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Abstract— We present a geometric approach, using I-
projections [4], for analyzing error exponents in various
information theory problems—e.g., hypothesis-testing, source
coding, and channel coding. By illuminating on the hidden
geometrical structure, it also clarifies the distribution of the
log likelihood for correct and incorrect codewords. Calculating
the error exponent for very noisy channels becomes essentially
trivial now. We also prove tightness of Gallager’s formula for
error exponent of the expurgated ensemble.

I. I NTRODUCTION

A large number of information theoretic problems can be
written as optimization of the Kullback-Liebler divergence.
This includes most calculations of channel capacities, rate-
distortion functions, and the reliability functions. Witha
handful of famous exceptions, most of these calculations can
only be carried out numerically. Especially, the results of
many multi-user information theory problems are given in
the form of high dimensional optimizations, with little effort
spent in finding the structure of the solutions.

As an example of such divergence minimization problem,
the calculation of the error exponent is well known to have
two different forms of solutions. The original solutions by
Gallageret. al. [6], [8] were derived using Chernoff bound
and similar techniques. These results take the form of opti-
mization over the input distribution and a scalar parameter
ρ. While these results are concise and relatively easy to
compute, it is sometimes hard to capture the intuition behind
the derivations. In comparison, Csiszar and Korner took a
conceptually more tractable approach, using large deviation
to study the decoding errors in a discrete memoryless channel
(DMC), with the results directly in the form of divergence
minimizations. The solution to these minimization problems
has an important operational meaning— they characterize the
typical error event. This approach is much more intuitive and
thus widely used in a variety of information theory problems.
However, this is a high dimensional optimization problem,
over the space of channel realizations instead of a scalar
parameter, which is often harder to solve.

A natural question is that since Gallager’s result solves the
same problem with scalar optimization instead of the high di-
mensional divergence minimization required by Csiszar and
Korner, then is there a general structure of the solutions tothe
later problem? While this question is partially answered in
the exercises of [5], we try to address this problem using the
methods of information geometry in this paper. We hope that
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by revealing the geometric structure of the error exponent
problem, we can obtain more insights to the more general
information theoretic divergence minimization problems.

The study of information geometry started as early as
1920’s by Fisher. Amari and Nagaoka offers a comprehensive
text [1] on the subject. The key idea is to think the set of all
probability distributionsP(Z) on alphabetZ, as a manifold
in R|Z|, and to view a probability model, defined as a set of
parameterized distributions{P̄θ, θ ∈ Rm}, as a sub-manifold
of P(Z), where P̄θ denotes a distribution (or a point in
R|Z|) satisfying

∑

z∈Z P̄θ(z) = 1. By properly defining
the geometric structure of the manifold, one can establish a
correspondence between some quantities of statistical interest
and some geometric concepts—Fisher information as local
metric, KL divergence as a generalization of distance, etc..
Natural concepts raised from this approach includelinear
families and exponential families, which sometimes can be
thought as “orthogonal subspaces” in P(Z). This can then
be used to define a notion ofprojection, which is directly
related to the divergence minimization problems.

In the following of this paper, we start by giving a
very brief discussion of the geometric structure used. We
assume no previous knowledge of differential geometry by
the readers, and try to focus on the motivation of the
formulation instead of the detailed calculations. It is worth
pointing out that many of the results derived using the
method of information geometry can in fact be obtained from
direct algebraic calculations. Thus much of the value of the
approach lies in the simplicity of the solution and the new
insights it brings. Throughout the paper, we use≈ to denote
exponential approximation.

II. EXPONENTIAL FAMILY AND I-PROJECTION

In this section, we summarize the main ideas in [1] very
briefly, and introduce several concepts used in error exponent
calculations. The basic idea of information geometry is to
think a parameterized family of distributions,

{P̄θ(·), θ ∈ Rm}

as a manifold, where each point denotes a distribution over
Z. The family is often called aprobability model, and
denoted asM. The tangent space at a pointp ∈ M is
denoted asTp, which has dimensionm.

At each pointp, the parameterθ gives a natural coordinate
system onTp. Let θ = [θ1, θ2, . . . , θm] and consider the
tangent planeTP̄θ

. By perturbing only componentθi,

P̄[θ1,...θi−1,θi,θi+1...,θn] → P̄[θ1,...,θi+δθi,...,θn]



gives a direction to move away from̄Pθ, and we denote that
direction by the following vector (inRZ )

(∂i)P̄θ
=

∂

∂θi
P̄θ,

The collection{(∂i)P̄θ
, i = 1, . . . ,m} provides a set of basis

vectors of the tangent spaceTP̄θ
.

In addition to these local geometric structures, as we
would like to talk about the “distance” between distributions
over the entire probability model, it is necessary to introduce
a notion of affine connection, which relates the tangent
spaces at different points. Letp ≡ P̄θ ∈ M, and for a
small perturbation by vector∆θ, let q ≡ P̄θ+∆θ be in the
neighborhood ofp. A connection is a map

Πp,q : Tp → Tq,

which is affine inTp and perturbation∆θ. For a vectoru ∈
Tp, its imageΠp,q(u) ∈ Tq is called the ‘parallel translation’
of u, from p to q.

Now for a distributionr that is “far away” from p, one
can apply the parallel translations, one after other, alonga
curve connectingp and r, thus relate the tangent spaces at
any two points.

Due to linearity, to specify a connection, it is sufficient
to specify the image of a set of basis vectors ofTp. For a
parameterized probability model defined above, it is often
convenient to consider the connection that maps(∂i)p to
(∂i)q. The following two examples of probability manifolds
are often used in this paper.

Example1: Linear Family
Consider the family

L ≡
{

P̄θ(·) : P̄θ = c+

m
∑

i=1

θifi

}

wherec, f1, · · · fm ∈ R|Z|

and w.l.o.g. we assume
∑

z c(z) = 1 and
∑

z fi(z) = 0 for
all i, so that resultingP̄θ is indeed a distribution. Now

(∂i)P̄θ
=

∂

∂θi
P̄θ = fi (1)

for i = 1, . . . ,m are a set of basis vectors at pointP̄θ. Now
∑

z fi(z) = 0 implies that for everyi,
∑

z

(∂i)P̄θ
(z) = 0 (2)

which ensures that any tangent vector for this manifold
is also tangent to the probability simplex for alphabetZ.
A natural parallel translation for this model is simply the
identity map,

(∂i)q = (∂i)p = fi(·) ⇒ Πp,q(u) = u

for any p, q ∈ L. This connection of identity map is called
the linear connection. Notice that the parallel translation of
a tangent vectoru ∈ Tp along any curve connectingp to q
will be the same. We say in this case that the linear family
L is flat w.r.t. the linear connection.

Example2: Exponential family
Consider the exponential family defined as

E ≡
{

P̄θ(z) : P̄θ(z) = exp

[

c(z) +
m
∑

i=1

θifi(z) − ψ(θ)

]}

whereψ(θ) arises due to a normalization factor that we will
explain later.

In order to compare with the previous example, we con-
sider an embedding that takes a distributionp ∈ P(Z),
and maps it tolog p ∈ R|Z|. The exponential family is
thus mapped into a sub-manifold ofR|Z|, which is similar
to the linear family of the previous example. For this new
log-image manifold, let(∂i)

(e)
p denote a basis vector of the

tangent space atp, to distinguish it from(∂i)p for the original
manifold. There is a simple relation between these two sets
of basis vectors atp ≡ P̄θ:

(∂i)
(e)
p =

∂

∂θi
log P̄θ =

1

P̄θ

∂

∂θi
P̄θ =

1

P̄θ
(∂i)p (3)

Now to define a connection onE called as theexponential
connection: we first use(3) to map the tangent vector(∂i)p

to its corresponding(∂i)
(e)
p , then translate it to(∂i)

(e)
q using a

linear connection discussed ahead, then use reverse of (3) to
map it back to(∂i)q on the original probability model. Such
mapping of all basis vectors atTp defines the exponential
connection fromTp to Tq.

By creating connection this, although the exponential
family E is different from the linear familyL, its log-image
becomes similar. The symbol(∂i)

(e) should be thought as a
representation the tangent vector(∂i) in the original space.
Equation (2) now takes the form

0 =
∑

z

(∂i)P̄θ
(z) =

∑

z

P̄θ(z)(∂i)
(e)

P̄θ
(z) = EP̄θ

[

∂ log P̄θ(z)

∂θi

]

(4)

To satisfy this constraint at bothp andq, the linear map from
(∂i)

(e)
p to (∂i)

(e)
q should be defined as

(∂i)
(e)
q = (∂i)

(e)
p − 1 · Eq

[

∂ log P̄θ(z)

∂θi

]

where1 denotes a vector of all ones. This map differs from
the identity map by a constant shift. Specializing to the
exponential family, this yields the following connection from
tangent space atp ≡ P̄θ to tangent space atq ≡ P̄θ̂

(∂i)
(e)

P̄θ
= fi − 1 · ∂

∂θi
ψθ −→ (∂i)

(e)

P̄
θ̂

= fi − 1 · ∂

∂θi
ψθ̂

The key observation is that if we apply this connection one
after other to neighboring points on the log image along
a curve, connecting the images ofp and q, the resulting
constant shifts depend only on the end points, but not the
which curve we use to connect them. Thus, the induced
map in the original probability space(∂i)p → (∂i)q also
does not depend on the curve. We therefore say exponential
family is flat w.r.t. exponential connection.

The concepts of exponential connection and exponential
family are highly relevant for developing the notions of



orthogonality and distance for probability manifolds. At any
given pointp, a (possibly different) notion of metric,〈u, v〉p
for u, v ∈ Tp, can be defined (similar to an inner product
space). However, when a connectionΠp,q is defined, it is
not always the case that

〈u, v〉p = 〈Πp,q(u),Πp,q(v)〉q (5)

is satisfied. A connection that satisfies (5) is called a
Riemannian connection. It can be shown that for a given
metric, there exists a unique Riemannian connection; and
that a Euclidean coordinate system exists if and only if the
Riemannian connection is flat. Thus (5) and flatness lead to
the simplest geometric structure.

Unfortunately, in the study of probability models, a
slightly more complicated geometric structure is involved.
In such models, it is often desirable to use the Fisher metric,

gij(θ) ≡ 〈(∂i), (∂j)〉P̄θ
≡ EP̄θ

[

∂

∂θi
log P̄θ(z)

∂

∂θj
log P̄θ(z)

]

Fisher information has a strong operational meaning in
parametric estimation. The only caveat is that it does not
give rise to a Euclidean geometry.

If one insist to develop a notion of global distance and
orthogonality on the probability model, (5) has to be relaxed.
We would like to find a pair of connectionsΠ1 andΠ2, s.t.

〈u, v〉p = 〈Π1
p,q(u),Π

2
p,q(v)〉q

We say in this caseΠ1 andΠ2 are dual connections. It turns
out that if we use Fisher metric, then linear connection and
exponential connection are dual to each other. Consequently,
the Fisher metric defined over a probability model often
involves mapping one vector with linear connection, and the
other with exponential connection.

One important application of this concept is as follows.
Supposeu, v ∈ Tp are locally orthogonal, i.e., the Fisher
metric 〈u, v〉p = 0. Now if we “extend” u andv w.r.t. linear
and exponential connections, respectively, as shown in Figure
1, the resulting curves are geodesics, which can be thought
as “straight lines”, w.r.t. to corresponding connections. The
two curves are in a sense orthogonal to each other, which is
made precise in the following Theorem from [4].

p

E

L

v

u

Tp

Fig. 1. “Orthogonal Spaces”: exponential and linear families

Theorem 1:Given a functionf : Z → RK and a constant
α, consider a linear family

Lf,α ≡ {q : Eq[f(z)] = α}

and an exponential family for the samef through distribution
p is defined as

Ef,p ≡
{

q : q(z) =
p(z) · exp (

∑m
i=1 θifi(z))

k(θ)
, θ ∈ Rm

}

wherek(θ) =
∑

z p(z) exp (
∑m

i=1 θifi(z)) is the normaliza-
tion factor. We then have

q∗ ≡ arg min
q∈Lf,α

D(q‖p) ∈ Ef,p

Moreover, for anyq ∈ Lf,α,

D(q‖p) = D(q‖q∗) +D(q∗‖p) (6)
This result can be thought as finding the projection ofp on
the linear familyLf,a, which is called by Csiszar as theI-
projection. Above relation in (6) is called the Pythagorean
relation for I-projection.

q

q∗

Lf,α

Ef,pp

Fig. 2. I-projection theorem

I-projection can be widely used in error exponent
problems. The case thatf is a scalar function, i.e.,K = 1,
is particularly useful, since I-projection in this case reduces
the divergence minimization problem into a search over
scalar parameterθ. The following example shows that
the Chernoff bound, which is often used in Gallager’s
derivations of the error exponents, is directly related to this
geometric picture.

Example: Chernoff Bound

Let zn = [z1, . . . , zn] be drawn i.i.d. from distributionp.
The event1n

∑n
i=1 f(zi) ≥ α can be rewritten aszn taking

an empirical distributionq such thatEq[f ] ≥ α.

Pr

(

1

n

n
∑

i=1

f(zi) ≥ α

)

≈ exp

[

−n min
q: Eq [f ]≥α

D(q‖p)
]

By the I-projection theorem, we know thatq ∈ Ef,p i.e.,

q(z) =
p(z) · eθf(z)

k(θ)

whereθ is chosen to satisfyEq[f ] = α.

Now D(q‖p) = Eq

[

log
q(z)

p(z)

]

= Eq [θf(z)] − log k(θ)

= θα− log

(

∑

z

p(z) · eθf(z)

)



which gives the same exponent as the familiar Chernoff
bound. Thus showing that although an upper bound, Cher-
noff’s bound is exponentially tight.

A. Binary hypothesis testing

In the rest of this section, we will focus on a particular
kind of exponential family, the one connecting two given
distributions. The first use of this kind of exponential family
is for binary hypothesis testing.

Considerzn, drawn i.i.d from distributionp0 under hy-
pothesisH0, and fromp1 under hypothesisH1. The Neyman-
Pearson test makes the decision by comparing the average
log-likelihood ratio (LLR) 1

n

∑n
i=1 L(zi) (where L(z) =

log p1(z)
p0(z) ) to a thresholdα. The two types of error events

have probability

Pr(H0 → H1) ≈ exp

[

−n min
q: Eq [L]≥α

D(q‖p0)

]

(7)

Pr(H1 → H0) ≈ exp

[

−n min
q: Eq [L]≤α

D(q‖p1)

]

(8)

I-projection implies that the optimumq for the two opti-
mizations above, lie onEL,p0 andEL,p1 , respectively. Since
L(·) is the LLR function betweenp1 and p0, these two
exponential families are in fact the same, which we write
as

Ep0,p1 =

{

p : p(z) =
p0(z) exp[tL(z)]

k(t)
=
pt
1(z)p

1−t
0 (z)

k(t)

}

where t is the scalar exponential parameterθ ∈ R. Thus
the solutions of (7) and (8) are indeed the same distribution
pt∗ , where t∗ is chosen such thatEpt∗

[L] = α. The two
exponents are then given byD(pt∗‖p0) and D(pt∗‖p1),
respectively. For convenience, we usually limit the range of
t to be within [0, 1]. Clearly, t = 0 corresponds top0 and
t = 1 to p1. We can thus visualize the exponential family as
a straight line connectingp0 andp1.

There are four quantities that are particularly important for
this family:

- t is the exponential parameter

- η ≡ Ept
[L], is the average log-likelihood ratio corre-

sponding tot

- ψ ≡ log k(t) = log
∑

z p
t
1(z)p

1−t
0 (z) is the log

normalization factor

- D(pt‖p0), the K-L divergence corresponding tot.
The following relations between these quantities (depicted

in Figure 3) are easy to verify

∂ψ

∂t
= η (9)

∂D(pt‖p0)

∂η
= t (10)

t · η = D(pt‖p0) + ψ ⇒D(pt‖p0) = tη − ψ (11)

Similarly, one getsD(pt‖p1) = (t− 1)η − ψ (12)

Note from (10) that the exponential parametert signifies the
sensitivity of divergence w.r.t. average log-likelihood ratio η.

−D(pt‖p1)

−D(pt‖p0)

ψ(t)

ψ(t)

η(t)

t

t
t

−D(pt‖p1)

−D(pt‖p0)

D(pt‖p0)

ψ(t)

η(t)

t

t
t

Fig. 3. The intersects of the tangent toψ-curve, att = 0 and t = 1,
give exponents of the two errors in hypothesis testing. Blueregion denotes
ψ(t)—the integral ofη w.r.t. t. The red region denotesD(pt‖p0)—the
integral of t w.r.t η. Adding these two regions gives a rectangle of area
t · η = ψ +D(pt‖p0).

Now recall the definition of Fisher information for this
one-dimensional exponential family:

gt = Ept

[

(

∂

∂t
log pt(z)

)2
]

= variance ofL(z)

One can check that derivative ofη(t) curve equalsgt.

∂2ψ

∂t2
=
∂η

∂t
=

∂

∂t

[

∑

z

pt(z)L(z)

]

= gt

and similarly ∂2D(pt‖p0)
∂η2 = ∂

∂η t = 1/gt

This gives a simple relation betweenD(pt‖p0) and the
Fisher information as

D(pt‖p0) =

∫ ∫

1

gt̃

dη̃2 =

∫ t

0

sgsds (13)

Similarly, we get D(pt‖p1) =

∫ 1

t

(1 − s)gsds (14)

Remarks: Similar to the results in [11], (13) gives a relation
between an information theoretic quantity and an estimation
theoretic quantity. However, this result involves a double
integral. In fact, we believe there is no close connection
between the two results. We have found that (13) also has
an operational meaning in terms of a multi-layered source
code.



The simplest case of (13) is whengt remains constant
alongEp0,p1 . This is a good approximation whenp0 is very
close to p1, which corresponds to a very noisy hypothe-
sis testing problems. Recalling the definition of a metric
connection in (5), one can thus think of the very noisy
approximation as approximating the exponential connection
as a Riemannian connection. Not surprisingly, this simplifies
the problem. In this case, the double integral gives a simple
quadratic relation

D(pt‖p0) =
1

2
gt2, D(pt‖p1) =

1

2
g(1 − t)2 (15)

We will revisit this relation when deriving the error exponent
for the very noisy channels.

B. Error exponents for source coding

We now apply the I-projection theorem to the simple
problem of error exponent for fixed length source coding.
Let zn be drawn i.i.d. with distributionP . Error can happen
only when the empirical distribution ofzn (also called as its
‘ type’) is Q such thatH(Q) ≥ R. All other sequences can
be encoded correctly with rateR, as their total number is
≈ exp(nR). Hence by Sanov’s theorem, source coding error
exponentE(R) is

E(R) = min
Q: H(Q)≥R

D(Q‖P ) (16)

= min
Q: log |Z|−D(Q‖U)≥R

D(Q‖P ) (17)

= min
Q: D(Q‖U)≤log |Z|−R≡R̂

D(Q‖P ) (18)

whereU denotes the uniform distribution on the source al-
phabetZ. Here I-projection can be used, although this is not
a standard I-projection problem of projecting a distribution
on a linear family (it is projectingP on a ‘sphere’ around
U as shown in Fig. II-B).

p0 =U p1 =P

E(R)
R̂

pt∗ EU,P

LL,η

Fig. 4. Using I-projection for projecting on a ‘sphere’

Consider a feasible distributionQ (satisfyingD(Q‖U) ≤
R̂), which lies outside the exponential familyEU,P connect-
ing p0 = U to p1 = P . Let its average log-likelihood ratio
(LLR) be EQ [L] = η, i.e. Q ∈ LL,η. Let pt ∈ EU,P such
that it also lies onLL,η. Now pulling Q to pt reduces its
divergence from bothU andP due to I-projection theorem.
Hence the minimum in (18) must be attained atpt∗ ∈ EU,P

such thatD(pt∗‖U) = R̂ and D(pt∗‖P ) = E(R). Thus
‘distance’ i.e. divergence from one endU is a function of
the rateR and that from the other endP gives the error
exponent. Thus the exponential family clarifies how exactly
increasingR (i.e. reducingR̂) causes an increase inE(R).

III. R ANDOM CODING EXPONENT FORDMC

Now as a more advanced application of I-projection,
we consider the problem of random coding exponent for
a DMC. Error exponents of discrete memoryless channels
with random coding were analyzed in the classic work of
Gallager [6] and later in [5], [7] and others. More recently,
[9] derived these results using large deviation theory and
Lagrange multipliers. We use the same random i.i.d. coding
formulation1 as in [9].

A random i.i.d. code of lengthn and rateR (nats/symbol)
consists ofexp(nR) codewords of lengthn. For transmitting
messagek ∈ {1, 2 · · · , exp(nR)}, the codewordk denoted
by xn(k) is transmitted. Symbols of every codewordxn(k)
are chosen i.i.d. with distributionPx. Output of the channel
takes values from the finite setY. The channel transition
probability is denoted byPy|x, that is,Py|x(y|x) specifies
the probability of observing outputy ∈ Y given inputx ∈ X .

Without loss of generality, we assume that message1 was
transmitted. Channel memoryless implies that distribution of
output sequenceyn conditioned on the inputxn(1) is

P (yn| xn(1)) =

n
∏

i=1

Py|x(yi|xi(1)) (19)

⇒ P (yn,xn(1)) =
n
∏

i=1

Pxy(xi(1),yi) (20)

wherePxy denotes the joint distributionPxPy|x. Last step
followed because symbols inxn(1) are generated i.i.d. with
distribution Px. Hence the pair(xn(1),yn) of the correct
codeword and the output sequence is an i.i.d. sequence gen-
erated by distributionPxy. Let the corresponding marginal
distribution ofy be denoted byPy

Py(y) =
∑

x∈X

Pxy(x, y)

We can also writePxy as PyPx|y, wherePx|y =
PxPy|x

Py

denotes the reverse channel fromy to x.
Since the codewords are generated independently, the

output sequence is independent of any incorrect codeword
xn(j), where j 6= 1. Hence the pair(xn(j),yn) of the
incorrect codeword and the output sequence is an i.i.d.
sequence generated by distributionPxPy.

P (xn(j), yn) =

n
∏

i=1

Px(xi(j)) Py(yi)

A. Error exponent conditioned on the output type

We now analyze the error probability when the output
sequenceyn has typeQy. This analysis will give us the error
exponentEr(R,Qy) at rateR conditioned on the output
type Qy. Since the number of output types is polynomial
in n, the overall error exponent can be obtained later by a
minimization overQy.

1Although we only consider random i.i.d. codes in this paper,error
exponents for randomly chosen fixed composition codes can bealso obtained
on similar lines using I-projection. Also, the error exponents for List-of-L
decoding can be obtained on these lines.



When the received output type isQy, our space of possible
joint (x,y)-types is all the distributions which ensure that
marginal distribution ofy is Qy. It is easy to check that this
space of distributions is a linear family. With little abuseof
notation, we denote this family byLQy

. Any point in this
family has the formQyWx|y, for some reverse channel type
Wx|y. Divergence between a point in this family and the
distributionPxy (related to correct input-output pair) is

D(QyWx|y‖Pxy) = (21)
∑

x,y

Qy(y)Wx|y(x|y) log
Qy(y)Wx|y(x|y)

Pxy(x, y)
(22)

=
∑

x,y

Qy(y)Wx|y(x|y) log
Qy(y)

Py(y)

Wx|y(x|y)
Px|y(x|y) (23)

= D(Qy‖Py) +D(QyWx|y‖QyPx|y) (24)

≥ D(Qy‖Py) (25)

The last step is met with equality whenWx|y = Px|y. Hence,
projection ofPxy on this linear family is given byQyPx|y.
Thus only the marginal distribution is changed fromPy to
Qy but the reverse channel type is the same asPx|y.

On similar lines, divergence between a point in this family
and the distributionPxPy (corresponding to incorrect input
and output pair) equals

D(QyWx|y‖PyPx) = D(Qy‖Py) +D(QyWx|y‖QyPx) (26)

Thus the projection ofPyPx on LQy
is given by changing

the y-marginal toQy and keeping the reverse channel type
the same asPx.

Q y

Q y

Q y,η

P  P

Q  P

Q  P

y x

y

y x|y

x

xyP

D(Q  || P  )y y

yD(Q  || P  )yL

L

E

Fig. 5. Linear familyLQy
having marginal distributionQy in the space

of joint distributions on(x,y).

Now we show that Maximum-Likelihood decoder can also
be thought as a Maximum-LLR decoder. It is because for
given output sequenceyn of typeQy, the decoded message

m̂ by the ML decoder is

m̂ = arg max
1≤k≤enR

P (yn|xn(k))

= arg max
1≤k≤enR

n
∑

i=1

logPy|x(yi|xi(k)) (memorylessness)

= arg max
1≤k≤enR

n
∑

i=1

log
Px|y(xi(k)|yi)

Px(xi(k))
(Baye’s rule)

= arg max
1≤k≤enR

n
∑

i=1

log
Px|y(xi(k)|yi)

Px(xi(k))

Qy(yi)

Qy(yi)

Dividing this byn gives

m̂ = arg max
1≤k≤enR

∑

x,y

Qy(y)W k
x|y(x|y) log

Qy(y)Px|y(x|y)
Qy(y)Px(x)

whereQyW
k
x|y denotes the joint type of thek’th codeword

and output sequence(xn(k),yn). Thus ML decoding is
equivalent to decoding the codeword which gives largest
normalized log-likelihood-ratio between the two distributions
QyPx|y andQyPx. Recalling the notation in previous sec-
tion, let the joint distributionQyPx|y be denoted byp1

andQyPx be denoted byp0. Their log-likelihood ratio be
denoted byL(x,y).

L(x,y) = log
p1(x,y)

p0(x,y)
= log

Px|y(x|y)

px(x)

The LLR decoder chooses the codeword with the largest LLR
score.

m̂ = arg max
1≤k≤enR

EQyW k
x|y

[L(x,y)] ≡ arg max
1≤k≤enR

Sk

whereW k
x|y is the reverse channel type for pair(xn(k),yn)

and Sk ≡ EQyW k
x|y

[L(x,y)] is the LLR score of thek’th
codeword. Note that all scores are random variables depend-
ing on the channel noise and codewords. Error happens if
score ofS1 of the correct codeword is less than scoreSj of
any incorrect codeword. To analyze the error exponent, we
should know the distribution of these score variables. We
need to find the nature of the dominant reverse channel type
W k

x|y which causes error.
Consider a sub-family ofLQy

where the expectation of
L(x,y) equalsη. This is a linear family withinLQy

and we
denote it byLQy,η. It corresponds to the dashed line in Fig.
5. Applying I-projection theorem, we get that projection of
p0 (or p1) on LQy,η is given byQyP

(t)
x|y for somet ∈ [0, 1],

where the reverse channelP (t)
x|y for any giveny ∈ Y is

P
(t)
x|y(x|y) =

P t
x|y(x|y)P 1−t

x
(x)

ky(t)
(27)

where ky(t) =
∑

x∈X

P t
x|y(x|y)P 1−t

x
(x) (28)

Superscript ofP (t)
x|y(x|y) is in bracket to distinguish it from

P t
x|y(x|y) , the tth power of Px|y(x|y). Conditioned on

output typeQy, an incorrect codeword is generated i.i.d. with
distributionPx. Hence applying Stein’s lemma and Sanov’s



theorem gives the following exponent for the scoreSj of a
wrong codeword beingη (conditioned on output typeQy).
It is obtained by optimizing the reverse channel typeW j

x|y.

lim
n→∞

− logP (Sj ≥ η| Qy)

n
= (29)

min
W j

x|y

D(QyW
j
x|y‖p0) = D(QyP

(t)
x|y‖p0) (30)

= D(QyP
(t)
x|y‖QyPx) (31)

wheret satisifesη = E
QyP

(t)

x|y

[L(x,y)] ≡ ηQy
(t) (32)

Thus the dominating manner in which a wrong codeword’s
scoreSj crossesη is when the corresponding reverse channel
typeW j

x|y lies on the exponential familyEQy
defined as

EQy
= {QyP

(t)
x|y for t ∈ [0, 1]}

This family connectsQyPx|y andQyPx within LQy
(see

Fig. 5).
Similar steps can be repeated for the scoreS1 of the cor-

rect codeword. Conditioned on the output typeQy, symbols
of the correct codeword are chosen i.i.d. with distribution
Px|y. Again apply Sanov’s theorem and Stein’s lemma to
optimize the reverse channel typeW 1

x|y for correct codeword.

lim
n→∞

− logP (S1 ≤ ηQy
(t)| Qy)

n
= (33)

min
W 1

x|y

D(QyW
1
x|y‖p1) = D(QyP

(t)
x|y‖p1) (34)

= D(QyP
(t)
x|y‖QyPx|y) (35)

Thus the dominating manner in which the correct codeword’s
scoreS1 is smaller thanη is when the its reverse channel
typeW 1

x|y is on the same exponential familyEQy
.

By union bound, the exponent of probability of any wrong
codeword’s score crossing the thresholdηQy

(t) is given by
[D(QyP

(t)
x|y‖QyPx) − R]+, where[x]+ = x · 1{x>0}. Since

all codewords, are drawn independently of each other, the
exponentE(t, R,Qy) for the joint probability of S1 <
ηQy

(t) and Sj ≥ ηQy
(t) (for somej 6= 1) is sum of the

exponents for these independent events.

E(t, R,Qy) (36)

≡ − lim
n→∞

logP (S1 ≤ ηQy
(t), Sj ≥ ηQy

(t) | Qy)

n
(37)

= D(QyP
(t)
x|y‖QyPx|y) + [D(QyP

(t)
x|y‖QyPx) −R]+(38)

The error exponentEr(R,Qy) conditioned onQy is ob-
tained by minimizing the above expression over the LLR
ηQy

(t) or equivalently minimizing it overt. This minimiza-
tion corresponds to finding the LLR which dominates the
error event conditioned onQy.

Using (11) and (12), we can prove the following:

D(QyP
(t)
x|y‖QyPx) = D(QyP

(t)
x|y‖p0) = tηQy

(t) − ψQy
(t) (39)

where ψQy
(t) ≡

∑

y∈Y

Qy(y) log ky(t) (40)

Similarly, D(QyP
(t)
x|y‖QyPx|y) = D(QyP

(t)
x|y‖p1) (41)

= (t− 1)ηQy
(t) − ψQy

(t) (42)

Recall that for a given y,ky(t) is the normalization constant
for the reverse channelP (t)

x|y.
Now let us minimize E(t, R,Qy) over t to obtain

Er(R,Qy). Let t̂ be the solution to equation

D(QyP
(t̂)
x|y‖QyPx) = D(QyP

(t̂)
x|y‖p0) = R (43)

For any t < t̂, the exponent E(t, R,Qy) >
E(t̂, R,Qy). Hence the optimum solution lies in[t̂, 1]. Since
D(QyP

(t)
x|y‖QyPx) ≥ R for t in this range,

[D(QyP
(t)
x|y‖QyPx) −R]+ = D(QyP

(t)
x|y‖QyPx) −R

⇒ E(t, R,Qy) = D(QyP
(t)
x|y‖QyPx|y) +D(QyP

(t)
x|y‖QyPx) −R

= (2t− 1)ηQy
(t) − 2ψQy

(t) − R (from (39) and (42))

Differentiating this w.r.t.t and equating it to0 gives,

(2t− 1)gQy
(t) + 2ηQy

(t) − 2ψ′
Qy

(t) = 0

⇒ (2t− 1)gQy
(t) = 0 (becauseψ′

Qy
(t) = ηQy

(t))

where ψ′
Qy

denotes derivative ofψQy
w.r.t. t. Since the

Fisher informationgQy
(t) is strictly positive, the optimum

t∗ = 1/2 provided1/2 ∈ [t̂, 1]. Otherwise if1/2 < t̂, then
E(t, R,Qy) is strictly increasing in[t̂, 1] because its deriva-
tive (2t− 1)gQy

(t) is always positive. Then the optimumt∗

equalst̂. Thus in either case, the optimumt∗ ≥ 1/2.
This phenomenon reflects the union bound constraintρ ≤

1 in Gallager’s analysis. In fact theρ in that analysis andt
in this analysis are related ast = 1/(1 + ρ).

Thus we get, the error exponent conditioned on output
typeQy

Er(R,Qy) (44)

= D(QyP
(t̂)
x|y‖QyPx|y) if t̂ ≥ 1/2 (45)

Er(R,Qy) (if t̂ ≤ 1/2), (46)

= D(QyP
(1/2)
x|y ‖QyPx|y) +D(QyP

(1/2)
x|y ‖QyPx) −R (47)

where t̂ is the solution toD(QyP
(t̂)
x|y‖QyPx) = R. This

solution is depicted in the Figure below.
Note from (43) that higher value of̂t meansR is large

and vice versa. Hence the case oft̂ ≥ 1/2 corresponds to
high (enough) ratesR and vice versa. The above bound thus
(re)derives the following phenomenon in [10]:

1) The dominant cause of error for high (enough) rates
(i.e. t̂ ≥ 1/2) is when a large number of incorrect
codewords can be confused with the correct one.

2) The dominant cause of error for lower rates (t̂ < 1/2)
is when a single incorrect codeword is confused with
the correct one.
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Fig. 6. Geometric interpretation of error exponent conditioned on output
type Qy. The rectangular frame in each figure denotes the linear family
LQy

. The solid line in it represents the exponential familyEQy
. The

distance between two points corresponds to their divergence.

The expression in (45) also provides an upper bound to
the actual random coding exponentEr(R,Qy). This bound
is related to the sphere-packing exponent. This expression
is an upper bound because it is equivalent to relaxing the
constraintt∗ ≥ 1/2 (or ρ < 1) by assumingt∗ always
equalst̂.

Remark 1: Note that for each output lettery, the dominant
reverse channel typeWx|y=y lies on the exponential family
(in the space of distributions onX ) connectingPx and
Px|y=y. Analysis in this section trivially shows the following
coupling phenomenon between the dominant reverse channel
type for all output lettersy. The exponential parametert is
the same for the reverse channel type from each lettery,
thus causing a coupling between these reverse channel-types.
Thus the dominant reverse channels for all output letters are
equally tilted.

B. Optimizing over output type

Previously we found the error exponent conditioned on
the output typeQy. Since the output sequence is generated
i.i.d. according toPy, the exponent of observing typeQy

is given byD(Qy‖Py). Hence the overall exponent of error
corresponding to output typeQy is given by

Er(R,Qy) +D(Qy‖Py)

The effective error exponent is obtained by minimizing the
above expression over allQy.

Er(R) = min
Qy

D(Qy‖Py) + Er(R,Qy) (48)

Let the optimum (or dominating)Qy be denoted byQ∗
y
.

For a symmetric channel (like the BSC) with uniform input
distribution Px, conditional error exponentEr(R,Qy) is
independent ofQy. Hence theQ∗

y
equalsPy. Thus previous

subsection is enough to understand the symmetric channel
case.

However, for non-symmetric channels, the optimumQ∗
y

need not be simplyPy. Let the joint type which dominates
the error event be given byQ∗

y
P

(t∗)
x|y , whereQ∗

y
optimizes

(48) and conditioned onQ∗
y
, the reverse channel typeP (t∗)

x|y

achievesE(R,Q∗
y
) in (47,45). We saw previously that dom-

inating error event conditioned on the output type happens
when the reverse channel type lies on the exponential family
{P (t)

x|y for t ∈ [0, 1]} of reverse channels. This family
connects the trivial reverse channelPx and actual reverse
channelPx|y. It turns out that the dominating output typeQ∗

y

also has such interpretation in terms of a certain exponential
family. Refer to appendix for a simple proof based on I-
projection.

Theorem 2:Consider the exponential family connecting
p1 = Pxy to p0 = Q∗

y
Px. The joint typeQ∗

y
P

(t∗)
x|y dominating

the error event lies on this exponential family (see Fig. 7).

Q∗
y
(y)P

(t∗)
x|y (x|y) =

pt∗

1 (x, y)p1−t∗

0 (x, y)

k(t∗)

where k(t∗) =
∑

x,y

pt∗

1 (x, y)p1−t∗

0 (x, y)

Thus althoughQ∗
y

need not be they-marginal throughout
this exponential family, it is indeed they-marginal at the
optimumt∗ on this exponential family. Also note that reverse
channel at anyt on this exponential family is the same as
P

(t)
x|y seen before. Recall thatP (t)

x|y was the reverse channel
seen in previous subsection (wherey-marginal was fixed
to Qy) for exponential familyEQy

connectingQyPx and
QyPx|y within LQy

.

RecallingP (t∗)
x|y (x|y) =

P t∗

x|y(x|y)P 1−t∗

x
(x)

ky(t∗) from (27) and
plugging this in the above Theorem gives

(

Q∗
y
(y)
)t∗ ∝ (Py(y))t∗ky(t∗) (49)

⇒ Q∗
y
(y) ∝ Py(y)k1/t∗

y (t∗) (50)

= Py

(

∑

x

P t∗

x|y(x|y)P 1−t∗

x
(x)

)1/t∗

(51)

(by Baye’s rule) =

(

∑

x

Px(x)P t∗

y|x(y|x)
)1/t∗

(52)

This is the same solution as [9] for the dominant output type
Q∗

y
for error events. To emphasize the dependence ofQ∗

y
on

t∗, let it be denoted byQ(t∗)
y . The optimumt∗ equals1/2

for rates below the critical rate given by

Rc = D(Q(1/2)
y

P
(1/2)
x|y ‖Q(1/2)

y
Px) (53)

For higher rates,t∗ is the solution to

D(Q(t∗)
y

P
(t∗)
x|y ‖Q(t∗)

y
Px) = R (54)
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Fig. 7. Geometric interpretation of the dominantQy and the random coding
exponentEr(R). Here plane of the paper represents the space of all joint
distributions. The solid line in each figure represents the exponential family
connecting its two ends. The distance between two points corresponds to
their divergence. Figure (a) above reminds us of the figure for source coding
error exponent.

Sincet∗ andQ(t∗)
y are dependent on each other through (52)

and (54), a closed for expression cannot be given for either
of them. However, iterating between (52) and (54) should
converge to the optimumt∗ andQ(t∗)

y . This gives a Blahut-
Arimoto-type algorithm for finding error exponent atR >
Rc.

To summarize, the error exponent is given by

Er(R) = D(Q(1/2)
y

P
(1/2)
x|y ‖Pxy) + (55)

D(Q(1/2)
y

P
(1/2)
x|y ‖Q(1/2)

y
Px) −R for R < Rc (56)

= (Q(t∗)
y

P
(t∗)
x|y ‖Pxy) for R ≥ Rc (57)

C. Very noisy channels

We define a very noisy channel for which the distribution
Px is very close toPx|y=y for each giveny ∈ Y. Equiva-
lently for each giveny ∈ Y, the Fisher informationgy(t) is
constant for the exponential family ofX -distributions joining
Px|y=y and Px. Let this constant Fisher information for
outputy be denoted bygy. For a given output typeQy this
implies,

D(QyP
(t)
x|y‖QyPx) =

∑

y∈Y

Qy(y)D(P
(t)
x|y=y‖Px)

=
∑

y∈Y

Qy(y)
gyt

2

2

(denotingp0 = Px & p1 = Px|y=y and using (15))

= t2





∑

y∈Y

Qy(y)gy

2





≡ t2CQy

whereCQy
is a shorthand for

(

∑

y∈Y
Qy(y)gy

2

)

. Substituting

t = 1 shows thatCQy
equalsD(QyPx|y‖QyPx). Similarly

using (15), we can show that

D(QyP
(t)
x|y‖QyPx|y) =

∑

y∈Y

Qy(y)D(P
(t)
x|y=y‖Px|y=y) = (1−t)2CQy

Recalling that the error exponent conditioned onQy for R ≥
Rc is given by

Er(R,Qy) = D(QyP
(t)
x|y‖QyPx|y) = (1 − t)2CQy

wheret satisfiesR = D(QyP
(t)
x|y‖QyPx) = t2CQy

Eliminating t from the two equations gives,

Er(R,Qy) = CQy

(

1 −
√

R/CQy

)2

= (
√

CQy
−
√
R)2

The overall error exponent is obtained by optimizing over
the output type

Er(R) = min
Qy

D(Qy‖Py) + (
√

CQy
−
√
R)2

ChoosingQy = Py for capacity achievingPy gives the
approximate2 solution in [6].

SinceEr(R,Qy) depends onQy only through its effect
on CQy

= EQy
[gy/2], the optimumQ∗

y
will be on the

exponential family ofY-distributions going throughPy cor-
responding to the functionf(y) = gy(= 2D(Px|y=y‖Px)).
This again follows by the I-projection theorem. This family
is denoted byEgy,Py

(see Fig. 8). Thus optimumQ∗
y

is of
the form

Q∗
y
(y) =

1

k(θ)
Py(y) exp(θgy)

for someθ ∈ R wherek(θ) is the normalization constant.
However, this property may not be true for a general (not
very noisy) channel.

PyQy
*

  yy P

y η

g ,

g ,L

E

Fig. 8. In the space of distribution onY : Solid line shows the exponential
family Egy,Py

and the dashed line is an orthogonal linear familyLgy,η =
{Qy| EQy

[gy] = η}.

2In fact, for Gallager’s definition of very noisy channel, substituting Py

instead of the optimumQy gives the same answer in his very noisy limit.



IV. ERROR EXPONENT OF THE EXPURGATED ENSEMBLE

Since I-projection gives us a method to address high-
dimensional optimizations, let us address the error exponent
of Gallager’s expurgated ensemble. We first create a i.i.d.
random code of rateR, generated using input distribution
P . With some abuse of notation,xn denotes the correct
codewordxn(1) andzn denotes an incorrect codewordxn(i)
and Qxz denotes the joint type of the pair(xn, zn). Let
W (·|xz) ∈ P(Y) denote the channel type where correct
input x = x and incorrect inputz = z.

From this random code, we throw away the “bad” code-
word pairs which are “too close”. More specifically, we
expurge codeword pairs such thatD(Qxz‖P ⊗ P ) > R,
whereP ⊗ P denotes independentx and z, with marginal
distributionP for both. Since the fraction of such codewords
will be exponentially small, this rule guarantees that rateof
the expurgated code is not smaller thanR. After expurgation
all codeword pairs will satisfyD(Qxz‖P ⊗ P ) ≤ R. The
error exponentEex(R) of this expurgated code equals

min
Qxz: D(Qxz‖P⊗P )≤R

E(Qxz) + (D(Qxz‖P ⊗ P ) −R)

whereE(Qxz) denotes the error exponent for a codeword
pair with typeQxz. The second term is due to union bound
and the fact that exponent of observing the joint typeQxz

in an i.i.d. random code equalsD(Qxz‖P ⊗P ). Now let us
analyzeE(Qxz), which is given by

E(Qxz) = min
W (·|xz): error

∑

x,z

Qxz(x, z)D
(

W (·|xz)‖Py|x(·)
)

wherePy|x(·) denotes the actual channel distribution from
the correct input and error happens when log-likelihood
of the correct codeword is smaller than that of the wrong
codeword, that is,

∑

x,z,y

Qxz(x, z)W (y|xz) log
Py|x(y|x)
Py|x(y|z) ≤ 0

i.e. EQxzW (·|xz) [L(y|x, z)] ≤ 0

whereL(y|x, z) is a shorthand for the log-likelihood ratio
log

Py|x(y|x)

Py|x(y|z) . Thus calculatingE(Qxz) involves minimiz-

ing a weighted average ofD
(

W (·|xz)‖Py|x(·)
)

with a
constraint on the weighted average of log-likelihood ratio.
Similar to the previous section, I-projection implies that
optimum channelW (·|xz) ∈ P(Y) for any pair(x, z) lies on
the exponential family connecting the channel from correct
inputPy|x(·|x) to the channel from incorrect inputPy|x(·|z)
as below

W t(·|xz) ∝ P t
y|x(·|x) · P 1−t

y|x (·|z) ∀ x, z
Similar to Remark 1, the exponential parametert is the same
for each pair(x, z). Hence findingE(Qxz) only needs a
scalar optimization:

E(Qxz) = min
t̂:error

∑

x,z

Qxz(x, z)D
(

W t̂(·|xz)‖Py|x(·)
)

(58)

where error happens for t̂ such that
EQxzW t̂(·|xz) [L(y|x, z)] ≤ 0.

We compare this approach to Gallager’s analysis of the
expurgated ensemble in [6]. There the error probability for
codeword pair(xn, zn) is bounded as follows:

Pr(error fromxn to zn) =
∑

yn: Py|x(yn|zn)≥Py|x(yn|xn)

Py|x(yn|xn)

≤
∑

yn

Py|x(yn|xn)

√

Py|x(yn|zn)

Py|x(yn|xn)

An exercise in [5] also starts with the same trick and gets
the same error exponent as in [6]. This trick of square-root
is equivalent to substitutinĝt = 1/2 as the minima in (58).
It is not clear why the minimum should always be attained
at 1/2.

However, at R = 0, the expurgation constraint
D(Qxz‖P ⊗ P ) ≤ 0 implies Qxz = P ⊗ P , which is
a symmetric distribution in(x, z). For symmetricQxz, it
is easy to show that̂t = 1/2 should attain the minimum.
Although forR > 0, it is not obvious. Nonetheless, we have
shown that even forR > 0, the minimum should be attained
at 1/2. This proves that Gallager’s formula for expurgated
ensemble is tight, which further strengthens their conjecture
in [8] about tightness of this bound for any code (at small
enoughR).

A similar analysis can be used for more high-dimensional
problems such as expurgation for List-of-L decoding, which
clarifies what it means for a tuple of codewords to be “too
close” to each other, i.e. which codeword-lists are more likely
to cause errors.

APPENDIX: PROOF OFTHEOREM 2

The optimum output type is given byQ∗
y

and the error

dominating joint type isQ∗
y
P

(t∗)
x|y . Using (48), the error

exponent is given by

Er(R) = D(Q∗
y
‖Py) + E(R,Q∗

y
)

= D(Q∗
y
‖Py) +D(Q∗

y
P

(t∗)
x|y ‖Q∗

y
Px|y)

+
[

D(Q∗
y
P

(t∗)
x|y ‖Q∗

y
Px) −R

]+

= D(Q∗
y
P

(t∗)
x|y ‖Pxy) +

[

D(Q∗
y
P

(t∗)
x|y ‖Q∗

y
Px) −R

]+

This is a non-decreasing function inD(Q∗
y
P

(t∗)
x|y ‖Pxy) and

D(Q∗
y
P

(t∗)
x|y ‖Q∗

y
Px). Similar to previous subsection, we can

show that a ML decoder is equivalent to a LLR decoder
for p1 = Pxy to p0 = Q∗

y
Px. Now assume to the contrary

that the dominating joint typeQ∗
y
P

(t∗)
x|y does not lie on the

exponential family joiningp1 andp0. Now moveQ∗
y
P

(t∗)
x|y to

Q′
y
P

(t′)
x|y which is on the exponential family and has the same

expected LLR asQ∗
y
P

(t∗)
x|y . Thus by I-projection theorem

D(Q′
y
P

(t′)
x|y ‖Pxy) < D(Q∗

y
P

(t∗)
x|y ‖Pxy)

and D(Q′
y
P

(t′)
x|y ‖Q∗

y
Px) < D(Q∗

y
P

(t∗)
x|y ‖Q∗

y
Px)



Moreover,

D(Q′
y
P

(t′)
x|y ‖Q

∗
y
Px) = D(Q′

y
P

(t′)
x|y ‖Q

′
y
Px) +D(Q′

y
‖Q∗

y
)

≥ D(Q′
y
P

(t′)
x|y ‖Q

′
y
Px)

⇒ D(Q′
y
P

(t′)
x|y ‖Q

′
y
Px) < D(Q∗

y
P

(t∗)
x|y ‖Q∗

y
Px)

Thus replacingQ∗
y
P

(t∗)
x|y by Q′

y
P

(t′)
x|y gives a smaller expo-

nent, which contradicts the optimality ofQ∗
y
P

(t∗)
x|y .
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