } -y, > gy, P(0) | Xoxern P(X[0)p(¥ X, S0) e

is strictly decreasing with p (since the other values in the averaging are either strictly decreasing or non-

increasing). Therefore E,, 11(p, p(u,x), so) is strictly increasing with p. This implies that OBnni(p g;(u’x)’s”) >
0, and hence, E,, 11(p, p(u,x),sg) > 0 for p > 0.

Combined with the concavity of E, 11(p, p(u,x), so) this implies that 8E"’“(pép(u’x)’5”)

is decreasing

with p, thus

OBn.11(p,p(ux),50) _ log2n||SH is, in fact, maximized at p = O for which we obtain the value

Op
log, ||S
%I(Xn;yn’Un,So) _ OanH ||

In conclusion, making [aE““(”éﬁ(u’x)’sO) ~ Ry — log27n\|$|\] ‘

> 0 is possible when

— log, [I51], By continuity we conclude that for this range of R; there exists a

Rl < 8En.11(p7p(u7x)750) n

op

p=0
p>0s.t Epq1(p,p(u,x),s0) —p (Rl + %) > 0, and furthermore, by convexity this is the largest

possible range for R;. ]
Since Ry < LI(X™;Y™|U", s0) — mngHsH allows a positive error exponent for initial state s, thus
letting

1
R < glég gI(X";Yn|U",s{))

logy HSH A
— =20 AR
n 1, (p)

guarantees a positive error exponent for every initial state, and therefore also under the minimum in the
expression of the error exponent (C.14). Again, we deal with negative R ,(p) by taking n large enough.
In combination with Appendix C-D we conclude that if also Ry < Rj ,,(p) then it is possible to achieve

positive error exponents for both Pe(ﬁ) (mq|ma, so) and 156(?2) (ma]sp), simultaneously.

F. Proving that the Rate Pair (R1(p), Ro.n(p)) is Achievable

Combining the results of Appendix C-C — C-E we have that for the physically degraded FSBC, any rate

pair (R1, R2) that belongs to the convex hull of the region of all positive rate pairs (R, Ra) satisfying

1 1
Ry < min 21(x™ yn(um, 5 — 222 ISl (C.18)
S0ES M n
1 log, ||S
Ry < min —I(U™; Z"|sg) — log, [IS11 (C.19)
8065 n n

for some joint distribution p(u, ™), results in positive error exponents.
We now show that the rates of Equations (C.18) — (C.19) are achievable. It is enough to show that

given a maximum average probability of error € > 0, then for the positive rate-pair

(Rl,n(p>7R2,n(p)) - (glégnl(X 7Y ‘U 750)_ n ’?Olégnl(U 7Z |SO)_ n

we can find a blocklength by such that a code (R, (p), R2,n(p),b) with Pe(b)(so) < € can be constructed

for all b > by and sy € S.
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We recall here that we actually have the same bound for all initial states so. Therefore the probability
of error bound satisfies the achievability criteria of Definition 5. Let b = Kn for some K € IN, and let
qn(u™, ™) be the probability distribution used to determine Rj ,(gyn) and Ra,(gn). Set the probability
for generating the length b codewords to be

K
p(u’, 2" kl_[ Gn(u k Dn+1> T k 1) nt1) ) =
1

n (U, Xp)- (C.20)

||Ex

We now prove the following lemma:

Lemma C.2. For Fnyn(p,p(ub, 2%)) defined in (C.14) under the distribution law (C.20) it holds that

K
Fy 1 (m 11 qn(uzmxw) = Fy11(p, p(u”,2°)) = Fp11(p, gn(u™, 2™)). (C.21)
k=1

Proof: The proof uses the same essential steps as in Gallager’s derivation [5, Section 5.9] and [15,
Lemma 19]. However we have to make sure that also with the added complexity of the superposition
codebook, the main steps still hold (this is not trivial, see Appendix E).

Let N = M + L, and consider Fys(p,pas(u™,2M)) and Fr(p, pr(u®, 21)). Let py(u?,zV) =
A

MM

py(u, x )pL(uM+1a$J\N/[+1) We denote (uy,x1) = (uM, M) and (ug,x2) = (’LL]\N/[+17$M+1) Then,

; logy ||S
Fya1(p,pn(u™,2™)) = min Enn(p,pn(,z"), 50) — PgQ]\LH,

Let s, v be the minimizing state. Raising both sides to the power of two we obtain from definition (C.13)

that
1+p

2~ NEvuloan ) —|i5])e 3™ pu) Y- | pllu)plylx, son) | (C.22)

Xz Ui yNoLaw
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Now write
14p
_1
> )Y pxw)p(ylx, so,n) 1+P]
X?=11/{71 N AN
1+p
@ Y pua)pr(u) ) > [Z ZP(X17X2|U1,U2)ZD(Y1,Y2Xl,X2780,N)1+P]
MU XN U yM YL | xM xrL
1+4p
()
2 o D pu(mpr(u) Y !ZZPM X1 |u)pr (x2[uz)p (Y1aYQ|X17X2=50N)1+”]
XM U XN U yMmoyL L xM o xL
B 1 q14p
1+p
ST pu(a)pr(u) > D T 1D 0D pu(xau)pr(xaluz) [Z p(Y17Y278M!X1,X2780,N)]
sm€ES

XLy Ui XLy Us YMYE XM T

Do D0 pu(w)pr(ue) Y D | D0 par(xifw)pr(xofus)
M A yM yL | xM xL

1

F 1+p
Z p(Yb SM|X17 X2, SO,N)p(y2|y17 SM, X1, X2, SO,N)] ]

SMES
(o)
=5 pum)pr(uw) >0 [ZZpM(xl\ul)pL<x2\u2> x
XM Uy X7y Us yMm YL L xM xrL

_1

] 1te
[Z p(Yla5M|X1750,N)p(}’2|5MaX2)] ]

SMES

< Y Y pu(w)pr(uz)

M
XM Uy xN Ui

1+p
> [ZZ > pM<xl|u1>pL<xQ|u2>p<y1,sM|xl,50,N)1+3p<yzrsM,xQ>HU]

yMyr LM XL sy €S
= [|S]|*** Z Z pM(U—l)pL(U-Q)ZZ [ZZ
xM. U, ><£V=M+1ui yM YL XM xrL

1 1 e
> HSHPM (x1|u1)pr(x2|u2)p(y1, smlx1, so,.8) o p(yalsn, x2) T+
SMES
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A
IN®

ISPy > Y pM<u1>pL<uz>ZZ[ZZ

s ES XM Us Xy Ui yM o yL | xM xrL

1+p
_1 _1
pyv (x1|un)pr(x2|u)p(y1, sm|xi, so.n) e p(y2|sar, x2) 1+P]

1+p
=Sl D2 D pu(m) ) (Zw(xlu1>p<y1,sM\xl,50,N>1i~> «

SMES Xfilzxﬂ yM M

1+p
Z pr(uz Z (ZPL x2|uz)p Y2|8M,x2)1ip>
N

L L
Xz‘:M+1u7? Y X

1+p
= Z py(un) Y (ZPM (x1]u1)p Y175M‘X1780N)1+p> 9= L(Bra1(pipr(uzx2)s0r) —p 215 )

SJVIES ><ZM yM XM

1+p
Z Z pM U—l Z <ZPM(X1|U-1)I)(Y173M|X1750,N)1+P> 27LFL,11(p7pL(u27X2))

smES xM .U yM \ xM
1 1+p
g

1+p
< Z pM u; Z ZpM X1|u1 (Z (YI73M’X1,SO,N)> 2—LFL,11(PaPL(U2,X2))

xM . U; ymM M sMES

—~
=

1+p
Z pM(U1) Z <ZPM(X1‘u1>p(y1‘X17 30,N>1+"> 2—LFL,11(p7pL(u27X2))’

Xf\ilul yIW X]W
where (a) and (b) are because
P (X1, X2, u1,u2) = par(ug, x1)pr(uz, x2)
= py(ur,uz) = par(uy)pr(uz)

= pn(x1,X2|ur, ug) = par(x1|ur)pr(xz|ug),
(c) is because x; and x2 are independent and therefore Xo L (X1,Y1, S, So) when Yo, Zo and So
are not given, and also because Y is independent of Sy, X1 and Y1 when Sy is given. In (d) we used
(>, a)" <> ;al,a; > 0,0 <r <1([24, Section 2.10, Theorem 19]), and in (e) we used (>, Pia;)"

> Pal,a; > 0,7 >1and {F} is a p.m.f. ([24, Section 2.9, Theorem 16]). For (f) we used the fact that

Fr11(p,pr(u2,x2)) is evaluated with the initial state sy € S that minimizes E7, 11(p, p(u,x), so) and

1\T 1\T
(g) follows from Minkowski’s inequality: >, (Z] Qja]?k> < (ZJ Qi Ok ajk,)?) , > 1, aj; >0,
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{Qj} is a p.m.f. ([24, Section 2.11, Theorem 24]). Plugging this back into (C.22) yields

1+p
HSHpZ p]\/[<u1) Z <ZPM(X1|U-1>])(Y1|X17 SO7N)1+/)> 2*LFL,11(p7pL(u27X2))

xM. U, ym \xM

2*NFN,11(/3:IJN(UN:IN))

IN

logo HSH)
M

_ 2—M(EM,11(p,PM(ul,xl),sU,N)—p 2—LFL,11(p,pL(u2,xQ))

< 9= MFa a1 (ppar(w1,%1)) 9= LFL 11 (p,pr (12,x2))

= NFn1(p,pn(u™,2™)) = MFya1(p, par(ur,x1)) + LEL 11 (p, pr(u®, z)).

Therefore
K K-1
bF 11 <P7 1T qn(uk,Xk)> > nFy11(p, 4a(0,x)) + (K = DnFe_yn11(p, [] an(un, %))
k=1 k=1
K—2
> QnFnJl(pa qn(U,X)) + (K - 2)nF(K72)n,11(107 H qn(uk7xk))
k=1
(@)
2 K’I?;lel(p, QTL(uv X))v
where (a) follows by continuing the process in the first 2 steps. [ ]

Using Lemma C.2 in (C.15) we can write the bound on Pe(f% (mi|me, so) as

P malma, so) < |IS[27n{Frnn oIy e o)

S | |S| ‘Q_Kn(FnJl(pvq" (u,x))—pRi1(gn)) .

From Lemma C.1 we conclude that there exists a positive p11 such that F), 11(p11, ¢n(u,x))—p11R1(¢n) =

€11 for some €17 > 0. Hence, the probability P(ﬁn) (mq|ma, so) can be made arbitrarily small by taking

e
K large enough. The same considerations can be repeated for ng") (ma]sg) and PS(QK ") (ma]sg). Thus,

taking K large enough we have that Pe(Kn)(so) < p(ﬁn)(mﬂmg, so) + Pe(gn) (malso) + PE(QKR) (malso)

e

can be made arbitrarily small, hence (R1,(¢n), R2.n(gn)) is achievable for every g¢,: finding the minimal

K that results in P5™ (sg) < €,Vso € S allows us to generate codes for any blocklength b > Kn with

P,B(b)(so) <€, Vsp € S. This is done by designing codes for (R1 ., (qn) — %7 Ron(gn) — %), taking K large

enough such that maX{Rl’”(q;;)’RQ’"(q")}

< %, and adding zeros when the blocklength is not an integer
multiple of K.

We omit the details of the derivation that shows

Fren2(p, p(u™™, 25™)) > Fya0(p, gn(u, %)), (C.23)
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except the critical step of introducing sy into the channel that connects U™ and Z™, which is characterized

by p(z|u, sp). This p.m.f. is used in the expressions for Fi, 2 and F, o:

p(z|u,so) = p(z1,2z2]uy, ug, so)

= ZP(Z1>Z273]V[|111,U2,30)

SMm

= E § p(zlvz27y1’y27517527X17X2‘u1’uQ’SO)
Xn7yn78n\51u SMGS

= E E p(z1,22,¥1,y2, S1,82|X1, X2, U1, U2, So)p(X1, X2|ug, Uz, So)
X",y”,S"\sM SJVIES

= > > (21,22, 1, y2,51,82/%1, X2, 50)pas (X1 |u1)pr (X2 uz)
X Yyn S \81\/1 sMES

= > > p(z1,y1,81/%1, %2, 50)p(22, Y2, 82121, Y1, 51, X1, X2, $0)par (%1 [ w1 )p (X2 u2)
X Y S\ s suMES

= Z Z p(z1,y1,81/X1,X2, 50)P(22, y2, 82| M, X2)par (X1 [wn)pL (x2|u2)
X1 Yn . S™\sy SMES

= DY plzyisilxi, 2, s0)p(z2|sar, xa, ue)pas (1w )pr (xo|ug, sar)
XYM SM-1g,,€8

= DD plzyusilxa, s0)p(z2, Xalsar, ug)par(x1 |uy)
XYM SM-1 5\ €S

- > > p(z1,y1, 81, %1 [ur, s0)p(22|sar, uz)

XM YM SM-1g,, €8

= > plz1, splu, s0)p(zalsa, ). (C.24)
smM€ES

The expansion (C.24) is used to show that (C.23) holds.

G. The Boundary of the Achievable Region

To study the asymptotic properties of the achievable region, we first characterize its boundary. Begin

by writing the achievable region for a given n as

R, =co |J Rulan),
9n€Qn

R.(qn) = {(R1>R2) :0< R < Rin(gn),0 <Ry < Rz,n(qn)},

= mi 1 X U log, ||S

Rl,n(Qn) 2 n ég EI( n;Yn| n’sé))qn g,2n||||’

R a o1 lo S
2,n(Qn) = ;Ilég nI(U”, Zn|50)q” — g2n|||’
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where Q,, is defined in Section III. Now, fix A > 0 and p(u", z™) and consider the line
Ry(R1) = Rapn(p) + AR1n(p) — ARy

This line is either tangent, upper bounds or intersects with the region of positive error exponents, for a

given n. Hence, for a fixed A > 0, the line

Ry(Ry) = max {Ron(p) + AR1n(p)} — ARy

p(um,zn
upper bounds the region of positive error exponents, otherwise for the same \ there exists p(u", z™) for
which Ry, (p) + AR1n(P) > maxpyn zn) {Rg}n(p) + )\Rl,n(p)}, thus contradicting the maximization.

Following [16], [26, Lemma 3] we can write the boundary of R,, as the least upper bound:

D s : 1 n. on 10g2 HSH
Ra(Fa) = igg{pﬁ?fn) { min (U™ 2%s0) = — —
1 1
A <min SI(X™ YU, sh) — 0g2”5”> } - )\Rl}. (C.25)
sHeES N n

This situation is illustrated in Figure 4.

Achievable
Region

Fig. 4. Lines bounding the achievable region for the FSBC, and the resulting achievable region.

_ log, [IS]]
n

Note that when A = 0, R)(R;) = MaX;,(yn pn) Mils,es %I (U™, Z™so) is the resulting upper

bound, irrespective of R;. Next, consider A = 1 and denote with (p, S, ) the triplet that achieves the
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max-min solution, where 5y minimizes I(U™; Z"|sq) and 5, minimizes I(X™;Y™|U", s{,). Thus, we have

1 log, ||S
Ry(Ry) = { (U™ 2" 50) + —I(X™ YU, §); 20g2n|||} R

1 1
< { (U™ Z"530)5 + —I(X™ Y™ U™, 5)5 20g2|5||} R
n n n
1 1
— CI(X™ Y3 QM _R.
n n

irrespective of p(u™). Hence, the bound is achieved using an atomic p(u"): if (p/, s)) achieve that max-min

solution for max ming,es 21(X™; Y"[so) then

p(x™)
1 n n / 1 n n /
—I(X™Y"[s0)py = —1(X™;Y"]sp)5
n n

1 1
=—-I(U™Y"|s In(xmymuo"
SIS Y sh)p + L TX YU sty

1 1
> —I(U™ Z"|s I(X™Y™MU™, sp)s
CIU 2 sh)p + L IXTSY U™, )

1 1
> ZI(U™ Z"30); + —I(X™ Y™|U", s)
n n

1 1
> ~I(U™ Z2"50)p + L(X"Y U™, 5) (C.26)

Denote Co(1) £ max,(,») minges +1(X™Y"[s0) — log"’THSH

. If A > 1, then again, denoting with
(p, S0, §) the triplet that achieves the max-min solution we obtain

IOgQHSH
n

R)(R)) = {A I(U™ Z"30)5 + A~ I(X” YU, ) — (1+ A) 2822l
— ()\ — 1) (Un Zn|80) } — )\Rl
1 I
< {0 01O 2l 4 ALTCs Y - (14 )2 EL  u

1
<A =I(X™ Y55 — (1+A) — AR,
mn

< A(Go(1) - Ry - 2281 €27)

log, [|S]
n

where the last inequality can be shown similarly to (C.26). Thus, for A > 1, Ry(R1) = M(Co(1) — Ry) —
logiLM. Clearly when A > 1, R}(Co(1)) = Ry(Co(1)) = M However, when R; decreases, then
the lines for A > 1 pass to the right of RY(R1), R1 < Cp(1), and thus they do not constitute tight outer
bounds. Therefore, it is enough to consider only 0 < A < 1, to get a complete characterization of the

region.
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Define next

1 1
C"(\) £ max {min —I(U"™; Z"|s0) + )\mig —I(X"Yy"on, 36)} . (C.28)
50eS N

p(ur,xz™) [ S0ES M

We have the following lemma:

Lemma C.3. C"()\) defined in (C.28) converges as n — oo to a finite limit given by

1
C®(\) 2 lim C™()) = sup {c"(x) 1+ A)Oan‘W] : (C.29)
Furthermore, for a given n the achievable region is completely characterized by C™(\) — (1 +)\)log2THS”,

and C*(\) provides the largest achievable region.

Proof: the convergence to the limit is shown in Appendix D. The fact that C™(\) — (1+ )\)log"’n¢H gives
a complete characterization of the achievable region follows from [26, Corollary on page 7]. The fact that

C°(\) provides the largest achievable region follows from its sup-additivity, also shown in Appendix

D.

Lemma C.3 implies that the boundary of the achievable region, R2(R7), is characterized by

Ra(Ry) = inf {C®(\) = ARi}. (C.30)

We conclude that C*°(\) completely characterizes this region. Hence, when transmitting at the positive
rate pair (R; — d, Ro(R1) — d), 6 > 0, and given an arbitrary € > 0, then there exists some n(e, §) such
that for all n > n(e,d), an (Ry — §, Ra(R1) — d,n) code with an average probability of error that is
smaller than € can be constructed.

Finally, we discuss the cardinality of the auxiliary RV U™, as the feasibility of the optimization problem

for maximizing the rate pairs depends on the existence of such bounds.

H. Cardinality Bounds

From the derivation in [16], it follows that when A and s( are fixed, then maximizing

1 1 1 1
fI(Un; ans[)) o 082 HSH N\ < I(Xn7Yn‘Un, SO) . 0g2 |S”>
n n

n n
over all joint distributions p(u",z™) can be carried out while the cardinality of the auxiliary random

variable U" is bounded by

[ <y Uil | < oin (L] [ (27

min {[[&[[", [[V][", [[Z2]]"}

= min {[|X[], [[V]|, [|Z]]}" - (C.3D)
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This is true for any sgp € S. As follows from (19) and (20) in Section III-D, the achievable region can
be written as the intersection ﬂSOG s Rn(s0). Now, as for each so € S and 0 < A < 1 we have the same
cardinality bound, then this bound is also valid for maximizing the intersection of the regions for these
so’s (this intersection is a convex set). Therefore, it is enough to consider only RVs U™ with bounded

cardinality according to (C.31), to obtain a complete characterization of the achievable region.

APPENDIX D

PROOF OF LEMMA C.3 (CONVERGENCE OF lim,,_,o, C™(\))

In this section we prove Lemma C.3. This lemma implies that

1 1 log, ||S
lim max {min ~I(U™; Z™s0) + Amin —I(X™ Y"|U™, s}) — (1 + A)Og?H’}
n—0o0 p(un,x™) | S0ES N SeES N n

1 1
= lim max {min —I(U"™ Z"|s0) + Amin —I(X"™; Y"|U", 86)}
n—00 p(un,x") | S0ES N SES M

2 lim C™(\)

exists for the physically degraded FSBC when A is fixed and finite.

Details of the Proof

Recall the definition of F,(\) in (15):

log, [|S]]
e

Fu(A) = C*(A) = (14 A) (D.1)

Note that

lim F,(\) = lim C"(\),

n—o0 n—o0
if the limit exists. We show that the limit exists by demonstrating that F},(\) is sup-additive. Let so = s§(()
minimize 11(U'; Z!|so) and s, = s¥(I) minimize }1(X'; Y'|U', s}) for the triplet (g1 (u!, z'), s3(1), s5(1))
that achieves the max-min solution for Fj()), and let (g2(u™, ™), s§(m), s§(m)) achieve the max-min
solution for F,, (). Also let s§(n) and s§(n) be the states that achieve the max-min solution for Fy,()).

To show that F),(\) is sup-additive, we show that for n = m + [ it satisfies

nEL(A) > LR(A) + mF(N).
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Let g(u™,2") = q1 (ul,xl)qg(ulﬂl,x?“). Then, by definition,

nFn(A) = [L{U"; Z"|sG(n)) + ALX™ YU, s5(n)],q, — (14 A)logy ||S]]

q192

= I(U{’ Z“‘Sg(n))ih + I(Ul?}i-lﬂ Z“va 86(”))‘111}{2 + I(U{, Ul’r}i-la Zln+1|Zi7 38(”))q1q2

+A (I(Xi; Y{|UL ULy 58(0))guge + 1(X75 Y X3, UL ULy 58(1)) g

IO X YU U Vs ) = (14 ) o ]
> I(U{Q Zﬂsé(n))ql + I(U{, UZ}HQ Zln+1‘Z{a 38(”))q1q2
+>\<I(Xi;}/ll|Uf7Uﬁi—l’sg(n))qﬂh+I(Xi7Xﬁrl; z11|U{vUﬁrlefng(”))qlqz>
—(1+A)log, [[S]]-

Now, by construction (U™, X™) is independent of the initial state. Thus,

l l l l
Q(U1ax1auf+17$7+1|sg(n)) = Q(u1>$17u?+17$?+1)
= QI<UZ17$11)Q2(U7+17$?+1)
= q(ullaxllvu?—&-l) = ql(ulhwll)qQ(u?—&-l)
a1 (uf, 24)ga(ufly )
qa (Ua)%(“lnﬂ)

= qi(x1]uy)

1,1
= C](xﬂuhu?ﬂ):

= qlzifuy, uiyy, s5(n) = au@iful, s§(n))
= (XL Y|UL ULy s8(n)gg. = H(XT|UL s8(n) — H(XY], UL Ul s§(n))
> H(X{|Uj, s§(n)) — H(X{|Y], Ui, s(n))
= I(X;Y{|UT, s8(n))q,
> I(X1;Y{|UL, s5(D)g,-
In conclusion,
nFu(A) 2 I(U3; Zi1s§(1))g, + I(UL, Ulrs Z1al 21, 55(1))auas
+A <I(Xi; Y{|UL, s§(D)q + L(XT, X7y Vi (UYL U, Y, S%’(n))m) — (14 A)log, [|S]]
= LF(N) + I(Uf1: Z1a| 21, 55(0) g + LU 205125, Uy 55(0))guaa
FA (X415 l11|U{, UZT-Li-lvylla 56(n)g1g, + )‘I(thlﬁﬂU{»UﬁHlel»XﬁHa 50(1)) quao

> IF(N) + I(UP 13 27| 28, s§(n)grge + M(XTy: Y0 UL Uy Y, 88 (1)) guge-
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Now, note that
plufr, 211, 85(n)) = a2(ufy)p(=i]s0. 55(n))
= pluflzls s, s5(n) = a2(ufy),
Hence
HUL13 2\ 24 5600 as > 1(UFsxs ZEa 1, 2450 — o S
= H(U1 |21, 51, 55(n)) = H(ULL 121, 21y, 81, 55(n)) — log, |IS]]
= H(Ul) — HU 2L, 24, 51, s5(n) — log, IS
= H(U[1150 56(n))g — H(UL1 12144, 51, 85(n)) — logy [[ S]]
= I(U}1; 211151, 55(n)) g, — logz [|S]|
2 U 1: 211 = s5(m))y, — Lo S]],
where (a) follows from Lemma A.1 and (b) is because s§(m) is the minimizing state. We also have
p(afrsul, ufy, ilse s6(n) = a2y, ufylse sg(n)p(yt, ultlsi, s§(n))
= qa(af fufyr, 50, 55 (n)az(ufa|se, 55 (n)p(yh, ui| s, 55 (n))
= gaaalur, st 55 (0)p(Yh, Ul uls s, s5(n))
= (e [uh, ufyy, ui, 51,88 (0) = qa(afy g |ufy, s, 58 (n).
Therefore,
L(XPys Y UL Ul Y s§(0))quge 2 T(XTys Y0181 UL Ul Y, s5(n)) — logy ||S]|
= H(X[|UL UL YL, 81 s () — H(X Y, UL Uy, YL S sf (n)
—log, ||S]]
= H(X['1|Uf1, S0 s5(n) — H(XT V4, UL UL, YL S1 sg(n)
—log, ||S]]
> H(X[1 Uy, Sis5(n) = H(X Y, Ul S sg(n) — log, [[S]]
= I(X[ 3 YU, Sis () g, — logs |IS]]

> I(X[4 3 YU, st = s5(m))g, — logy [|S]]-
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So, finally,

nFu(\) 2 IF(N) + (UL 214128, 55(0)) g0 + M(XT05 Y UL ULy, Y 88(10) guge
> LF(N) + (U5 21 st = s5(m) g, + M (X415 Y UL, st = s5(m)) g, — (1 + A) logy ||S]]|
= IF;(\) + mE, (),

where we used the fact that, due to stationarity of the channel when conditioned on the initial state, we

have
mFn(N) = I(U 15 Zl st = s5(m))g, + A(XT 15 YU, 51 = s(m)g, — (14 ) logs |[S]]-

We note that this is the most critical point in this proof: the way we showed sup-additivity is by breaking
the expressions for length n into expressions of length [ and expressions of length m. The critical part
here is to consider the length m sequence from [ 4+ 1 to n. Here we used the fact that the channel is
stationary, thus p(27, 1,y 77,1, st = s0) = p(21", ¥ 2" = 2,1, s0) (follows from Equation (2)). This,
combined with the fact that the cardinality bound depends on the length of the sequence and not on its
starting point, leads to the conclusion that the same joint distribution on (u{*, z{") that maximizes Fy,,(\)
will maximize the segment from [ + 1 to n (i.e. be the maximizing distribution on (uf,,,z} ), with the
same initial state s; = sg).

We also have that both 21(U™; Z"|sq) and 21(X™; Y™|U™, s) are bounded, independent of n. To see

this for L1(U™; Z"|sg) for example, consider the following set of inequalities:
Ly 2o < LS H(z11s0)
il AR it s
n ) 0) > n < ARV

log, || Z]],

IN

since all the Z;’s are defined over the same alphabet Z; = Z. Similarly
1
7I(Xna Yn|Un78,0) < 10g2 HXHv
n
and thus
! ! log, ||S1]
F,(\) = ~I(um, zn A ZI(X™ YU, sh) » — (14 2)—21=0
n(A) x| {glég A |s0) + min ( | 50)} L+A)—"

< log, || Z]| + Alog, [|X]| < oo. D2)

The fact that F,(\) is bounded, independent of n and is also sup-additive implies that lim,, . F},(\)

April 30, 2008 DRAFT



46

converges and is equal to the supremum over all n8:

n—oo

lim F,(\) = sup Fp,(\) < 0.

APPENDIX E

PROOF OF THEOREM 2 (THE INDECOMPOSABLE FSBC)

A. Preliminaries

First, let us define:

1
Fo(A\) = max — |max (U™ Z”\so)—i-/\maXI(X" YU, sp)
p(um,x™) M | $0ES

p(um,zn) L | s0E€ES

F,(\) = max 1 [mln (U™ Z"so) +)\m1n I(X™y"u",s )] £ C™(\)
1
Gn(\) = (max n I(U™ Z") + X[(X™ Y™ U™)].
p(un e

We have with the following lemma:

Lemma E.1. The following relationships hold

Fo(A) = Gn(N)
G

)

n

Before proving Lemma E.1 we note that it implies that

lim F,(\) < lim G,(\) < lim F,(\),

n—oo

if the limits exist. In Appendix D we showed that the limit lim,,_,o, F},(\) exists. The fact that for the

indecomposable channel lim,,_,, F},(\) exists will follow from the proof of Theorem 2. We now provide
the proof of Lemma E.1
Proof: Let p(so) denote the (unknown) distribution of the initial channel state. This distribution, naturally,

depends on the past, but it does not matter for the sake of this proof whether it is stationary or not, only

that it exists.

8Here we use [5, Lemma 4A.1] which states that for a sequence {an} yen» With @ = supy an < oo, if for all n > 1 and

all N >n, Nay > nan + (N — n)an—n, then limy_.oc an = a.
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Now consider the first statement: let pg(u', ™) be the maximizing distribution for Gy, (). Then,

nF,(\) > [msaXI(U"; Z"s0) + Amax (X" Y"|U", 56)]
0 So pe

max (H(U"|so) — H(U"|Z",s0)) + Amax (H(X"|U",sy) — H(X"|[Y",U", 56))]

j4e

So

H(U”) — minH(U”\Z”,So) + A (H(Xn’Un) — II;}DH(X”|Y”, un, S6)>:|
0 PG

So ES 86 ES

H(U™) = ) p(so) min H(U"|Z", 50) + A (H(X"U”) - > p(sp) min H(X"Y™, U, 86))]
pc

>

So GS S() GS

H(U™) =Y p(so)H(U"|Z", 50) + A (H(X"U”) - p(Sé)H(X"Y”,U",SE)))}
2

= [H(U™) — H{U"|Z", So) + A (H(X™U™) — H(X"[Y™,U", S0))],,.
> [H(U") = HU"[Z") + MHX"U") = HX"Y", U"))],,,

= [[(U™ Z") + AL(X™ Y™ U™)],,.

2 nGn(N),

where in (a) we plugged the unknown p(sg).

For the second statement, let p(u”, z™) denote the maximizing distribution for F, () and write:

nk,(\) = [ngin](U”; Z"|so) + )\m;lnI(X";Y”|U”,36)}
0 S0 p

= [HU™) = 3 plso) max H(U™| 2", 50) + A (H(X“U“) = p(sa>maxH<X"Y”,U",sa>)]
S0ES ¢ SHES %o
0 b

50€S shEeS

< |HU™) = > plso)HU"Z", s0) + A (H(X”U”) - ZP(SQ))H(X”Y",U",S()))]
P

= [H(U"|S0) — H(U"|Z", S0) + A(H(X"|U™, So) — HX™[Y", U™, So))],
— (U™ 271S0) + (X" Y (U™, So)],

& 1™ 27 + AT YU + (14 ) logy S]]

< nGp(A) + (1 + M) log,y ||S]].

where (a) is due to Lemma A.1. [ |
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B. Proof of Theorem 2

Let p(u™, z™), 59 and 5 be the distribution and the pair of initial states that maximize F,(\). Let
E, (A, p(u",z™)) be the expression of F;,(\) when the distribution is specified (i.e. the maximization over
p(u”, ™) is dropped) and let sp and s;, be the states that minimize, respectively, the first and second
mutual information expressions in E, (A, p(u", z™)) (recall that p(u", z™) is the p.m.f. that maximizes

F,(X)). Then,
Fa(A) = B, (A, p(u”, z")).

Let m; be fixed, and in addition denote

mo = n—mq

u £ ™ w £ Uy, 41
X = 2™ X0 £
y1 = y™ Yo Eyn 1
z; £ 2™ z9 2 Z a1
First consider
p(21, 5m, U1, U2, 50) = Z p(X1,y1,81,2z1|ur, uz, 3)

Xm1 Ym1 Smi—1

= Z p<y17slvZ1|X17u17u27§0)p(xl|u17u27§0)
Xml,)}ml,SmI*1

—

a) - -
= Z p(y1,81,z1[%1, 30)p(x1]u1, uz, 5o)
Xma Ym1 Smi—1

=) plz1, sm,|x1, 30)p(x1 |11, 12, 50),
X1

where (a) follows from Equation (2). Therefore, p(z1, $m, |u1, u2, Sp) is not independent of Us, since U,
can be correlated with Xy. This is in contrast to the situation in [5, Theorem 4.6.4], where the conditional

distribution for the first m; symbols is independent of the remaining symbols. The joint distribution can
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now be written as:
p(z2|z1, X1, U1, U2, Sy, 50) = E p(z2,X2|21,X1, U1, U2, Sp, , 50)
X2

=) p(xXalz1, %1, w1, U, S, , 50)p (22|21, X1, X2, U1, Uz, S, » 0)
X2

(@ )
=) p(xalx1, ur, ug)p(z2|z1, X1, X2, $m, » 0)

X2

()
= ZP(X2|X1,U1,U2)}?(Z2\X2,Sml)

X2

- ZP(XQ‘XL u17 u27 Sml)p(ZQ‘Xl, X27 877117 u17 u2)
X2

= p(z2’X178m17u27u1)7 (El)

where (a) is because there is no feedback and (b) is because given S,,,, Z2 is independent of the past.

Now expand I(Uy, Uy; Zy, Zs|50)s in Fy(N) as:
I(U1,Ug;Z1,Z5|50)5 = 1(U1,Us2;Z4|50)5 + 1(U1, Us; Zo|Zy, 50) 5
< mylogy ||Z]| + I(U1,Usg; Zo|Z1, 30)
< logy || 21] + logy 11| + ma logy | X]| + I(Us, Us; Zol S, X, Zo, 50)5
where (a) is due to Lemma A.1l. Similarly we obtain

I(U™; Z"s0)p = 1(U1,Ug; Z1, Zs|s0) 5

v

- 10g2 HSH —my 10g2 HXH + I(U17 U27 Z2’Sm17X17 Zlv}i())ﬁ
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Therefore,
1 -
—(L(U™ Z"50)5 — L(U™; Z"[50)p)

n
< = (mylog, || 2] + 210, |IS]| + 2m: log, |||

SN

+1(U1, Us; Zo|Siny X, 21, 50)p — (U1, Ui Zo Sy, X, 2, 50)5)

a

—
=

S|

(1 10g, | 21| + 2108, [IS|] + 2m1 log, |||

+ 37 Pl ™ [50) = Py 2™ 50)) (U1, Ui Zafa™ s5,))
xm, S

1
< = (ma log, || 2| +21og, ||| +2m: log, | ¥
+) ™)) p(sm, 2™ 50) = p(sm, 2™ 50)] I(Uy, Ug; Zolz™, sm1>)
Xm S

b
<

—~
=

S

(1 1ogy |1 21| + 210gy [IS]] + 2ma logy [|¥]| + S p(a™ )elSlI(n — ma) logs [|Z]])
X ™1

= %(ml logy || Z]] + 21ogy [|S]] + 2m1log, || X|| + €|S][(n — m1) log, || Z]])
= e[S log, || 2], (E.2)
where (a) follows from (E.1) and (b) is due to Definition 2. Now, for I(X1,X2; Y1, YUy, Uy, &) we
have:
I(Xl,Xg;Yl,Y2|U1,U2,§6)5
= I(X1;Y1, YU, Uy, 5)5 + 1(Xa; Y1, Y2 X1, U, Us, 5);

logy [|X™ ] + I(Xa; Y1|X1, Uy, Uy, )5 + 1(Xo2; Yo Y1, X1, Uy, Uy, )5

IN

IN

ma 10g2 ||XH +m1 log2 H)JH —|-I(Xg;Yg’Yl,Xl,Ul,Ug,gi))ﬁ

ma logy || X]] + my logy [|V]] + log, S]] + I(Xa; Y2|Sm,, Y1, X1, Uy, Us, ).

IN

Similarly

I(X1,X2; Y1, Y2 |Uy, Uy, )5 > —logy ||S]| + 1(X2; Y2 |Sm,, Y1,X1, U, Us, 50);.
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Thus,

1
- (I(X™Y™U™, 50)5 — I(X™Y™U™, 50)5)
<

(1 10gy 1111+ ma Tog, 1] -+ 21og, |1S]|

+1(X2; Y2|Sm,, Y1, X1, Uy, Us, §)5 — 1(Xo; Y2 S, Y1, X, U17U2,£6)) i
p

—

a

N

(ml log [|X]| -+ mx logy [|V]] + 21og, [|S]

+> p™) Y (p(sm1|xm1,§6>—p(sm1|xml,§g>)I(X2;Yz|Uz,Ul,sml,xml)ﬁ>
Xm1 smles

IN

1
(1o 120+ oy 1]+ 2108, 51

+ ) p@™) Y p(sm 2™, 5) — p(sm, [2™ )!I(XQ;Yz\UQ,U178m17$m1)ﬁ>
X™1 smeS

IN

1
(1o 1201+ oy 1]+ 2108, 51

3T 0@™) S [plsm ™, 3) — plsm o™ ﬁo>|<n—m1>1og2|rxu)

Xm Sm, €S

®) 1
< % (st 1]+ m togy [V + 210 151+ 3 o)l — n) o 1]

Xm1
2 €S| ogy || X ], (E.3)

where for (a) we write

P(Y2lSmy, Y1, X1, 11,02, 50) = Y p(ya,Xa|sm,, y1,X1, U1, Uz, 50)

n
X 141

= ) p(Xalsm,, y1,%1,u1, Uz, 50)p(y2|X2, Smy, Y1, X1, U1, Uz, 50)
Xr721+1

(©

= ) plxalxs, ur, ug)p(yalxa, $my, y1,%1, 50)
X1

= ) p(xalx1,u1, u2)p(y2lx2, 5m,)
X:Ll-u

= ) p(XalSm, X1, 11, U2)p(Y2|X2, Sy, X1, 11, Up)
Xr711+1

= Y ply2:Xa|sm,, X1, 11, uz)
X"L

mq+1

= p(y2’8m17X17 up, u2)a
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where (c) is because there is no feedback. Finally, (b) follows from the definition of the indecomposable
channel (see Definition 2).

Combining (E.2) with (E.3) we obtain that if the limits exist then

Jim (Fa(0) — B, (A, 5", 2") ) < e|S]](log |2]] + Alogs [|¥])

as Fi,(A) > F,(A) > E, (A, p(u™,2™)) then, by the sandwich theorem also

lim (Fu(3) = Fua(A)) < ellS|(logy [| 2] + Alogy [|X1]).

n—oo

Finally, because this is true for any € > 0, then taking ¢ — 0 both bounds coincide, namely,

lim F,(\) = lim F,(\).

n—oo
As the right-hand-side exists and finite, then this also proves that lim,, .. F},()\) exists and finite.
Together with Lemma E.1 this means that the capacity region of Theorem 1 does not depend on the

initial state when the channel is indecomposable.

APPENDIX F

AN ALTERNATIVE APPROACH TO THE DEFINITION OF THE AVERAGE PROBABILITY OF ERROR

Consider the following definitions for the average probability of error and the corresponding achievable

region:
Definition F.1. The average probability of error of a code for the FSBC is defined as
P{M=Pr (gy(Y") # (Mo, M) or g,(Z") #(Mo, Mz)),

where the messages My € Mg, My € M; and My € My are selected independently and uniformly

over their message sets.

Definition F.2. A rate triplet (Ro, R1, R2) is called achievable for the FSBC if for every ¢ > 0 and
d > 0 there exists an n(e, d) € IN such that for all n > n(e, d) it is possible to construct an (R — 0, Ry —
5, Ry — 6,n) code with P < e,

For these definitions we no longer have a characterization of the capacity region for the general (i.e.

non-indecomposable) FSBC, but only lower and upper bounds. This is summarized in Theorem F.1 below:

Theorem F.1. For the physically degraded FSBC {X x S,p(y, z, s|x,s'),Y X Z x S} defined in Defi-

nition 7, subject to Definition F.1, we have that
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1) Every rate triplet (Ry, R1, R2) that belongs to the set

C= lim R, (F.1)

n—oo
is achievable, and the limir exists.

2) Every achievable rate triplet (Ry, R1, R2) must belong to the set

C = liminf R, (E2)

n—oo

and the limit exists.

Proof Outline: The achievability is the same as for Theorem 1. The converse is proved in Appendix

F-A.

For the stochastically degraded channel we obtain the following corollary:

Corollary F.1. For the stochastically degraded FSBC of Definition 8, the capacity region subject to
Definition F.1 is bounded from below by C defined in (F.1) and from above by C defined in (F.2), where
p(y, 2, |z, s') is replaced by p(y, s|x, s")p(z|y), such that Equation (10) is satisfied.

For the indecomposable FSBC, Theorem 2 holds also under Definition F.1.

A. A Converse for the General FSBC Using Definition F.1

The converse for Definition F.1 is more complicated than in Appendix B since we cannot show that
for

A™(A\) £ max {1[(U";Z")+>\;I(X”;Y”]U”)}, (F.3)

p(umz™) (N
lim,, o, A™()\) exists for the general FSBC. This is because without conditioning on the initial state, the
non-indecomposable channel is non-stationary. We therefore have to follow a different approach. To that
aim, we first recall that a rate pair (R;, Ro) is achievable by Definition F.1 if for any € > 0, 6 > 0, there
exists n(e,d) € IN such that for every n > n(e,d), an (Ry — , Ry — d,n) code with P < ¢ can be
constructed. It follows that these codes satisfy sup,~ s P™ < ¢. Since we can pick n(e, d) arbitrarily
large, then we conclude that for a rate pair to be achievable it must hold that there exists a sequence

of (R — §, Ry — 6,n) codes such that lim,, (¢ 5) o0 SUDy>n(c.0) pm

< e. By definition this can also be
written as

lim sup Pe(”) <e. (F.4)

n—oo
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If there does not exist a sequence of codes for which (F.4) holds, it is not possible to find an n(e,d) that
satisfies Definition F.1 and the rate pair is not achievable. Using the condition (F.4), the statement of the

converse for Definition F.1 is given in the following lemma:

Lemma F.1. If for some \ > 0,

Ry + ARy > liminf A"(\) + e,

then
lim sup PQ(S)RQ + A lim sup Pe(ln)Rl > €. (F.5)

Note that lim inf,, ., A™(\) exists and is finite.
Proof: Recall that Pe(; ) and Pe({t ) denote the probabilities of error when the initial state is not available

at the receivers and transmitter. From Fano’s inequality (see [5, Equation 4.6.16]) we have

H(M|Z") < PWnRy + 1 (F.62)

H(M[Y™) < PnRy +1. (F.6b)
Now, note that

nRy = H(M>)

= H(Msy) — H(M3|Z") + H(M,|Z")
nRy — H(M|Z") = I(My; Z") (F.7)
= 1(U™2")
nky — H(Mi|Y"™) = H(M) — H(M[Y")

< H(M:[Mz) — H(M:[Y", M>)

= I(My;Y"|Ms)

= H(Y"|Ms) — H(Y"| M, Ms)

< HY"|U™) - H(Y"|X",U")

— (X" YU, (F.8)

where in (a) we defined U; = M, @ = 1,2, ..., n. This definition of U™ satisfies the Markov relationship
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U™|sy < X™|s, < Y™|s(,. Combining both derivations we have that for our choice of U™:
nRy — H(M2|Z") + X (nRy — H(M1|Y™))

< I(U™; Z7) + AL(X™ Y™ |U™)
(a)
< nA™(A),
where (a) is because A™(A) is obtained by maximizing over all joint distributions p(u™, z™) subject to

the cardinality constraint (12) (we show in Appendix C-H that this is enough to achieve the maximum),

hence we obtain
H(M3|Z™) + AH(M|Y™) > n(Ra+ AR — A" (V).
Combined with Fano’s inequalities (F.6), we have
POnRy +1+ A (Pe({”an + 1) > 1 (Ry + AR1 — A™(\))
= PWRy+ AP Ry > Ry + ARy — A"(\) — (1 + )\)%

= sup (P§§>R2 + )\Pe(f)}ﬁ) > Ry+ ARy — inf (A”()\) +(1+2) )

1
n>n(6,e) n>n(d,€) n

= lim  sup (Pe(g)Rng)\Pe(f)Rl) > Ry+ AR — lim  inf (A”()\)+(1+>\) )

1
n(e,d)—o00 n>n(d,€) n(e,d)—o00 n>n(d,€) g

= limsup P'3) Ry + Alimsup PV Ry > Ry + ARy — liminf A™(\)

> €,

which means that there will always be large values of n for which at least one of the receivers has a

probability of error that is bounded away from zero, and therefore (R, R2) is not achievable. [ ]

REFERENCES

[1] T. M. Cover. “Broadcast Channels”. IEEE Trans. Inform. Theory, IT-18(1):2-14, 1972.

[2] B. McMillan. “The Basic Theorems of Information Theory”. The Annals of Mathematical Statistics, Vol-24(2):196-219,
1953.

[3] C. E. Shannon. “Certain Results in Coding Theory for Noisy Channels”. Information and Control, vol. 1, pp. 6-25, 1957.

[4] D. Blackwell, L. Breiman and A. J. Thomasian. “Proof of Shannon‘s Transmission Theorem for Finite-State Indecomposable
Channels”. Ann. Math. Statist., vol. 29(4):1209-1220, 1958.

[5] R. G. Gallager. Information Theory and Reliable Communication. John Wiley and Sons Inc., 1968.

[6] A.J. Goldsmith and P. P. Varaiya. “Capacity, Mutual Information, and Coding for Finite-State Markov Channels”. IEEE
Trans. Inform. Theory, 1T-42(3):868-886, 1996.

April 30, 2008 DRAFT



(71

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]
[22]

(23]
[24]
[25]
[26]

[27]

(28]

56

T. Holliday, A. Goldsmith, and P. Glynn. “On Entropy and Lyapunov Exponents for Finite State Channels”. IEEE Trans.
Inform. Theory, IT-52(8), 2006.

H. Permuter, T. Weissman and A. Goldsmith. “Finite-State Channels with Time-Invariant Deterministic Feedback”.
Submitted to the IEEE Trans. Inform. Theory, 2007.

H. Permuter, P. Cuff, B. Van Roy, and T. Weissman. “Capacity of the Trapdoor Channel with Feedback”. Submitted to
the IEEE Trans. Inform. Theory, 2006.

D. Blackwell, L. Breiman, and A. J. Thomasian. “The Capacities of Certain Channel Classes Under Random Coding”.
Ann. Math. Statist., vol. 31, pp. 558-567, 1960.

A. Lapidoth and P. Narayan. “Relieble Communication Under Channel Uncertainty”. IEEE Trans. Inform. Theory, IT-
44(6):2148-2177, 1998.

S. I. Gel’fand and M. S. Pinsker. “Coding for Channel with Random Parameters”. Probl. Inform. & Control, vol. 9(1):19-31,
1980.

Y. Steinberg. “Coding for the Degraded Broadcast Channel With Random Parameters, With Causal and Noncausal Side
Information”. IEEE Trans. Inform. Theory, IT-51(8):2867-2877, 2005.

A. Winshtok and Y. Steinberg. “The Arbitrarily Varying Degraded Broadcast Channel with States Known at the Encoder”.
International Symposium on Information Theory (ISIT) 2006, Seattle, WA, pp. 2156-2160.

H. Permuter and T. Weissman. “Capacity Region of the Finite-State Multiple Access Channel with and without Feedback”.
Submitted to the IEEE Trans. Inform. Theory, 2007.

R. G. Gallager. “Capacity and Coding for Degraded Broadcast Channels”. Problemy Peredachi Informatsii, vol. 10(3):3-14,
1974.

P. P. Bergmans. “Random Coding Theorem for Broadcast Channels with Degraded Components”. [EEE Trans. Inform.
Theory, IT-19(2):197-207, 1973.

P. Sadeghi, P. O. Vontobel, and R. Shams. “Optimization of Information Rate Upper and Lower Bounds for Channels with
Memory”. Submitted to the IEEE Trans. Inform. Theory, November 2007.

A. J. Goldsmith and M. Effros. “The Capacity Region of Broadcast Channels with Intersymbol Interference and Colored
Gaussian Noise”. IEEE Trans. Inform. Theory, 1T-47(1):219-240, 2001.

A. Lapidoth and I. E. Telater. “The Compound Channel Capacity of a Class of Finite-State Channels”. IEEE Trans. Inform.
Theory, 1T-44(3):973-983, 1998.

T. M. Cover and J. Thomas. Elements of Information Theory. John Wiley and Sons Inc., 1991.

J. L. Massey. “Causality, Feedback and Directed Information”. Proc. 1990 Intl. Symp. on Info. Th. and its Applications,
Waikiki, Hawaii, November, 1990.

J. Jacod and P. Protter. Probability Essentials. 2nd Ed., Springer, 2003.

G. H. Hardy, J. E. Littlewood and G. Polya. Inequalities. Cambridge Press, 1964.

J. Ziv. “Univerisal Decoding for Finite-State Channels”. IEEE Trans. Inform. Theory, 1T-31(4):453—-460, 1985.

M. Salehi. “Cardinality Bounds on Auxiliary Variables in Multiple-User Theory via the Method of Ahlswede and Koérner”.
Technical Report No. 33, Dept. Statistics, Stanford Univ., Stanford, CA, 1978.

A. El-Gamal. “The Feedback Capacity of Degraded Broadcast Channels”. IEEE Trans. Inform. Theory, IT-24(3):379-381,
1978.

M. Mushkin and I. Bar-David. “Capacity and Coding for the Gilbert-Elliott Channel”. [EEE Trans. Inform. Theory,
IT-35(6):1277-1290, 1989.

April 30, 2008 DRAFT



57

[29] J. G. Proakis. Digital Communications. McGraw-Hill, 2000.
[30] H. R. Anderson. Fixed Broadband Wireless System Design. John Wiley & Sons, 2003.

April 30, 2008 DRAFT



