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Abstract—We present a geometric approach, using |- by revealing the geometric structure of the error exponent
projections [4], for analyzing error exponents in various problem, we can obtain more insights to the more general
information theory problems—e.g., hypothesis-testing, ®irce jnformation theoretic divergence minimization problems.
coding, and channel coding. By illuminating on the hidden . .
geometrical structure, it also clarifies the distribution o the The study of information geometry started as early as
log likelihood for correct and incorrect codewords. Calcubting ~ 1920’s by Fisher. Amari and Nagaoka offers a comprehensive
the error exponent for very noisy channels becomes esseritia  text [1] on the subject. The key idea is to think the set of all
trivial now. We also prove tightness of Gallager’s formula br probability distributionsP(Z) on alphabetZ, as a manifold
error exponent of the expurgated ensemble. in RIZl, and to view a probability model, defined as a set of
parameterized distributioq$, § € R™}, as a sub-manifold
of P(Z), where Py denotes a distribution (or a point in

A large number of information theoretic problems can b&r|Zl) satisfying > .cz Po(z) = 1. By properly defining
written as optimization of the Kullback-Liebler divergenc the geometric structure of the manifold, one can establish a
This includes most calculations of channel CapaCitieﬁ—ratcorrespondence between some quantities of statistieakistt
distortion functions, and the reliability functions. With and some geometric concepts—Fisher information as local
handful of famous exceptions, most of these calculations canetric, KL divergence as a generalization of distance, etc.
only be carried out numerically. Especially, the results oNatural concepts raised from this approach incllidear
many multi-user information theory problems are given ifamilies and exponential familieswhich sometimes can be
the form of high dimensional optimizations, with little eft  thought as trthogonal subspacgsn P(Z). This can then
spent in finding the structure of the solutions. be used to define a notion @fojection which is directly

As an example of such divergence minimization problemrelated to the divergence minimization problems.
the calculation of the error exponent is well known to have |n the following of this paper, we start by giving a
two different forms of solutions. The original solutions byvery brief discussion of the geometric structure used. We
Gallageret. al. [6], [8] were derived using Chernoff bound assume no previous knowledge of differential geometry by
and similar techniques. These results take the form of opthe readers, and try to focus on the motivation of the
mization over the input distribution and a scalar parameteésrmulation instead of the detailed calculations. It is thor
p- While these results are concise and relatively easy fsointing out that many of the results derived using the
compute, it is sometimes hard to capture the intuition bethinmethod of information geometry can in fact be obtained from
the derivations. In comparison, Csiszar and Korner took @irect algebraic calculations. Thus much of the value of the
conceptually more tractable approach, using large deviati approach lies in the simplicity of the solution and the new
to study the decoding errors in a discrete memoryless channgsights it brings. Throughout the paper, we as¢o denote
(DMC), with the results directly in the form of divergenceexponential approximation.
minimizations. The solution to these minimization probtem
has an important operational meaning— they characteréze th Il. EXPONENTIAL FAMILY AND |-PROJECTION

typical error event. This approach is much more intuitivd an . . . L .
In this section, we summarize the main ideas in [1] very

thus widely used in a variety of information theory problems i -
However, this is a high dimensional optimization problemp”eﬂy’ and introduce several concepts used in error expone

over the space of channel realizations instead of a scaficulations. The basic idea of information geometry is to
parameter, which is often harder to solve. think a parameterized family of distributions,

A natural question is that since Gallager’s result solves th (Py(), 6eR™)
same problem with scalar optimization instead of the high di
mensional divergence minimization required by Csiszar angs a manifold, where each point denotes a distribution over
Korner, then is there a general structure of the solutiotiséo  z. The family is often called aprobability model and
later problem? While this question is partially answered igjenoted asM. The tangent space at a poipte M is
the exercises of [5], we try to address this problem using thgenoted ag},, which has dimensiom.

methods of information geometry in this paper. We hope that At each poinp, the parametef gives a natural coordinate

) ) ) system onT,. Let 8 = [61,6:,...,6,,] and consider the
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gives a direction to move away frof, and we denote that Example2: Exponential family

direction by the following vector (irR?) Consider the exponential family defined as
0 - B B m
(0i)p, = agipe’ &= {Pe(z) : Py(z) = exp [c(2) + D 0ifi(2) — ¢(9)] }
The collection{(9;) 5, ,i = 1,...,m} provides a set of basis =

vectors of the tangent spade, . where)(9) arises due to a normalization factor that we will

In addition to these local geometric structures, as weXPlain later. _ _
would like to talk about thedistancé between distributions I order to compare with the previous example, we con-
over the entire probability model, it is necessary to intrgel  Sider an embedding that takes a distributione P(Z),

. 2 . =)
a notion of affine connectionwhich relates the tangent and maps it tologp € Rl |._The elép‘)oner_ltlal_ family is
spaces at different points. Let = P, € M, and for a thus mapped into a sub-manifold &!=', which is similar

small perturbation by vectod, let ¢ = Py, ag be in the to the linear family of the previous example. For this new

neighborhood of. A connection is a map log-image manifold, I_e(.ai)z(f.) dgnote a basis vector Qf the
tangent space at to distinguish it from(9;),, for the original
Hpq: Ty, =1y, manifold. There is a simple relation between these two sets
which is affine inT), and perturbatiom\d. For a vector € of basis vectors gb = Fy:
T,, itsimagell, ,(u) € Ty is called the parallel translatiori 5 — 0 low Py — 19 P — 1 5 3
of u, fromp to q. )y 06, &'~ P00, ° 159( i )p 3)
Now for a distributionr that is ‘far away from p, one Now to define a connection aficalled as thexponential

can apply the parallel translations, one after other, al@angcgnnectionwe first use(3) to map the tangent vectg®;)

curve conn_ectmgp andr, thus relate the tangent spaces aly its correspondingai)gf), then translate it tQ&i)ge) using a
any two pqlnts. , , i o .. _linear connection discussed ahead, then use reverse af (3) t
Due to linearity, to specify a connection, it is sufﬁuentmap it back to(d;), on the original probability model. Such

to specify the image of a set of basis vectorsIgf For a  anning of all basis vectors &, defines the exponential
parameterized probability model defined above, it is OﬁEEOnnection fronil’. to T
p q-

convenient to C(_)n5|der the connection that. _méﬁﬁp _to By creating connection this, although the exponential
(9i)q- The foIIovylng ,tWO examples of probability manifolds family £ is different from the linear familyC, its log-image
are often used in this paper. becomes similar. The symb¢d;)(©) should be thought as a
representation the tangent vec{d) in the original space.
Equation (2) now takes the form

p

Examplel: Linear Family
Consider the family 9log Po2)
_ e og Py(z
. 0= Y (00r,() = X P00 () = Bp, | 222 @y
ﬁE{Pe(')ipezc—i—ZOifi} wherec, fi,- - f,, € RIZ! Z ’ Z Po " 90,
=1 To satisfy this constraint at boghandg, the linear map from
and w.l.o.g. we assumg_, c(z) = 1 andy_, f;(z) = 0 for  (9,)) to (9;)! should be defined as
all 4, so that resulting® is indeed a distribution. Now _
dlog P@(z)]

) @) = @) ~1-5, | 25

(ai)Pe = %PG = fi (1)
' ! _ B wherel denotes a vector of all ones. This map differs from
fori=1,...,m are a set of basis vectors at poiit. Now  the identity map by a constant shift. Specializing to the

>_. fi(z) = 0 implies that for every, exponential family, this yields the following connectiaoin
tangent space at= P, to tangent space at= P;
> ()5, (:) =0 (z OGS SpRCE AL T To fangent space &=
® o)) = 1. ()Y = fi— 1y,
which ensures that any tangent vector for this manifolcg Jp, =1 (991‘% ( )Pé f 39iw9

is also tangent to the probability simplex for alphati®&t The key observation is that if we apply this connection one

A natural parallel translation for this model is simply theafter other to neighboring points on the log image along

identity map, a curve, connecting the images pfand ¢, the resulting
constant shifts depend only on the end points, but not the

(9i)g = @i)p = fi) = Tp,q(u) = u which curve we upse to coynnect them. 'Il?hus, the induced

for any p,¢ € L. This connection of identity map is called map in the original probability spac&;), — (9;), also

the linear connection. Notice that the parallel transtatid does not depend on the curve. We therefore say exponential

a tangent vector, € T}, along any curve connectingto ¢  family is flat w.r.t. exponential connectiom

will be the same. We say in this case that the linear family

L is flat w.r.t. the linear connectiom. The concepts of exponential connection and exponential
family are highly relevant for developing the notions of



orthogonality and distance for probability manifolds. Atya and an exponential family for the sanfiehrough distribution
given pointp, a (possibly different) notion of metri¢u,v), p is defined as

for u,v € T,, can be defined (similar to an inner product 2) - ex mogoe,

space). However, when a connectiiy , is defined, it is Erp = {q: q(z) = p(2) p(k%z)_l il )),9 € Rm}

not always the case that herek(®) = 3. p(2) 5T 64i(2)) s th i

where => _p(z)exp (D ", 0:fi(z)) is the normaliza-

{w,v)p = (p,q (), pq(v))q (3)  tion factor. We then have

is. satisfigd. A connection that satisfies (5) is cal_led a ¢ =arg min D(q||p) € &

Riemannian connectiorit can be shown that for a given q€Lf '

metric, there exists a unique Riemannian connection; angoreover, for anyg € Lo

that a Euclidean coordinate system exists if and only if the ’ . .

Riemannian connection is flat. Thus (5) and flatness lead to . D(qlp) = D(4llq") +.D(_q Ip) o (6)

the simplest geometric structure. This result can be thought as finding the projectiorpain

Unfortunately, in the study of probability models, athe linear familyL;.., which is called by Csiszar as the
slightly more complicated geometric structure is involvegProiéction Above relation in (6) is called the Pythagorean

In such models, it is often desirable to use the Fisher metritlation for I-projection.

011(0) = (0. 0)))p, = B, | 3= 08 P %% log Py(2)
Fisher information has a strong operational meaning in
parametric estimation. The only caveat is that it does not
give rise to a Euclidean geometry.

If one insist to develop a notion of global distance and
orthogonality on the probability model, (5) has to be rethxe
We would like to find a pair of connectiod$' andIIZ, s.t.

<u7 U>P = <H117,q(u)a H?),q(v»q

We say in this cas&l! andII? are dual connections. It turns
out that if we use Fisher metric, then linear connection and I-projection can be widely used in error exponent
exponential connection are dual to each other. Conseguenproblems. The case thdtis a scalar function, i.el{ =1,
the Fisher metric defined over a probability model ofteris particularly useful, since I-projection in this case ueés
involves mapping one vector with linear connection, and théhe divergence minimization problem into a search over
other with exponential connection. scalar paramete). The following example shows that

One important application of this concept is as followsthe Chernoff bound, which is often used in Gallager's
Supposeu,v € T), are locally orthogonal, i.e., the Fisherderivations of the error exponents, is directly relatedhis t
metric (u, v), = 0. Now if we “extend v andv w.r.t. linear ~geometric picture.
and exponential connections, respectively, as shown rgig
1, the resulting curves are geodesics, which can be thoudgexample: Chernoff Bound
as ‘straight lines$, w.r.t. to corresponding connections. The
two curves are in a sense orthogonal to each other, which isLet z" = [z, ...,z,] be drawn i.i.d. from distribution.
made precise in the following Theorem from [4]. The event: > " | f(z;) > « can be rewritten as™ taking

an empirical distributiory such thatE,[f] > .

Lfa

Fig. 2. I-projection theorem

or(23 st 2 0) o [ e Dl
i=1

@ Bqlf]za
By the I-projection theorem, we know thate &; ,, i.e.,
_ p(2)- e0f(2)

whered is chosen to satisff,[f] = a.

Fig. 1. “Orthogonal Spacésexponential and linear families Now D(qu) = FE, [1og %]
plz
Theorem 1:Given a functionf : Z — RX and a constant = Ey[0f(z)] —logk(0)

«, consider a linear family
0o — log
Lia={q: Eqlf(2)] =}

NOF e“’f<z>>

z



which gives the same exponent as the familiar Chernoff 3 3 t
bound. Thus showing that although an upper bound, Cher- P
noff's bound is exponentially tight. o —D(pt||p1)

A. Binary hypothesis testing —D(pt||po

In the rest of this section, we will focus on a particular
kind of exponential family, the one connecting two given
distributions. The first use of this kind of exponential fami
is for binary hypothesis testing.

Considerz™, drawn i.i.d from distributionp, under hy-
pothesisH,, and fromp; under hypothesisl;. The Neyman-
Pearson test makes the decision by comparing the average

log-likelihood ratio (LLR) 23" | L(z;) (where L(z) = t
log p;gjg) to a thresholdn. The two types of error events t
have probabilit |
proneblly ; ~D(pelpy)
Pr(Hy — Hy) =~ exp {—n min  D(q||po } (7
( ) o Bolfysa DlP0) ~D(pilpo ;
Pr(Hy — Hy) =~ exp [—nq: }L{?[iilkal)(q'pl)} (8) 7 2 // .
I-projection implies that the optimurp for the two opti- n(t)
mizations above, lie 0dy, ,, and&y ,,, respectively. Since
L(-) is the LLR function betweerp; and p,, these two D(ptllpo)
exponential families are in fact the same, which we write
as
. po(2)exp[tL(z)]  pi(2)ps '(2) Fig. 3. The intersects of the tangent ¢ecurve, att = 0 and¢ = 1,
Epopr = (P :P(2) = k(t) = k(t) give exponents of the two errors in hypothesis testing. Bageon denotes
1 (t)—the integral ofn w.r.t. t. The red region denote®(p:||po)—the

wheret is the scalar exponential parametere R. Thus integral of ¢t w.r.t n. Adding these two regions gives a rectangle of area
the solutions of (7) and (8) are indeed the same distribution” = ¥ * Diplipo).

pe=, Wheret* is chosen such thak,,.[L] = «. The two

exponents are then given bi(p;-[lpo) and D(p;-||p1), Now recall the definition of Fisher information for this
respectlvgly._ For convenience, we usually limit the ranfie qyne_dimensional exponential family:

t to be within [0, 1]. Clearly,t = 0 corresponds t@, and

t =1 to p;. We can thus visualize the exponential family as
a straight line connectingy andp; .

There are four quantities that are particularly important f

gt = Ept

2
(%bgpt(z)) ] = variance ofL(z)

One can check that derivative gft) curve equalsgy,.

this family:
- t is the exponential parameter Py oy 0 . B
- n = E,,[L], is the average log-likelihood ratio corre- oz ot ot Zpt(z) (2)| = gt
sponding tot . z
.. 8%D(p:
-y = logk(t) = logy, pl(z)ph~"(2) is the log and glmll_arly% = a%_t: 1/gs
normalization factor This gives a simple relation betwedd(p.|po) and the

- D(p¢||po), the K-L divergence corresponding to Fisher information as

The following relations between these quantities (degicte D(p|lpo) = // idﬁz _ /t souds a3
in Figure 3) are easy to verify 9t 0
1
%_1? - 9 9) Similarly, we get D(p¢||p1) = /t (1 —s)gsds (14)
0D (ptIpo) Remarks: Similar to the results in [11], (13) gives a relation
TR (10) : . : ; L
on between an information theoretic quantity and an estimatio

t-n=D(pilpo) +1 =D(p¢|lpo) =tn—+ (11) theoretic quantity. However, this result involves a double

integral. In fact, we believe there is no close connection

between the two results. We have found that (13) also has
Note from (10) that the exponential parametaignifies the an operational meaning in terms of a multi-layered source
sensitivity of divergence w.r.t. average log-likelihoadion. code.

Similarly, one getsD(p¢|lp1) = (E—-1)n—4v (12)



The simplest case of (13) is whep remains constant I1l. RANDOM CODING EXPONENT FORDMC
along &y, p, - This is a good approximation whem is very Now as a more advanced application of I-projection,
close top;, which corresponds to a very noisy hypotheywe consider the problem of random coding exponent for
sis testing problems. Recalling the definition of a metrig pmc. Error exponents of discrete memoryless channels
connection in (5), one can thus think of the very noisyyith random coding were analyzed in the classic work of
approximation as approximating the exponential connactiog|jager [6] and later in [5], [7] and others. More recently,
as a Riemannian connection. Not surprisingly, this simgdifi 9] derived these results using large deviation theory and
the problem. In this case, the double integral gives a Simp[?agrange multipliers. We use the same random i.i.d. coding
quadratic relation formulationt as in [9].

1, 1 2 A random i.i.d. code of length and rateR (nats/symbol)

Dipillpo) = 29" D(pillp1) = 59(1 —?) 19 Consists okxp(nR) codewords of length. For transmitting

We will revisit this relation when deriving the error expothe message: € {1,2--- ,exp(nR)}, the codeword: denoted
for the very noisy channels. by x™ (k) is transmitted. Symbols of every codewaxt (k)

B. Error exponents for source coding are chosen i.i.d. with dis_tri_butioﬁ’x. Output of the char_1_ne|

L . takes values from the finite s@t. The channel transition

We now apply the I-prolectl(_)n theorem fo the 5|mp| robability is denoted byPy«, that is, Py« (y|z) specifies
problem of error exponent for fixed length source codin e probability of observing outpyte Y given inputz € X'
Letz" be drawn i.i.d. with distribution”. Error can happen —\\ihout loss of generality, we assume that messagas

Pnly when the empirical distribution of* (also called as its transmitted. Channel memoryless implies that distrilbutd
type) is @ such thati (Q) > R. All other sequences can output sequencg™ conditioned on the input™(1) is
be encoded correctly with rat®, as their total number is

~ exp(nR). Hence by Sanov’s theorem, source coding error nl m -
S e 9 Py (1) = [[Puwlyixi(1)  @9)
=1
E(R) = _min_ D(Q|P) (16) n
Q: H@)2R = Piy",x"(1) = Hny(Xi(l),yz‘) (20)
= min D(Q||P) a7 i=1
Q: log|Z|-D(Q|U)=R . S
_ min D(Q|P) (18) where Py, denotes the joint distributioi’ P |,. Last step
Q: D(Q||U)<log |Z|-R=R followed because symbols *(1) are generated i.i.d. with

whereU denotes the uniform distribution on the source aldistribution Px. Hence the pairx"(1),y") of the correct
phabetZ. Here I-projection can be used, although this is noedeword and the output sequence is an i.i.d. sequence gen-
a standard I-projection problem of projecting a distribati erated by distributionP,,. Let the corresponding marginal

on a linear family (it is projecting® on a ‘sphere’ around distribution ofy be denoted by’

U as shown in Fig. II-B). Py(y) = Z Pry (@, y)
Y vex
y' X ; E(R) We can also writePyy as Py Py|y, Where Py, = %;y"‘
R denotes the reverse channel frgmnto x.
O Since the codewords are generated independently, the
po=U Pt Eup p=r output sequence is independent of any incorrect codeword
, x"(j), wherej # 1. Hence the painx™(j),y"™) of the
/ incorrect codeword and the output sequence is an i.i.d.
B sequence generated by distributiBpPy .
Fig. 4. Using I-projection for projecting on a ‘sphere P(x” (j), y") _ H Px(Xi(j)) Py(Yi)
Consider a feasible distributiof (satisfying D(Q||U) < =t

R), which lies outside the exponential famifi; » connect- A. Error exponent conditioned on the output type
ing po = U to p; = P. Let its average log-likelihood ratio  We now analyze the error probability when the output
(LLR) be Eg[L] = n, i.e.Q € Ly ,. Letp; € Ey,p such sequencg™ has typed)y. This analysis will give us the error
that it also lies onlr ,. Now pulling Q to p; reduces its exponentE, (R, Q) at rate R conditioned on the output
divergence from bottt/ and P due to I-projection theorem. type Q,. Since the number of output types is polynomial
Hence the minimum in (18) must be attainedpat € &y, in n, the overall error exponent can be obtained later by a
such thatD(p;||U) = R and D(ps-||P) = E(R). Thus minimization overQy.
‘distance’ i.e. divergence from one efid is a function of
the rateR and that from the other en# gives the error 1Although we only consider random i.i.d. codes in this papsror

. . . exponents for randomly chosen fixed composition codes cafsbeobtained
exponent. Thus the exponential family clarifies how exactl

) . ; LR ’ ¥n similar lines using l-projection. Also, the error expotgefor List-of-L
increasingR (i.e. reducingR) causes an increase Hi(R).  decoding can be obtained on these lines.




When the received output typed,, our space of possible 7 by the ML decoder is
joint (x,y)-types is all the distributions which ensure that
marginal distribution ofy is Q. It is easy to check that this "* = '8, 2%, P(y"|x" (k)
space of distributions is a linear family. With little abusk
notation, we denote this family bg,. Any point in this = arg max Zlog vix(Yilxi(k)) (memorylessness
family has the formQ, W,,,, for some reverse channel type 1skse
Wy|y- Divergence between a point in this family and the

x\y xl )|Yz) v
distribution P, (related to correct input-output pair) is = A e Zl (Baye's rulg

xi(k))

x\y xl |yl) Qy( )
Zl G (F) Qylyi)

D(Qny\yHny) = (21) = arg max

1<k<enk
Qy(y ) x| (*T'y
ZQy Wiy (z]y) 10gypxyTyy) (22)  Dividing this by n gives

el (T A~ Qy( ) XIy( |y)
2, @)Wy (aly) log ?ﬂ(w) nyyé;i'.j) @ M = s, 3 OvWayleln)los =5 TrE T
= (Qy||Py) + D(Qy Wiy |Qy Pxly) (24) WhererWf‘y denotes the joint type of the'th codeword

> D(Qy|Py) (25) and output sequencex”(k),y"). Thus ML decoding is
equivalent to decoding the codeword which gives largest
normalized log-likelihood-ratio between the two disttibans
QyPxy and Qy Px. Recalling the notation in previous sec-
tion, let the joint distributionQy Py, be denoted byp,
and @, Px be denoted by,. Their log-likelihood ratio be

The last step is met with equality whé¥, |, = P,. Hence,
projection of Py, on this linear family is given by, Py|y.
Thus only the marginal distribution is changed frafp to

Qy but the reverse channel type is the samePas. denoted byL(x, y).

On similar lines, divergence between a point in this family Py (x[y)
and the distributionP, P, (corresponding to incorrect input L(x,y) = log nxy) o Pay(xly)
and output pair) equals Po(X,y) px(x)

The LLR decoder chooses the codeword with the largest LLR

D(Qny|y”Pny) = D(Qy”Py) + D(QYWX|y||Qny) (26) score.

m <k<e 1R Y x\y ( ) <k<e R Sk

the y-marginal toQy, and keeplng the reverse channel typé’VhereW y 1S the reverse channel type for pa” (k),y")
the same a®,. and Sy, = Eo, W [L(x,y)] is the LLR score of the:'th

codeword. Note tﬁat all scores are random variables depend-
ing on the channel noise and codewords. Error happens if
Ly score ofS; of the correct codeword is less than scéteof
y P any incorrect codeword. To analyze the error exponent, we
& By should know the distribution of these score variables. We
\ need to find the nature of the dominant reverse channel type
an DI ) W}’j‘y Which causes error. _
4 Consider a sub-family ofZ,, where the expectation of
. L(x,y) equalsy. This is a linear family withinlq, and we
R 'i\ Ry denote it byLq, ,. It corresponds to the dashed line in Fig.
QI ) e 5. Applying I-projection theorem, we get that projection of
\ Qy po (Or p1) on Lg, , is given byQy for somet € [0,1],

QR where the reverse channBFt) for any giveny € ) is
PL (zly) P} ()
ky(t)

_ 1—t
Fig. 5. Linear familyL¢, having marginal distributior®y in the space where kv(t) - Z |y x|y P ( ) (28)
of joint distributions on(x, y). zeX

P{) (zly)

(27)

Superscript ofP( (:c|y is in bracket to distinguish it from

Now we show that Maximum-Likelihood decoder can aIscPt| (z]y) , the tth power of Px‘y(:v|y) Conditioned on
be thought as a Maximum-LLR decoder. It is because fcmutputtyper, an incorrect codeword is generated i.i.d. with
given output sequencg” of type @y, the decoded messagedistribution P. Hence applying Stein’s lemma and Sanov’s



theorem gives the following exponent for the scéfeof a Using (11) and (12), we can prove the following:
wrong codeword being (conditioned on output typé)y). () B
It is obtained by optimizing the reverse channel typg, . D(Qy x\yHQy x) = D(Qny\pr‘)) = tng, (t) — v, () (39)

where g, (t) = > Qy(y)log ky (t) (40)
. log P(S; > 1 Qy) _ yey
. o @) similarly, D(Qy P10y Pay) = D@y P Ip1) (41)
min D(Qy WY, [Ipo) = D(Qy PL[) Ipo) (30) = (t— g, (t) — vo, (1) (42)
x|y
Recall that for a given i, (¢) is the normalization constant
_ (t) y
= D(Qy Py @y Px) BL for the reverse channet!;).

- _ Ty :
wheret satisifesn = B, . [L(xy)] =ng,(t) B32)  Now let us minimize E(t,R,Qy) over t to obtain
E.(R,Qy). Let{ be the solution to equation

Thus the domirrating manner in which awrong codeword’s D(Qy xryHQy ) = D(Qy x‘y”po) R (43)
scoreS; crosses) is when the corresponding reverse channel
type Wi‘y lies on the exponential famil§,  defined as For any t < t, the exponent E(t,R, Qy) >
E(t, R,Qy). Hence the optimum solution lies ji 1]. Since
( P;Ei,HQy > R for ¢ in this range,

s famil 0P and Q. P, within Lo, ( [D(Qy P QyPx) — RI* = D(QyP.)|IQyPx) — R
IS Tamily connect x|y an < Within v see
Flg 5) Y |y v N = E(thv Qy) = ( x|yHQy x\y) + D(Qy S@,”Qy x) -

Similar steps can be repeated for the sc8reof the cor- = (2t = g, (t) — 2¢q, (t) — R (from (39) and (42))

rect codeword. Conditioned on the output type, symbols Differentiating this w.r.t.t and equating it t@ gives,

of the correct codeword are chosen i.i.d. with distribution

Pyjy- Again apply Sanov’s theorem and Stein’s lemma to (2t — 1)gq, (t) + 2nq, (t) — 2¢g, (t) =0
optimize the reverse channel Wﬁé}l‘y for correct codeword. = (2t —1)go, (t) =0 (becausez/Q (t) = nq, (t))

o, = {QyPﬁy for t € [0,1]}

where w’ denotes derivative ofyg, w.rt. t. Since the

fim log P(51 < g, ()| Qy) _ (33) Fisher mformatlongQ (t) is strictly positive, the optimum
n—00 n t* = 1/2 provided1/2 € [t, 1]. Otherwise if1/2 < ¢, then
min D(QyW}l‘prl) D(Qy nyle) (34) E(t,R,Qy) is strictly increasing irf¢, 1] because its deriva-
Wty tive (2t —1)gq, (t) is always positive. Then the optimuih
= D(Qy xry”Qy Pyy) (35) equalst. Thus in either case, the optimuth > 1/2.

This phenomenon reflects the union bound constraidt
JS in Gallager’'s analysis. In fact the in that analysis and
in this analysis are related as=1/(1 + p).
Thus we get, the error exponent conditioned on output

Thus the dominating manner in which the correct codeword
scoreS; is smaller thany is when the its reverse channel
type Wl‘ is on the same exponential famidy,,, .

By union bound, the exponent of probability of any wrongyp @y
codeword’s score crossmg the thresholg, (¢) is given by  E.(R, Qy) (44)
[D(Qy P} IIQyPx) — RI*, where[x]* = X 1) Since = D(QyP)|QyPyy) if 12172 (45)
all codewords are drawn independently of each other, the R Y
exponentE(t, R, Qy) for the joint probability of S1 < B (R QY) (it t< 11/22) W) (46)
nq, (t) and S; > nq, (t) (for some;j # 1) is sum of the D(Qy x‘y/ |Qy Pxjy) + D(Qy x‘y/ |QyPx) — R (47)

exponents for these independent events.
where{ is the solution toD(QyP(t) |QyPx) = R. This

E(L.R 36 solution is depicted in the Figure below
( QTO) P(S, < ), S; > ) | Q) (36) Note from (43) that higher value of meansR is large
= _ lim & L=yt 2 = 119y y (37) and vice versa. Hence the casefof 1/2 corresponds to

n— o0 n

) high (enough) rate® and vice versa. The above bound thus
= D(Qy Py, [|Qy Pxjy) + [D(Qy xryHQy ) — R](38) (re)derives the following phenomenon in [10]:

1) The dominant cause of error for high (enough) rates

The error exponenf,. (R, Qy) conditioned onQy is ob- (i.e. t > 1/2) is when a large number of incorrect
tained by minimizing the above expression over the LLR codewords can be confused with the correct one.
nq, (t) or equivalently minimizing it ovet. This minimiza- 2) The dominant cause of error for lower ratés<(1/2)
tion corresponds to finding the LLR which dominates the is when a single incorrect codeword is confused with

error event conditioned o@y . the correct one.



Lo,
t=1/2
D, D,
- R—=
‘ 1/2)
QR Qyéw Qy Ry
Sr(R,Q,) =0, + B -R

Let the optimum (or dominating}), be denoted byQ;.
For a symmetric channel (like the BSC) with uniform input
distribution Py, conditional error exponenE, (R, Qy) is
independent of)y. Hence theQ)y, equalsPy. Thus previous
subsection is enough to understand the symmetric channel
case.

However, for non-symmetric channels, the optim@y
need not be simply’,. Let the joint type which dominates

the error event be given b@;Pﬁ;), where @y optimizes

(48) and conditioned o)y, the reverse channel typ@ﬁ;)
achievest/(R, Q5 ) in (47,45). We saw previously that dom-
inating error event conditioned on the output type happens
when the reverse channel type lies on the exponential family
{P)ET)y fort € [0,1]} of reverse channels. This family
connects the ftrivial reverse channil and actual reverse
channelPy, . It turns out that the dominating output typk

also has such interpretation in terms of a certain expoalenti
family. Refer to appendix for a simple proof based on I-
projection.

N A Theorem 2:Consider the exponential family connecting
by tr=1/2>1 p1 = Pxy 10 po = Q3 Px. The joint WpeQ;P}ETy) dominating

Fig. 6. Geometric interpretation _of error exponent conditid on output  the error event lies on this exponential family (see Fig. 7)_
type Qy. The rectangular frame in each figure denotes the linearlyfami

Lg, . The solid line in it represents the exponential famdly, . The . t 1—t*
distance between two points corresponds to their divesgenc 7 Q;(y)pﬁy) (x|y) = a1 (x’ y;]éo*) (x, y)
. _—
o _ where k(t*) = Y pi (z,y)pe " (w,y)
The expression in (45) also provides an upper bound to Ty

the actual random coding exponéfit(R, Qy). This bound . ]
is related to the sphere-packing exponent. This expressidRuS althoughQy need not be the/-marginal throughout

is an upper bound because it is equivalent to relaxing tH8iS exponential family, it is indeed thg-marginal at the
constraint¢* > 1/2 (or p < 1) by assumingt* always optimumt* on this exponential family. Also note that reverse

equalst. channel at any on this exponential family is the same as

Pﬁ)y seen before. Recall tha®”) was the reverse channel

. nat . .
Remark 1: Note that for each output lettgr the dominant S€€N in previous subsection &vheyemargl_nal was fixed
reverse channel typ#/, ,—, lies on the exponential family t© Qy) for exponential family€q, connectingQy Px and
(in the space of distributions oft) connectingP, and @y Pxly Within Lq, . " -
Pyjy—,- Analysis in this section trivially shows the following  Recalling P..) (z|y) = W from (27) and
coupling phenomenon between the dominant reverse chanpglgging this in the above Theorem gives
type for all output letterg. The exponential parameteris

the same for the reverse channel type from each letter (@) < (Py(y)! ky(t") (49)
thus causing a coupling between these reverse channel-type = Qy) py(y)k;/t* (t*) (50)
Thus the dominant reverse channels for all output lettegs ar ‘

equally tilted.

1/t
=Py (Z Pl (aly) P (w)) (51)

1/t
= <Z Px(w)Pyt*x(yI:v)> (52)

This is the same solution as [9] for the dominant output type
Qy, for error events. To emphasize the dependendg;obn

t*, let it be denoted byQ(yt*). The optimumt* equalsl/2
for rates below the critical rate given by

Rc _ D(Q(l/Q)P(l/Q)HQg’l/Q)Px) (53)

y x|y

B. Optimizing over output type

Previously we fou_nd the error exponent cor_wditioned Ot(by Baye’s rule)
the output typel),. Since the output sequence is generated
i.i.d. according toP,, the exponent of observing typg,
is given by D(Qy || Py). Hence the overall exponent of error
corresponding to output typ@, is given by

E(R,Qy) + D(Qy| Py)

The effective error exponent is obtained by minimizing the
above expression over &, .

E,(F) = min D(Qy|Py) + E(R.Qy)  (48)

For higher rates;* is the solution to

DQYIPL QY P = R (54)



whereCy, is a shorthand fo(zyey M). Substituting

: R — ER)y— t = 1 shows thatC,, equalsD(Qy Px|y||QyPx). Similarly
: W ‘ using (15), we can show that
QK J x|§/) By
D(Qy x\yHQy xly) ZQy(y) x\y UHPXIy —y) = (1- t)? Ca,
yey

Recalling that the error exponent conditioned@y for R >

(@ R> R. . R, is given by
t=1/2
Dy j D, 1 E(R,Qy) = D(QyP)IQy x|y) (1-1t)*Cq,
- R™ ‘ 1 wheret satisfiesR = D(Q, x‘y||Qy =1*Cq,
Q* p % (1/2) p
y % Qy ély i Eliminating ¢ from the two equations gives,
2
E (R)=D; + D, R E.(R,Qy) = Cq, (1 - \/R/CQy) = (y/Cq, — VR)?
(b) R < R,

_ - _ _ _ The overall error exponent is obtained by optimizing over
Fig. 7. Geometric interpretation of the domin&py and the random coding

exponentE;-(R). Here plane of the paper represents the space of all joirﬁhe output type
distributions. The solid line in each figure represents ttEorential family

connecting its two ends. The distance between two pointsesponds to . 5\ 2
their divergence. Figure (a) above reminds us of the figursdarce coding E.(R) = %m D(Qyl|Py) + ( Cq, —VR)
error exponent.

Choosing@y, = P, for capacity achievingP, gives the

Sincet* andet* are dependent on each other through (52 ?pproxmaté solut|0n in [6]

and (54), a closed for expression cannot be given for eltherS'nCEE (}é ,Qy) deperrl]ds oy only*throllljgg\ its eﬁECt
of them. However, iterating between (52) and (54) shoul§" Ca, t_IfQ l[gy/2] dt f.;?}'mum@_ V;’r: ehi)n the
converge to the optimunti and Qy ) This gives a Blahut- exponential family ofy-distributions going througi#, cor-

responding to the functiorf(y) = g,(= 2D (Pxjy—y||Px))-
Arimoto-type algorithm for finding error exponent & > This again follows by the I-projection theorem. This family

R.. . . . .
To summarize, the error exponent is given by E:?gr?;ed bYey, ., (see Fig. 8). Thus optimurg)y is of
E.(R) = DQ\WPPL/?|Py) + 55 . 1
(R) (Qy x|y | Pxy) (55) Qy(y) = —k(G) Py (y) exp(fgy)
DI PL/P QWP ) ~ R for R< R, (56)
(Q(t )p Hny) for R > R, (57) for somef € R wherek(6) is the normalization constant.
However, this property may not be true for a general (not
C. Very noisy channels very noisy) channel.
We define a very noisy channel for which the distribution
Py is very close toP,—, for each giveny € Y. Equiva- L‘,g, 0
lently for each givery € ), the Fisher informatiom, (t) is :
constant for the exponential family éf-distributions joining [
Pyy—, and Px. Let this constant Fisher information for Q)*/ :j R
outputy be denoted byy,. For a given output typ€), this < ¢ T *
implies, g R |
t |
D(Qy P 1QyP) = >~ Qy(y)D(PY, _ I Px) |
yey 0
= Z Qy( gth
Y Fig. 8. In the space of distribution Q¥i: Solid line shows the exponential
. yey . family £, p, and the dashed line is an orthogonal linear fandly, ., =
(denotingpy = Px & p1 = Pyy—, and using (15)) {Qyl Eq, lgy] = n}-
Z Qy(y)gy
2
yey

5 2In fact, for Gallager’s definition of very noisy channel, stituting Py,
=t CQy instead of the optimun@)y gives the same answer in his very noisy limit.



V. ERROR EXPONENT OF THE EXPURGATED ENSEMBLE We compare this approach to Gallager's analysis of the
Since I-projection gives us a method to address higtexpurgated ensemble in [6]. There the error probability for

dimensional optimizations, let us address the error exponecodeword paifz", z") is bounded as follows:

of Gallager's expurgated ensemble. We first create a i.i.d.

random code of rate?, generated using input distribution Pr(error fromz" to ") = > Pyx(y"z")
P. With some abuse of notatiorx™ denotes the correct Y Pypx(y™]27) 2 Py s (y™|z™)
codewordx™ (1) andz™ denotes an incorrect codewaxd () n| n
.. Py\X(y |zm)
and Q«, denotes the joint type of the pai{x",z"). Let < Z yix (" |z") W

W (-|zz) € P(Y) denote the channel type where correct
inputx = z and incorrect inpug = z.

From this random code, we throw away theaf’ code-
word pairs which are tbo closé. More specifically, we
expurge codeword pairs such thBY(Qx.||P ® P) > R,
where P ® P denotes independent and z, with marginal
distribution P for both. Since the fraction of such codewords®
will be exponentially small, this rule guarantees that @ite
the expurgated code is not smaller thi@nAfter expurgation
all codeword pairs will satisfyD(Qxz||P ® P) < R. The
error exponent,, (R) of this expurgated code equals

An exercise in [5] also starts with the same trick and gets
the same error exponent as in [6]. This trick of square-root
is equivalent to substituting= 1/2 as the minima in (58).
It is not clear why the minimum should always be attained
at1/2.
However, at R = 0, the expurgation constraint
D(Qxz||P ® P) < 0 implies Qx, = P ® P, which is
a symmetric distribution in(x, z). For symmetricQx,, it
is easy to show that = 1/2 should attain the minimum.
Although for R > 0, it is not obvious. Nonetheless, we have
E(Qxz) + (D(Qxz||P ® P) — R) shown that even foR > 0, the minimum should be attained
at 1/2. This proves that Gallager’s formula for expurgated
where E(Qx,) denotes the error exponent for a codewor@nsemble is tight, which further strengthens their comject
pair with typeQx,. The second term is due to union boundn [8] about tightness of this bound for any code (at small
and the fact that exponent of observing the joint type,  enoughgr).
in an i.i.d. random code equal3(Qx||P ® P). Now letus A similar analysis can be used for more high-dimensional
analyzeE(sz) which is given by problems such as expurgation for List-of-L decoding, which
E(Qxz) = Zsz (2, 2)D (W (|22) ]| Py (")) clarifi,es what it means for a tuple of codewords to teo"
w( Ixz) error closé to each other, i.e. which codeword-lists are more likely

to cause errors.
where Py, (-) denotes the actual channel distribution from

min
Qxz: D(Qxz||POP)<R

the correct input and error happens when log-likelihood APPENDIX: PROOF OFTHEOREM 2
of the correct codeword is smaller than that of the wrong
codeword, that is, The optimum output type is given bg; and the error
Py (ylz) dominating joint type isQy P, y. Using (48), the error
> Quala, 2)W(ylaz) 10gw 0 exponent is given by
x,2,Y y|x Y
e Eq.w(px [Llylz,2)] < 0 E.(R) = D(QyllPy)+ E(R,Qy)
where L(y|z, z) is a shorthand for the log-likelihood ratio = D(Qy|IPy )+D(QyPﬁy)||Q;Px|y)

y\X(ylm)

log p=zy- Thus calculatingB(Qx,) involves minimiz- . :
ing a weighted average ob (W(-|xz)pr|m(.)) with a [D( nyIy ||Q Py) — }

constraint on the weighted average of log-likelihood ratio — Do pp (@ ") b
Similar to the previous section, I-projection implies that Q3 Py | xy)+{ QP Q5 P) -
optimum channeW (-|xz) € P(Y) for any pair(z, z) lies on

+

the exponential family connecting the channel from correctiS IS a non decreasing function i (Q5 P ||ny) and
input Py« (-|z) to the channel from incorrect inpl, 1 (-|z)  D(Q5 x‘ ||Q* ). Similar to previous subsectlon we can
as below show that a ML decoder is equivalent to a LLR decoder
Wh(|22) P§|x('|$) P1|xt( PRy for p; = ny.to 1-70 _. QyP . Now ta*s),sume to the contrary
Y that the dominating joint typ&)j, P, .’ does not lie on the

Similar to Remark 1, the exponential parameter the same

()
for each pair(z, z). Hence findingE(Qx.) only needs a expor:entlal family joining; andps. NOW mover xly ©
scalar optimization: Qy P( ) which is on the exponential family and has the same
; ‘P t ;- Thus by I-projection theorem
) = v D (Wi Py (- 58 expected LLR a®)y P, . Thus by I-proj
BlQu) = min 3~ @l D (W' (Ja2)|Pyia()) (58)

Yo x|y Yo x|y

where error happens for ¢ such that e
D(Q; P 1Q5Px)

B wi( ey Ly, 2)] < 0. and D(Q,PL)|Q:Py)

Yo x|y

D(Q P“)any) < D(QLP)|Pey)
<



Moreover,

D(Q,PLIQP) = D@, PRy P + D(Q1Q5)

> D(Qy Py 11Q )
= DQyPLIQ P < D< S P15 P

Thus replacing?;, x‘y) by Qy x‘y gives a smaller expo-
nent, which contradicts the optimality ¢f;, x‘y).
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