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Abstract�We consider the discrete, time-varying broadcast
channel with memory under the assumption that the channel
states belong to a set of �nite cardinality. We study the achievable
rates in two scenarios where feedback (and cooperation) is avail-
able. One scenario is the general �nite-state broadcast channel
(FSBC) where both receivers send feedback to the transmitter,
and in addition one receiver sends his channel outputs to the other
receiver through a cooperation link. The second scenario is the
degraded FSBC where only the strong receiver sends feedback
to the transmitter. We �nd the capacity regions for both cases.
In both scenarios we consider non-indecomposable as well as a
class of indecomposable FSBCs.

I. INTRODUCTION

The �nite-state channel (FSC) was introduced as early as
1953 to model time-varying channels with memory [1]. In this
model memory is captured by the state of the channel at the
end of the previous symbol transmission. To make this precise,
let X denote the channel input, Y the channel output and S
the channel state. The transition function of the FSC at symbol
time i satis�es p(yi, si|xi, yi−1, si−1) = p(yi, si|xi, si−1).
Capacity analysis of time-varying channels with memory has
been the focus of considerable interest, especially in the
Gaussian setup. This has been motivated by the proliferation
of mobile communications in which the channel is subject to
multipath and correlated fading. The correlation of the fading
process introduces memory into the time-varying channel. The
capacity of non-indecomposable FSCs without feedback was
originally studied by Gallager [2] and has been applied to
speci�c channels, see [3] and references therein. Recently, the
capacity of FSCs with feedback has been studied. Speci�cally,
it was shown in [4] that feedback can increase the capacity of
some FSCs with memory. The capacity of the FS-MAC with
and without feedback was also considered recently [5].

In this work we focus on the capacity of �nite-state
broadcast channels with feedback. In this scenario a single
transmitter communicates with two receivers over a �nite-
state channel characterized by p(y, z, s|x, s′) (see Figure 1
for notations), where s′ denotes the state of the channel at
the end of the previous symbol transmission. In a previous
work we considered the degraded FSBC without feedback
[6]. Speci�cally, we �rst de�ned the notions of physical
and stochastic degradedness for channels with memory and
then showed that capacity is achieved with a superposition
codebook with memory. The capacity region was obtained as
a limiting expression by taking the blocklength to in�nity. In
this work we study the effect of feedback and cooperation
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on the capacity region of the FSBC. The degraded FSBC
with feedback is of special interest, as it was shown in [7]
that feedback does not increase the capacity region of the
physically degraded memoryless broadcast channel (BC), and
it would be interesting to contrast this with the case with
memory (see discussion in Section III).

In the context of discrete multi-user channels with states,
we note that the capacity of the degraded arbitrarily vary-
ing BC (DAVBC) has been recently investigated in [8] and
[9]. This channel is characterized by the transition func-
tion p(yn, zn|xn, sn) =

∏n
i=1 p(yi, zi|xi, si). This models a

memoryless channel whose parameters vary with time in an
arbitrary manner. In [8] DAVBCs with causal and non-causal
side information at the transmitter were considered, and in
[9] the capacity for DAVBCs with causal side information at
the transmitter and non-causal side information at the good
receiver was derived.

The most general scenario for the FSBC with feedback and
cooperation is depicted in Figure 1.
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Fig. 1. The general FSBC with feedback and cooperation. D indicates a single
symbol-time delay. Each of the three switches A1, A2 or B can be either
open or closed. Switch A1 enables cooperation from Rx2 to Rx1, switch A2

enables feedback from Rx2 to the transmitter, and switch B enables feedback
from Rx1 to the transmitter.

From Figure 1 we see that there are eight possible con�gu-
rations. In this work we consider two of the eight scenarios
(the scenario with all switches open was considered in [6]).
We denote them by SC1 and SC2:

SC1: The general FSBC with all switches closed. Therefore,
Rx2 sends its channel output to both Rx1 and the
transmitter. This results in a physically degraded channel
Xn|s0 ↔ (Y n, Zn)|s0 ↔ Zn|s0, but it is not required
that Xn|s0 ↔ Y n|s0 ↔ Zn|s0 form a Markov chain. The
scenario in which the channel output at one receiver is
available to the other receiver is also called the augmented
BC [10]. Note that the delay from Rx2 to Rx1 is of no



signi�cance as the receivers can wait until the end of the
entire block before beginning to decode.

SC2: The physically degraded BC with only switch B closed.
Therefore, Rx2 does not send feedback, and the codebook
is generated without knowledge of the channel output
at Rx2. For SC2 we shall assume that the degradedness
condition Xn|s0 ↔ Y n|s0 ↔ Zn|s0 holds.

The scenario SC1 can be viewed as representing an uplink
scenario that combines receiver cooperation and feedback: the
weak (e.g. far) receiver sends its channel output to the strong
receiver, and the feedback from the strong receiver to the
transmitter contains both its own feedback and the feedback
of the weak receiver, obtained through the cooperation link.
The scenario SC2 can represent a cellular situation without
cooperation in which the mobile Rx2 is too far from the base
station to reliably send feedback to it, but the mobile Rx1

is close to the base station and thus has a reliable feedback
path to it. In Section III we explain why, despite the fact that
only one receiver sends feedback, the rates to both receivers
increase. This is an important bene�t of feedback in multi-user
scenarios.

II. CHANNEL MODEL

First, a word about notation. In the following we denote
random variables with upper case letters, e.g. X , Y , and their
realizations with lower case letters x, y. A random variable
(RV) X takes values in a set X . We use ||X || to denote the
cardinality of a �nite, discrete set X , Xn to denote the n-fold
Cartesian product of X , and pX(x) to denote the probability
mass function (p.m.f.) of a discrete RV X on X . For brevity
we may omit the subscript X when it is obvious from the
context. We use pX|Y (x|y) to denote the conditional p.m.f. of
X given Y . We denote vectors with boldface letters, e.g. x, y;
the i'th element of a vector x is denoted with xi and we use xj

i

where i < j to denote the vector (xi, xi+1, ..., xj−1, xj); xj is
short form notation for xj

1, and x ≡ xn. A vector of random
variables is denoted by X ≡ Xn, and similarly we de�ne
Xj

i , (Xi, Xi+1, ..., Xj−1, Xj) for i < j. We use H(·) to
denote the entropy of a discrete random variable and I(·; ·) to
denote the mutual information between two random variables,
as de�ned in [12, Chapter 2]. I(·; ·)q denotes the mutual
information evaluated with a p.m.f. q on the random variable
and co R denotes the convex hull of the set R. Finally, we
recall the de�nitions of directed mutual information and causal
conditioning (see also [5]):

I(Xn → Y n|Zn) =
n∑

i=1

I(Xi;Yi|Y i−1, Zn)

I(Xn → Y n||Zn) =
n∑

i=1

I(Xi;Yi|Y i−1, Zi)

Q(xn||yn, zn−1) =
n∏

i=1

p(xi|xi−1, yi, zi−1).

De�nition 1: The �nite-state broadcast channel is de�ned
by the triplet

{X ×S, p(y, z, s|x, s′),Y ×Z×S}
where X is

the input symbol, Y and Z are the output symbols, S′ is the
channel state at the end of the previous symbol transmission
and S is the channel state at the end of the current symbol

transmission. S, X , Y and Z are discrete alphabets of �nite
cardinalities. The p.m.f of a block of n transmissions is
p(yn, zn, sn, xn|s0)

=
n∏

i=1

p(yi, zi, si, xi|yi−1, zi−1, si−1, xi−1, s0)

(a)
=

n∏

i=1

p(xi|yi−1, zi−1, xi−1)p(yi, zi, si|yi−1, zi−1, si−1, xi, s0)

(b)
=

n∏

i=1

p(xi|yi−1, zi−1, xi−1)
n∏

i=1

p(yi, zi, si|xi, si−1),

where s0 is the initial state. Here, (a) is because the transmitter
is oblivious of the channel states and (b) captures the fact that
given Si−1, the symbols at time i are independent of the past.

De�nition 2: The FSBC is called physically degraded if its
p.m.f. satis�es

p(yi|xi, yi−1, zi−1, s0) = p(yi|xi, yi−1, s0), (1a)
p(zi|xi, yi, zi−1, s0) = p(zi|yi, zi−1, s0). (1b)

Condition (1a) captures the intuitive notion of degradedness,
namely that Zi−1 is a degraded version of Y i−1, thus it does
not add information when Y i−1 is given. Note that in the
memoryless case this condition is not necessary as, given Xi,
Yi is independent of the history. Condition (1b) follows from
the standard notion of degradedness, namely that Y i makes Zi

independent of Xi. Note that condition (1b) does not eliminate
memory. Using conditions (1a) and (1b) in scenario SC2 we
obtain (when p(yn, xn|s0) > 0)

p(zn|yn, xn, s0) =
p(zn, yn, xn|s0)

p(yn, xn|s0)

=
∏n

i=1 p(zi, yi, xi|zi−1, yi−1, xi−1, s0)
p(yn, xn|s0)

=
∏n

i=1p(xi|zi−1, yi−1, xi−1)
∏n

i=1 p(zi, yi|zi−1, yi−1, xi, s0)
p(yn, xn|s0)

(a)
=

∏n
i=1 p(xi|yi−1, xi−1)

∏n
i=1 p(zi, yi|zi−1, yi−1, xi, s0)∏n

i=1 p(xi|yi−1, xi−1)
∏n

i=1 p(yi|yi−1, xi, s0)
(b)
=

∏n
i=1 p(yi|yi−1, xi, s0)

∏n
i=1 p(zi|zi−1, yi, xi, s0)∏n

i=1 p(yi|yi−1, xi, s0)

(c)
=

n∏

i=1

p(zi|zi−1, yi, s0)

where (a) is because A2 is open in SC2, (b) follows from (1a)
and (c) follows from (1b). We therefore conclude that when
(1) holds, p(zn|yn, xn, s0) = p(zn|yn, s0). Hence,

p(yn, zn|xn, s0) = p(yn|xn, s0)p(zn|yn, s0). (2)
Note that Zn is a degraded version of Y n but still depends on
the state sequence (i.e. degradedness does not eliminate the
memory). A special case of the physically degraded FSBC
occurs when in (1b) we have p(zi|xi, yi, zi−1, s0) = p(zi|yi).
Hence,

p(zn|yn, s0) = p(zn|yn) =
n∏

i=1

p(zi|yi). (3)

Equation (3) is similar to the de�nition of degradedness for the
DAVBC used in [8]. Condition (3) does not constitute only a



mathematical convenience, but represents a physical scenario,
as shown in [6].

De�nition 3: The FSBC is called stochastically degraded if
there exists a p.m.f. p̃(z|y) such that

p(zn|xn, s0) =
∑

Yn

p(zn, yn|xn, s0)

=
∑

Yn

p(yn|xn, s0)
n∏

i=1

p̃(zi|yi). (4)

De�nition 4: (see [2, Section 4.6]) The FSBC is called
indecomposable if for every ε > 0 there exists N0(ε) such
that for all n > N0(ε), |p(sn|x, s0)− p(sn|x, s′0)| < ε, for all
sn, x, and initial states s0 and s′0.

De�nition 5: An (R0, R1, R2, n) deterministic code for
the FSBC with feedback consists of three message sets,
M0 =

{
1, 2, ..., 2nR0

}
, M1 =

{
1, 2, ..., 2nR1

}
and

M2 =
{
1, 2, ..., 2nR2

}
, and a collection of mappings

({fi}n
i=1 , gy, gz) such that

fi : M0 ×M1 ×M2 ×Zi−1 × Yi−1 7→ X (5)
is the encoder, and

gy : Yn 7→ M0 ×M1,

gz : Zn 7→ M0 ×M2,

are the decoders. Here, M0 is the set of common messages
and M1 and M2 are the sets of private messages to Rx1 and
Rx2, respectively. Note that we assume no knowledge of the
states at the transmitter and receivers.

De�nition 6: The average probability of error of a code of
blocklength n is given by maxs0∈S P

(n)
e (s0) where

P (n)
e (s0)=Pr (gy(Y n)6=(M0,M1) or gz(Zn)6=(M0,M2)|s0),

and the messages M0 ∈ M0, M1 ∈ M1 and M2 ∈ M2 are
selected independently and uniformly.
Remark: In De�nitions 5 and 6 we assume no receiver
cooperation. However, since in SC1 Zn is also available at
Rx1, then for this scenario we modify De�nitions 5 and 6 to
include cooperation by replacing gy(Y n) with gy(Y n, Zn).

De�nition 7: A rate triplet (R0, R1, R2) is called achiev-
able for the FSBC if for every ε > 0 and δ > 0 there exists an
n(ε, δ) ∈ N such that ∀n > n(ε, δ) an (R0 − δ,R1 − δ,R2 −
δ, n) code with P

(n)
e (s0) ≤ ε, ∀s0 ∈ S can be constructed.

De�nition 8: The capacity region of the FSBC is the con-
vex hull of all achievable rate triplets.

III. MAIN RESULTS AND DISCUSSION

The main results are stated in the following theorems. The
proof of Theorem 1 is outlined in Section IV. The proof of
Theorem 2 follows from similar arguments and is thus omitted.

Theorem 1 (capacity region for SC1): For the FSBC
p(y, z, s|x, s′), let QSC1

n be the set of all distributions on
(×n

i=1Ui ×Xn × Yn ×Zn × Sn) that satisfy

QSC1
n =

{
q(un, xn, yn, zn, sn|s0) :

q(un, xn, yn, zn, sn|s0) =
n∏

i=1

p(ui|ui−1, zi−1)×

p(xi|xi−1, zi−1, yi−1, ui)p(yi, zi, si|xi, si−1)

for all s0 ∈ S
}

, ∀n ∈ N.

De�ne the region RSC1
n as

RSC1
n = co

⋃

qn∈QSC1
n

{
(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0,

R2 ≥ 0, R1 ≤ min
s′0∈S

1
n

I(Xn → Zn, Y n||Un, s′0)qn ,

R0 + R2 ≤ min
s0∈S

1
n

I(Un → Zn|s0)qn

}
.

For the general FSBC with feedback such that switches A1,
A2 and B are closed, the capacity region is given by

CSC1
fb = lim

n→∞
RSC1

n , (6)
and the limit exists.
The de�nition of the limit of regions can be found, e.g., in
[5]. Here, the auxiliary RV Un represents the information
transmitted to Rx2. When feedback and cooperation are not
available from Rx2 and the channel is physically degraded we
obtain the following capacity region:

Theorem 2 (capacity region for SC2): Let QSC2
n be the set

of all distributions on (Un×Xn×Yn×Zn×Sn) that satisfy

QSC2
n =

{
q(un, xn, yn, zn, sn|s0) :

q(un, xn, yn, zn, sn|s0) =

p(un)
n∏

i=1

p(xi|xi−1, yi−1, un)p(yi, zi, si|xi, si−1)

for all s0 ∈ S and
||Un|| ≤ min {||X || · ||Y||, ||Z||}n + 1

}
, ∀n ∈ N,

where p(y, z, s|x, s′) is the physically degraded FSBC satisfy-
ing Equation (2). De�ne the region RSC2

n as

RSC2
n = co

⋃

qn∈QSC2
n

{
(R0, R1, R2) : R0 ≥ 0, R1 ≥ 0,

R2 ≥ 0, R1 ≤ min
s′0∈S

1
n

I(Xn → Y n|Un, s′0)qn ,

R0 + R2 ≤ min
s0∈S

1
n

I(Un; Zn|s0)qn

}
.

For the general FSBC with feedback such that switch B is
closed, the capacity region is given by

CSC2
fb = lim

n→∞
RSC2

n , (7)

and the limit exists.
Since the capacity of the broadcast channel depends only

on the conditional marginals p(yn|xn, s0) and p(zn|xn, s0)
(see [12, Chapter 14.6]), the capacity region of the stochas-
tically degraded FSBC for scenario SC2 is the same as the
corresponding physically degraded FSBC:

Corollary 1: For the stochastically degraded FSBC of Def-
inition 3, the capacity region is given by Theorem 2 with the
appropriate p̃(z|y) satisfying (4).
The �nite-state Markov BC (FSMBC) is de�ned by

p(y, z, s|x, s′) = p(s|s′)p(y, z|x, s′).

When the Markov chain is homogeneous, irreducible and
aperiodic then the FSMBC is an indecomposable channel,



denoted H-FSMBC. For the H-FSMBC we have the following
corollary:

Corollary 2:
1) For the H-FSMBC of scenario SC1, the capacity region

is given by Theorem 1 where, in the de�nition of RSC1
n ,

the conditioning on s0 and s′0 are omitted from the
mutual information expressions.

2) For the physically degraded H-FSMBC of scenario SC2,
the capacity region is obtained from Theorem 2 where,
in the de�nition of RSC2

n , s0 and s′0 are omitted from
the mutual information expressions.

3) For the stochastically degraded H-FSMBC of scenario
SC2, the capacity region is obtained from Corollary 1
where, in the de�nition of RSC2

n , s0 and s′0 are omitted
from the mutual information expressions.

Proof outline: Loosely speaking, the corollary is true since
for n large enough the effect of the initial state fades away.
Therefore, the maximum over all s0 ∈ S equals the minimum.
Hence, for all initial states the limits for n →∞ are the same.

Discussion
We make the following observations:
1) We note that in both scenarios we actually have phys-

ically degraded situations. In SC1 the physical degradedness
is due to the cooperation link (switch A1) and the Markov
chain Xn ↔ (Y n, Zn) ↔ Zn. In SC2 the channel is
physically degraded by de�nition of the scenario. Therefore,
in the derivation we need to consider only the two private
messages case as the common message can be incorporated
by splitting the rate to Rx2 into private and common rates, as
in [12, Theorem 14.6.4].

2) Since in SC1 the channel is effectively a physically
degraded broadcast channel, a superposition codetree achieves
capacity. Interpreting superposition coding in terms of �cloud
centers� (Un) and �cloud elements� (Xn|Un) we note that in
SC1 the cloud centers are in fact codetrees on which cloud
elements, which are also codetrees, are superimposed.

3) It was shown in [7] that feedback does not increase
the capacity of the physically degraded memoryless BC. The
intuition is as follows: in the physically degraded memoryless
BC, Y is a memoryless transformation of X and Z is a
memoryless transformation of Y . Now, as feedback does not
help the memoryless point-to-point channel it cannot help the
cascade of two such channels. As explained earlier, when
the channel has memory, feedback can increase its capacity.
Feedback also helps the stochastically degraded BC [10].
Therefore, feedback can increase the capacity of the FSBC.

4) In SC1, both receivers decode the cloud center based
on Zn, as Zn is available also at Rx1 through the cooperation
link. Rx1 now proceeds to decode the cloud element. However,
since the channel is not physically degraded, after decoding
the cloud center using Zn, Rx1 uses both (Zn, Y n) rather
than only Y n to decode the cloud element. This is because
p(zn|xn, yn, s0) 6=p(zn|yn, s0).

5) A superposition codebook structure achieves capacity
for both SC1 and SC2. This introduces a structural constraint
when optimizing the codebook for achieving the maximal rate

pairs. Note, however, that for SC1 we are not able to establish
a cardinality bound for the auxiliary RV.

6) In SC2 feedback is available only from Rx1. However,
due to the physically degraded structure, this helps both
receivers: degradedness constrains the sum-rate to be bounded
by the sum-rate at Rx1. When this sum-rate is increased, then
for the same rate R1 it is possible to obtain a higher rate R2.
The maximum rate to Rx2, though, remains the same.

IV. PROOF OUTLINE FOR THEOREM 1 (SC1)
A. Achievability

The achievability proof consists of the following steps:
• Fix a collection of probability distributions{

p(ui|ui−1, zi−1), p(xi|ui, yi−1, zi−1, xi−1)
}n

i=1
,{Q1, Q2}.

• Using maximum-likelihood decoding at Rx2 according to

arg max
m2

∑

s0∈S

1
||S||

n∏

i=1

p(zi|zi−1, ui, s0)

we conclude that a positive error exponent for decoding
M2 can be obtained as long as R2 ≤ mins0∈S

1
nI(Un →

Zn|s0)− log2 ||S||
n , In

2 (Q1, Q2). As Rx1 receives Zn through
the cooperation link, then also for decoding M2 at Rx1 the
error exponent is positive.
• Using maximum-likelihood decoding at Rx1 according to

arg max
m1

∑

s0∈S

1
||S||

n∏

i=1

p(yi, zi|xi, yi−1, zi−1, s0)

we conclude that a positive error exponent for decoding M1 at
Rx1, given that M2 was correctly decoded, can be achieved as
long as R1 ≤ mins0∈S I(Xn → Y n, Zn||Un, s0)− log2 ||S||

n ,
In
1 (Q1, Q2).
• Next, for a �xed n and some integer b let n0 = nb.

Construct distributions by taking the product of the basic
distribution for a block of n symbols b times:
Q̃2(xn0 ||un0 , yn0−1, zn0−1)

=
b∏

b′=1

n∏

i=1

p
(
x(b′−1)n+i

∣∣∣x(b′−1)n+i−1
(b′−1)n+1 ,

y
(b′−1)n+i−1
(b′−1)n+1 , z

(b′−1)n+i−1
(b′−1)n+1 , u

(b′−1)n+i
(b′−1)n+1

)

Q̃1(un0 ||zn0−1)

=
b∏

b′=1

n∏

i=1

p
(
u(b′−1)n+i

∣∣∣z(b′−1)n+i−1
(b′−1)n+1 , u

(b′−1)n+i−1
(b′−1)n+1

)
.

Now, taking b large enough results in an average probability of
error that is arbitrarily small, hence (In

1 (Q1, Q2), In
2 (Q1, Q2))

is achievable.
• Finally, for λ > 0 de�ne Cn

fb,SC1(λ):
Cn

fb,SC1(λ) = max
Q1(un||zn−1)Q2(xn||un,zn−1,yn−1)

Fn(λ,Q1, Q2), (8)

Fn(λ,Q1, Q2) =
{

min
s0∈S

1
n

I(Un → Zn|s0)

+λ min
s′0∈S

1
n

I(Xn → Zn, Y n||Un, s′0)
}
− (1 + λ)

log ||S||
n

.

We show that Cn
fb,SC1(λ) is sup-additive: C∞fb,SC1(λ) ,

limn→∞ Cn
fb,SC1(λ) = supn Cn

fb,SC1(λ). Therefore, the
boundary of the achievable region can be written as

R2(R1) = inf
0≤λ≤1

(
C∞fb,SC1(λ)− λR1

)
. (9)



B. Converse
Theorem 3: If for some λ > 0,

R2 + λR1 > C∞fb,SC1(λ) + ε,

then there exist initial states s′0, s0 ∈ S for which
P

(n)
e2 (s0)R2 + λP

(n)
e1 (s′0)R1 > ε− (1 + λ)

1 + log ||S||
n

. (10)
The implication of (10), as explained in [11], is that for n
large enough the probability of error cannot be made arbitrarily
small, outside the region whose boundary is given by (9).

Proof: Recall that P
(n)
e2 (s0) and P

(n)
e1 (s0) denote prob-

abilities of error for initial state s0, when the decoders are
ignorant of the initial state. From Fano's inequality we have
that for initial state s0

H(M2|Zn, s0) ≤ P
(n)
e2 (s0)nR2 + 1 (11a)

H(M1|Zn, Y n, s′0) ≤ P
(n)
e1 (s′0)nR1 + 1. (11b)

Denote with s0,n the initial state that maximizes
H(M2|Zn, s0) and with s′0,n the initial state that maximizes
H(M1|Zn, Y n, s′0). Now, note that

min
s0∈S

I(M2; Zn|s0) = min
s0∈S

{
H(M2|s0)−H(M2|Zn, s0)

}

= nR2 −max
s0∈S

H(M2|Zn, s0), (12)

min
s′0∈S

I(M1;Zn, Y n|M2, s
′
0)

= nR1 −max
s′0∈S

H(M1|Y n, Zn,M2, s
′
0)

≥ nR1 −max
s0∈S

H(M1|Y n, Zn, s′0). (13)

We next have

I(M2; Zn|s0) =
n∑

i=1

(
H(Zi|Zi−1, s0)−H(Zi|Zi−1,M2, s0)

)

=
n∑

i=1

(
H(Zi|Zi−1, s0)−H(Zi|Zi−1, U i, s0)

)

= I(Un → Zn|s0)

where Ui = (M2, Z
i−1), i = 1, 2, ..., n. Note that

Ui − (U i−1, Zi−1) − Y i−1 and also U i|Zi−1, Y i−1, s0 −
Xi|Zi−1, Y i−1, s0 − Yi, Zi|Zi−1, Y i−1, s0.

We also have that
I(M1; Y n, Zn|M2, s

′
0)

=
n∑

i=1

(
H(Zi, Yi|Zi−1, Y i−1,M2, s

′
0)

−H(Zi, Yi|Zi−1, Y i−1, M1,M2, s
′
0)

)

≤
n∑

i=1

(
H(Zi, Yi|Zi−1, Y i−1, U i, s′0)

−H(Zi, Yi|Zi−1, Y i−1, Xi, U i, s′0)
)

= I(Xn → Zn, Y n||Un, s′0).
Combining the above we have that for our choice of Un:
min
s0∈S

I(M2; Zn|s0) + λ min
s′0∈S

I(M1;Zn, Y n|M2, s
′
0)

≤ min
s0∈S

I(Un → Zn|s0) + λ min
s′0∈S

I(Xn → Zn, Y n||Un, s′0)

≤ nCn
fb,SC1(λ) + (1 + λ) log ||S||
≤ nC∞fb,SC1(λ) + (1 + λ) log ||S||, (14)

since Cn
fb,SC1(λ) is obtained by maximizing over all joint

distributions Q1(un||zn−1)Q2(xn||un, zn−1, yn−1) and also
because Cn

fb,SC1(λ) is sup-additive.
Plugging (12) and (13) into (14) yields

nR2 −H(M2|Zn, s0,n) + λ(nR1 −H(M1|Zn, Y n, s′0,n))
≤ nC∞fb,SC1(λ) + (1 + λ) log ||S||

⇒H(M2|Zn, s0,n)+ λH(M1|Zn, Y n, s′0,n) + (1 + λ) log ||S||
≥ n

(
R2 + λR1 − C∞fb,SC1(λ)

)
> nε.

Combined with Fano's inequalities (11), we obtain (10), which
means that at least one of the states s0,n, s′0,n results in a
probability of error (at the respective receiver) that is bounded
away from zero, completing the proof of the converse.

V. CONCLUSIONS

We have derived the capacity region of a two-user FSBC
with feedback under two different assumptions about the
nature of the feedback and user cooperation. An important
property of the �rst scenario is that the channel output at
one receiver is also available to the other receiver through
cooperation. When this cooperation is not possible, then the
�rst user's receiver cannot use information about received
signal at the second receiver to decode its own message.
This implies that a superposition codebook is not necessarily
optimal, even if the channel is physically degraded. In our
second model, as decoder 2's channel output is not available
at the transmitter and the channel is physically degraded,
a superposition codebook in which the cloud centers are
generated without feedback is optimal. An important property
of feedback in multi-user scenarios is that feedback from one
user can help other users as well.
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