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Abstract—We study stochastic dynamic games with a large competitors’ state. OE resolves both of the difficultiesedi
number of players, where players are coupled via their cost above: in OE, a player is reacting to far simpler aggregate
functions. A standard solution concept for stochastic games statistics of the behavior of other players. Further, OE

is Markov perfect equilibrium (MPE). In MPE, each player’s L . .
strategy is a function of its own state as well as the state of the computation is significantly simpler than MPE computation,

other players. This makes MPE computationally prohibitive as ~ Since each player only needs to solve a one-dimensional
the number of players becomes large. An approximate solution dynamic program.
concept calledoblivious equilibrium (OE) was introduced in [1], Under what conditions will OE approximate MPE? When
where each player's decision depends only on its own state {hare are a large number of players in a game, an individual
and the “long-run average” state of other players. This makes e - .
OE computationally more tractable than MPE. It was shown P'aYef can OPt'm'Ze based on the average behavior of it com-
in [1] that, under a set of assumptions, as the number of Petitors provided (a) the actual behavior of the compeditor
players become large, OE closely approximates MPE. In this is close to the average behavior, and (b) any deviation from
paper we relax those assumptions and generalize that result to the average behavior has “small” impact on the cost of the
cases where the cost functions are unbounded. Furthermore, jnqjvidual player. It is intuitive to believe that as the nien
we show that under these relaxed set of assumptions, the OE . .
approximation result can be applied to large population linear of players in a game becomes large, the actual behavior
quadratic Gaussian (LQG) games [2]. would approach its mean by a law of large numbers effect.
To measure the impact of any deviation from the average
behavior, the authors in [1] defined a “light-tail” conditio
In this paper, we study stochastic games with a largeformally, this condition implies that the effect of a sinal
number of players. Such games are used to model complga&rturbation in the instantaneous state of the competitass
dynamical systems such as wireless networks [3], [4], ira small effect on the cost of a player. It is reasonable to
dustry dynamics with many firms [5], etc. In such gamesgxpect that under such a condition, if players make decsion
the players typically have competing objectives. A commobased only on the long-run average, they should achieve
equilibrium notion for such games Markov perfect equi- near-optimal performance. Indeed, it is established inHai
librium. In MPE, each player minimizes its individual costunder a reasonable set of technical conditions (includieg t
by choosing a strategy that is a function of the current statéight-tail” condition), OE is a good approximation to MPE
of all the players. for industry dynamic models with many firms; formally, this
MPE suffers from at least two drawbacks. First, as ais called theasymptotic Markov equilibriurtAME) property.
equilibrium concept, it is implausible in settings wherenyja  As presented in [1], the main approximation result is
agents interact with each other; MPE requires the agents talored to the class of firm competition models presented
be aware of the state evolution of all other agents. Seconghere. In [6], using the methods of [1], the authors isolated
MPE can be computationally intractable. MPE is typicallya set of parsimonious assumptions for a general class of
obtained numerically using dynamic programming (DP) alstochastic games, under which OE is a good approximation
gorithms [7]. Thus, as the number of players increases, the MPE. They also study the case of non-uniform players
cost of computing the strategy and maintaining the staigith heterogeneous cost functions.
of all the players becomes prohibitively large [8]. Several However, the results in [1], [6] are based on the as-
techniques have been proposed in the literature to deal wighmption that the cost functions are uniformly bounded
the complexity of large scale systems [9], [10], [15]. over states and actions. This is a restrictive assumption;
Recently, a scheme for approximating MPE for such largfor example, typical cost functions used in decentralized
scale games was proposed in [1], via a solution concepbntrol are unbounded—e.g., quadratic cost. In this pager, w
called oblivious equilibrium In oblivious equilibrium, a remove this boundedness assumption on the cost functions;
player optimizes given only the long-r@veragestatistics of this change necessitates an alternate approach to establis
other players, rather than the entire instantaneous vetisr that OE is a good approximation to MPE. We show a general
S. Adlakha and A. Goldsmith are with the Department of Electri-reSLIIt unde.r this .assumptlon’ then apply C?UI’ result to aiclas
cal Engineering, Stanford Universitdl akha@t anf or d. edu, of games including games with quadratic cost and linear
andrea@sl . st anf ord. edu dynamics. The latter result is a generalization of a similar
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notation and define the oblivious equilibrium. In sectioh Il by p
we introduce the asymptotic Markov equilibrium (AME)
property, formally define the light-tail condition and ior V(z, f,m | ugmm@) S

duce our assumptions on the cost function. Section IV detail oo

the proof of the main theorem. In section V, we show that E ZﬁtC(mi,t,ai,t, ff?l,m) ‘
linear-quadratic games can be reduced to a special case of t=0 ’

our model. Section VI concludes the paper.

. In particular, we have

wio=a, [0 = fiu™, 1, 3)

Il. MODEL, DEFINITIONS AND NOTATION where0 < § < 1is the discount factor. Note that the random
variables(z; ;, fi(,T)) depend on the policy vectqe(™ and
the state evolution functioh.

We consider ann-player stochastic game evolving over e focus orsymmetric Markov perfect equilibriunwhere
discrete time periods with an infinite horizon. The discretgy players use the same poligy™. We thus drop the
time periods are indexed by non-negative integers N.  sypscripti in the policy of a playeri. Let M be the set
The state of a playet at time ¢ is denoted byz;; € X,  of all policies available to a player. Note that this set also
where X' is a discrete subset dk. We assume that the depends on the total number of playens

state evolution of a playerdepends only on its own current  Definition 1 (Markov Perfect Equilibrium)The vector of
state and the action it takes. This can be represented bypgjicies ;(™) is a Markov perfect equilibriunif for all i, z,

conditional probability mass function (pmf) and f we have
inf vV 1o, myy (m) (M)
Tigp1 ~h(@ | Tig,ai), (1)  wem (x, frm iy ) v (:Jc,f,m [ )

As the number of players becomes large, the MPE be-
comes computationally intractable. This is because the set
wherea;, is the action taken by the playérat timet. We  of )| policies grows exponentially in the number of players
denote the set of actions available to a playerbywe  However, if the coupling between the players is weak, it
assume this is a discrete subset of Euclidean sfgace is possible that the players can choose their optimal action
The single period cost to a playei is given as based solely on their own state and the average state of
c(zis,ai,x—iy). Herex_;, is the state of all players the other players. We expect that as the number of players
except playeri at time ¢t. Note that the cost to player becomes large, the changes in the players’ states average
does not depend on the actions taken by other playeksut such that the state vectgr''; is well approximated by
Furthermore, we assume that the cost function is indepéndéis long run average. Thus, each player can find its optimal
of the identity of other players. That is, it only dependsolicy based solely on its own state and the long-run average
on the current state; ; of player i, the total numbern  aggregate state of the other players.
of players at any time, and the fractiqﬂ’fl(y), which is We therefore restrict attention to policies that are only a
the fraction of players excluding player that have their function of the player's own state, and an underlying camtsta
state ag. In other words, we can write the cost function asaggregate distribution of the competitors. Such strategie
c(wisaie, £, m), where f") can be expressed as  referred to amblivious strategiesince they do not take into
’ ' account the complete state of the competitors at any time.
Let us denotgi(™ as an oblivious policy of a player we
myya 1 let M denote the set of all oblivious policies available to
P & —= > Yopmup ©) ;
- a player. This set also depends on the number of players
m. Note that if all players use oblivious strategies, their
states evolve as independent Markov chains. We make the

From equation (1) and the definition of the cost fU”Ctionfollowing assumption regarding the Markov chain of each
we note that the players are coupled via their cost functior'!;‘l(,iyer playing an oblivious policy.

J#i

only. Assumption 1:The Markov chain associated with the state
Each playeri chooses an action;; = u{"™ (z; , f(fZi) evolution of each playerrplaying an oblivious policyi(™ is

to minimize its expected present value. Note that the poligyositive recurrent, and reaches a stationary distribufién.

,Lg"” depends on the total number of playersbecause of = The stationary distribution depends on the number of

the underlying dependence of the cost functionmenlLet playersm because the oblivious policy depends /an Let

1™ be the vector of policies of all players, apd™ be (™ be the vector of oblivious policies for all players™

the vector of policies of all players except playeWe define  be the oblivious policy for a playet andi™ be the vector

V(:&f,mlul(-m),u(f?)) to be the expected net present valuef oblivious policies of all player except the playér For

for player: with current stater, if the current aggregate state simplification of analysis, we assume that the initial state

of players other than is f, given thati follows the policy of a player: is sampled from the stationary distribution

u§m) and the policy vector of players other tharis given ¢(™ of its state Markov chain; without this assumption,



the OE approximation holds only after sufficient mixing ofasymptotic Markov equilibrium (AME) property if for alt
the individual players’ state evolution Markov chains. &iv andi, we have

ﬂ(_"z), for a particular playet, the long-run average aggregate . ) = (m)
state of its competitors is denoted B, and is defined as 1 E {V (357 fym | T ) -

F(m) 7y (m) _ (m) . ) _
P ) 2B (150) = 4 w) @ Jnt V (afom [ G) | =0,
Note that,fﬁT) is completely determined by the state eVO_Notlce that the expectation here is ovér which denotes

lution f . h livi o (™) the aggregate state of all players other thaMPE requires
ution l‘_'nCt'Onh and the ob VIOUS policyi_; . the error to be zero for allz, f), rather than in expectation;
As with the case of symmetric MPE defined above, Wt qrse in general, it will not be possible to find a single

assume that players use the same oblivious policy denotgf}iious policy that satisfies the AME property for arfy

by _/l(m)- We thus drop the subscript in the oblivious , haricylar, in OE, actions taken by a player will perform
policy of a pla)(/er)z. We define theoblivious value function poorly if the other players’ state is far from the long-run

V(ﬂ%mw(m)zﬂii ) to be the expected net present valugyerage aggregate state. Thus, AME implies that the OE
for a playeri with current stater, if player i follows the  ngjicy performs nearly as well as the non-oblivious best

oblivious policy i, and players other thanfollow the policy for those aggregate states of other players thatroccu

oblivious policy vectorii™. Specifically, we have with high probability.
_ () & In order to establish the AME property, we make some as-
V(z,m | ﬁ(m)a i) = sumptions on the cost functions. For notational conver@genc

we drop the subscripts ¢ whenever it does not lead to any
ambiguity. Note that in oblivious equilibrium, we repla¢et
actual distribution of the opponents’ staf€”™) by its mean

=14,

®) distribution fff) In order to measure theistancebetween

Note that the expectation does not depend explicitly on th#@e actual distribution of the state and its mean, we define a

policies used by players other thanthis dependence only notion of norm on a distribution.

enters through the long-run average aggregate s;'ié{fé Definition 4 (1-g Norm):Given a functiong : X —

In particular, the state evolution isnly due to the policy [0,00), we define thel — g norm of the distributionf as

of playeri. Using the oblivious value function, we define

oblivious equilibrium as follows. 1£1l-g = Z [F()lg(y) ®6)
Definition 2 (Oblivious Equilibrium):The vector of poli-

cies ji represents amblivious equilibriumif for all i, we

have

E

zio = i, 5.

Z ple (in,t, Qi t, JZET)’ m)
t=0

Thel—g normis a weightyed norm wherg is the weight
function. Note that this function depends on the actual form
of the cost function. For a given functiog the distance
inf ¥ (x,m | u’,ﬁ(j)) —v (%m | ﬂ(m)7ﬁ(:7il)> vz between the actual distributiofi”’’) and its meanf"" is

WeEM ] given by
In this paper, we do not show the existence of Markov

perfect equilibrium or of oblivious equilibrium. We assume Hfg‘i — fﬂ”j)
that both the equilibrium points exist for the stochastimga
under consideration [14]. We now formally define thdight tail condition.

Assumption 2:Markov perfect equilibrium and oblivious Assumption 3 (Light Tail):Given anye > 0, there exists
equilibrium exist for the stochastic game under considenat 5 state value: > 0, such that

=S| - 1 w) ).

11l. ASYMPTOTIC MARKOV EQUILIBRIUM AND E [Q(U(’"))1m<m>|>z T ~ fy;)} <e ¥m, (7

THE LIGHT TAIL o oy )
As mentioned before, we would like to approximate MPE E [9 v )1\U(m"|>z [ U~ £ } 6 Vmo (8)

using OE. To formalize the notion under which OE approxHere U™ is a random variable distributed according to
imates MPE, we define the asymptotic Markov equilibriunﬂ?)- As mentioned beforeg(y) is a weight function for
(AME) property. Intuitively, this property says that an iwbl the statey. Thus, the light tail assumption requires that the
ious policy is approximately optimal even when comparetveighted tail probability of the competitors goes to zero
against Markov policies. Formally, the AME ensures thauniformly overm. Also, note that only the second condi-
as number of players in the game becomes large, the d@n needs to be checked; a straightforward application of
proximation error between the expected net present valdénsen’s inequality then shows the first condition must.hold
obtained by deviating from the oblivious poligyt””) and However, we retain both inequalities for clarity. Furthene,
instead following the optimal (non-oblivious) policy gots  if sup, g(y) < oo, then the light tail condition is just an
zero for each state of the player. assumption on the tail of the mean distributigf{”.

Definition 3 (Asymptotic Markov Equilibrium)We say In order that the AME property holds, we would like that
that a sequence of oblivious policiq"r;g‘) possesses the the cost functions are close to each other when the actual



distribution f("’ is close to its mean d|str|but|oﬁ(m) For givene. Then,
this to hold, we impose a uniformity condition on the growth

of the cost function. Specifically, we make the following Hf Fom ‘ < [Z maxg(y) ’f(m) _ f(”?)(y)‘
assumption on the cost function. g T Uiz Tt
Assumption 4:There exists a constant such that, for all (m) #(m) 2
x,a, f1, fo andm, we have + l; 9( ’ * ; 9(w) (y)} '
y|>z Yy|>z
le(,a, f1,m) = c(, a, f2,m)| Using the identity(a + b + ¢)® < 4a2 + 4b% + 4¢2, we get

<Cle(e.a fum)Ifi ~ foll,_, +H (I~ pl2.,)  that

Note that here (|| f||7_,) denotes a function that is linear
in moments of| f|| up to the second moment; i.€4,(| f||2) E Hf(m) < 42°E [maxg ‘f(m) oy )’ ]
cannot include any terms that depend on moments higher be V==
than|| f||7_,. Note that the function in Definition 4 must be =A™
chosen such that the assumptions 3 and 4 are simultaneously 2 2

satisfied. As we will show in section V, the linear quadratic (m) =(m)
Gaussian (LQG) tracking problem discussed in [2] is al AE | > g )| 4R DY 9w ()
special case where the difference in the cost functions ean b
expressed in the form given above. Furthermore,we will show = B(™ = cm

that for the LQG problem, the functiof(y) is a polynomial 9)
in the statey.

The next assumption is on the set of policies We will ~ Note that term in parenthesis @™ is independent of and
restrict attention to sequencés™, i m)) that satisfy the hence a constant. By the light tail assumption, for suffityen
following assumption. smalle > 0 and sufficiently large;, we haveC{™ < 4¢% <

Assumption 5:Given a sequenceéu(m),ﬁ(j’;)), we as- 4e for all m. Let us now consider the termim). We have

ly|>= ly|>=

sume that: (m) )\ 2
o E(ffi,t(y) - f5 )
sup]E{Zﬂtc2 (:17,;7t,ai7t, fgl),m> | 2
= (m) ~(m) - Z 1{75 =y} — Z l{%’,t:y} ’
Tio=2a, [ 0= fip 7“—1 < 00 J#i J#i
In contrast to earlier work on oblivious equmbrlum [1] [6] _ 1 Z Var 1 )
our assumptions are significantly different. Specificaig (m—1)2 oy {“’J =y}
do not assume that the cost functions are uniformly bounded 7
in statez, distribution f, or actionsa as was done in the < T T 0 as m— oc.
previous work. This lack of uniform bound on the cost (m—1)
function necessitates a significantly different proof taghe. The random variabld, ., is a Bernoulli random vari-
However, some of the ideas in the proofs are borroweghle with E (1, =] = ¢™(y) and Var(l,,,—,;) =
from [6]. g™ (y)(1 — g™ (y)) < 1. Thus, for eachy| < z, there exists
>
IV. ASYMPTOTIC RESULTS FOR OBLIVIOUS Ny Such that form = m, we have
| | EQUILIBRIUM | | E Uf@l(y)—fg)(y)ﬂ - e
In this section, we prove the AME property using a series ’ 422g%(y)
of technical lemmas. Assumptions 1-5 are kept throughoﬁeﬁnEm ~ ax {m,}. Then, form > m, we have
the remainder of this section. The first lemma shows that "~ "¢ lyl<z U I ’ “
under thel — g norm, the variance of the distributioﬁ(m A <e ) (m) ) .
goes to zero as the number of players become large. Let us now consider the ter®®."’. Using the definition
Lemma 1:Under the Ilght ta|l assumption and if all the Of £ i t we have
players use oblivious p0|ICVL71 , we have N
4
(m) — &
E Hf(m) —0 as m— oo B. _(m—l)2E ZZQ Jws.i=u)
1—g \y|>z J#i
Proof: We can write Q2
4
[ = 7w, = Eaw] i - 1), ~ 1 |2 2 S

Now, let a smalle > 0 be given and let be such that the where the interchange of summation is justified since for
light tail condition in equation (7) and (8) is satisfied foet any given m, the summations are finite. Let us denote



Doyl I, =gy = W( ™) We can thus writeB™ as Lemma 2:For all z and (u(™), 3"} satisfying assump-

) tions 1-5, we have

= o1 Var(jZﬁWj.(ft”)) + (EEWJ(T)) ] (10) . (xi,t,ai,t,f(,T)7m> ’ | 2o = a5 ™, 5 | = 0,

. ~(m Proof: Let defi
From equation (4), we know thak [1(,,,—,,] = Fom fool. Let us define

From the light tail condition, for chosenr, we have

E(W}") < e for all m. Thus Ay 2 e (“*t’“i’t’f Citm) = (wunain F0m) |
dit : '
Z]E (WJ-(,T)) < (m—1)e (11) Also denotecm + = (xz £y @ity f_z ,m)’ and F,,; =
j#i Hf( . Using assumption 4 on the cost function
-9

Let us now consider the first term in equation (10). We havere have

Var( Z W](?)) - ZVar (W],(Zl/)) E[iﬁ%ﬁi | ™), ﬂ(_ﬁ;)}
# 0

J#i =
= (m —1)Var (W(m)) < CE iﬁtcm,tFm,t | . ﬁ(_nil) +E iﬁtH (F'rQnt>
— (m—1) []E (WJ{@)Q - (E (WJ{@)ﬂ =0 t=0

:OOO t]E m Fm (m ~(m) tH
<= DB (W) + (-8 3B et | D)+ 3B @D

7.t
(12)  where the last equality follows from monotone convergence
theorem. Let us denote the first term of the above equation

where the first equality folIow;s from the fact thﬁ&l ; is an asT; and the second term &&. Using Cauchy-Schwarz
(m — 1) fold convolution of f*'./, since all the opponents inequality we get that

are using oblivious policy: and hence are evolving indepen-
dently. The last inequality is because of the chosen value of

z, which givesE (W;T)) < ¢ for all m. Note thatW}y’Zl) as

Tl < OZ ﬂt nL f])1/2 (/BtE [Fﬁht])l/Q

t=0
defined is a random variable that takes the vajGg) with o 1/2 /o 1/2
probability £ (y). Thus, <C <Z B'E [CM) (Z BE | FM)
(m) (m ) t=0 t=0
(WN ) Z g I where the last inequality is due todHler’s inequality. Note

ly|>= that we have dropped the policy vector in the conditioning

where the last inequality follows from the light tail coridit.  field for notational compactness. By assumption 5, the first
Substituting the above equation in equation (12), we gét theerm in above equation is bounded. Also, note tﬁéﬂfm]

is independent of and hence
Var(z Wj(;n)> < (m—1e+ (m—1)e < 2(m —1)e P

Z > E[F2
(13) ZﬁtE [F3.1] = 1[5’t]
tShuali[Js%gtruggrg]]qeqului\tflzsv\glh)a%gd (13) in equation (10), we gSubstltutmg the above equation in second termlpfand
also inTy and using lemma 1 we get the desired result.
Bm ~ _ 4 [Q(m —1)e+ (m— 1)252} Theorem 3 (Main Theorem)Consider a sequence of
¢ (m —1)? oblivious equilibrium policiesu(™ that satisfies assump-
< 8 e+ 4e? < 12¢ tion 5 with (™ equal to either the oblivious or non-
(m—1) N oblivious best response tﬁ(f;‘). Then the AME property

From bounds om{™ andC{™ and the above equation, we holds. That is, for alt, z, we have

get that for sufficiently large and form > max{mg,m} ) —(m) = (m)
and we have 7r}£nooE|: ( o L ) B
m r(m 2 i (m) =
B |0 -1 <1te oV (e fm ) W) [ =0,
. . . . g Proof: The proof of the theorem is similar to one given
Sincee is arbitrary, this proves the lemma. B in [1] and is omitted due to space constraints. [




V. LINEAR QUADRATIC SYSTEM Proof: Let (i, f) be an oblivious equilibrium for the

In this section, we consider linear quadratic (LQ) gamesQ model withm, players playing the game. This means
with many players [2]. We show that these games are that/ is an optimal policy under the cost functiefw, a, f)
special case of the model considered in the previous sectig!d thatf is the stationary distribution obtained from the
We keep assumptions 1, 2 and 5 throughout the remaind&fnamic equationy; ;11 = Az + Bz, f) + wi,.. Now
of this section. Compared to [2], we consider a discrete timl§t us assume that the number of players changes:$0
version of the LQ games. Furthermore, for simplicity weConsider a playet and assume that every one ofits — 1
assume that all players have the same form of cost functiopPPonent uses the poligy. Thenf_; = f, and since the cost
i.e., they are uniform. This assumption can be relaxed, d4nction does not depend upon the total number of players,
we discuss in section VI. The state evolution of a playethe optimal policy for playeri is fi. Since the dynamics

1 <i<mis given as are independent of the number of players, the stationary
- distribution for player: is f. Thus, (ji, f) is an oblivious
Tipy1 = Aip + Baig + wig, (14)  equilibrium for the game withn, players. n

wherex;; € Z anda;, € Z. Here A, B > 0. The noise To prove that there is no optimality loss if a player
processw; ; is assumed to be independent across time asses oblivious equilibrium policy, we first define the weight
well as players. We also assume that the noise process Hiasction g for the LQ model.

zero mean and all its moments are finite. Definition 5 (LQ 1-g norm):For the LQ model described

We assume that the single period cost function for a playeihove, letg(y) = |y|*. With this weight function, we define
i is separable in its action. That is

¢ (wiain £51)) = ex (2o £7)) + e2 (i) 1£1-g =D F@lyl
Yy

where we assume thaj(a; ;) is a quadratic function of+. g following lemma verifies the light-tail condition foreh
Note that the cost function does not)depend upon the numq_eb model

of players playing the game. Hefém is the distribution of
m players over the state space. Let us defineithemoment
of '™ as

—i,t

Lemma 5:For the LQ model, the light tail condition holds
for the weight functiong(y) = |y|%.

(m) & Proof: Note thatf_; = ¢(y) whereq(y) is the station-
k= Zf—’%t(y)y ' ary probability of the Markov chain to be in stajeand is
independent of the number of players For linear systems
We assume that; is a jointly strictly convex, quadratic with quadratic cost, we know that the optimal policy is a
function of z and~;, k=1,..., K. Also, for givenz and  |inear function of the state [11]. That ig,= — Lz +1,, where
f(,nfi we have L > 0 andl, are constants that may depend orThe closed
loop system thus evolves as,; = (A— BL)x; + Blg+w;.
From assumption 1, we know that the closed loop system is
This model is a generalization of the LQG games consideréd@ble; thus we haved — BL) < 1.
in [2], where the cost function depends only on the first We use the Foster-Lyapunov stability criterion [12] to
momenty; of the distributionff’%. Furthermore, that result establish the light tail condition. Using the Lyapunov func
was derived for a specific form of cost function. tion V(z) = z and the fact that the noise process has

Each player choses an action; = p(™ xi.t,fgzl to finite mean, we can show th&l, (z) is finite. We then use

minimize its total expected cost. The expected net preseiﬁ‘ld“Ction to show that the stationary distribution has éinit

Yy

infeq (x, f) = ¢ > 0.
z,f

cost for a player is given as 2K moments. Specifically, assume tHgg(=’) is finite for
j =1,...,p, wherep < 2K. Then, using the Lyapunov
v (aﬁf | M(m)’li_i) — function V(z) = zP*! and the fact that the noise process

has finite moments, we can show tHaj(zP*!) is finite.
Thus, the stationary distribution has its fitkK' moments

oo
¢ ) , (m) A (m) _ p. (m) )
E tz;ﬁ ¢ (“t’a“”f*i»t) lwio =, [0 = Fs™ | finite [13]. So for any giver, there exists a state, such
- that
We assume that each player chooses its pgli®¥ to make
its expected net present valle(z, f | p™, pu_;) finite. Z Iy q(y) < .
In oblivious equilibrium, each player's policy is only a ly|>=

function of its current state and average aggregate distri-

bution of its competitors. The next lemma shows that foﬁence the lemma is proved -
the LQ model described above, the oblivious equilibrium is P '

independent of the number of players The next lemma relates the absolute difference in the cost
Lemma 4:Under assumption 2, for the LQ model de-function to the)l — g norm difference between the actual
! m

scribed above, there exists an oblivious equilibrium tisat idistribution fgi,t and its averagg ;.
independent of the number of playersplaying the game. Lemma 6: For the LQ model described above, there exist



constantsM, My and M3 such that and consequently a linear function @f Thus, we have

‘C (xit;aitaf(m)) - C(mitaait»]éi) oe <$’F(f+a(f B f))) |

- ;
M1C(I7t,azf7f—) ’f_zt J—i K K
m x| =) Q%+ Y Qiszs + Qrp1iT +2Q) k12
M2Hffzt—f—i 1_g+M3Hfth—f—i . s=1 s=1
Proof: For simplicity of notation, we drop the sub- K
scriptsi, t. Also denotel'(f) = [yi(f),...,vx(f)], where = |@K+1a7l+ z_; (1Qusl +1QjsD) 26l + 21@s.1c42]
~i(f) is theith moment of the distributiorf. Then, we have -

<

JF
1—g

K
<[Qu 15+ Y (1Qss] +1Qys]) (sl + 75 — )
s=1

+2|Qj, K +2| 17)

where we have used the fact that= 7, + a(ys — 7s) for
s=1,..., K. Now,

Ac = |c(z,a,T(f)) — ¢ (xa avr(f)>‘
=lc1 (2, T(f)) — (%F(JE))‘

v e (v, T(f +alf - 1))
/a 0 O d

o

"Ys *:Ys| =

vy =Y fwy
< Z‘f(y) —f(y)‘ lyl®
da (15) <y ‘f(y) - f(y)‘ lyl*

IA

/;;\f )

der (2.0(f +alf - )
ar(y)

where we have used the fundamental theorem of calculus. - Hf B f”l—g
Consider the second term in the above equation. We hav%ubstituting above equation in equation (17), and intéugat

~ ~ with respect tax we get that
ey (:&I‘(f +a(f - f)))

K
Oc1 0 ~ :
< J—
df (y) ; v, 0f(y) /1 dcy (:c7F(f+a(f f))) -
_ v,
K a=0 J
801 j ~
= T~
2 ol d ARSI
dey for some K,. Here we used the notatioriz] =

11],--- 19|, |z|,1] andD; is a vector of length 42 with
coefficients from equation (17). Substituting above eaqumti
in equation (16), we get

re<rF-1],_ @Dﬂa +K2KHf—fH1_g)

=k i-g], T EE |- as

where the last inequality holds for son#é, sincey € Z.
Substituting the above equation in equation (15), we get

s,

der (2, 0(f +a(f - )
9v;

dec (16) Now considerDT'|Z|. We show that there exists a constant
§ > 0 such thatdDT|z] < |2|TQ|Z| + €. Definew =
(6/2)(Q)~*/2D. Then, we have
where we use the fact th#tf fH is independent of Z7(Q)IZ] + e — 6DT3|
and we also changed the order of mtegral and the summation. 5 1/2)5 T T
Define a vector: = [y1,72, ... 7k, z, 1] and note that; = [E7 Q)12 = 20" (@) 22+ eo + w'w —w'w

is a strictly convex quadratic function aof Thus, we can ( Q)2)z] — )T ((Q)1/2|5‘ _ w) +eo—wlw
write ¢1 (z,71,...,7x) = 2L Qz for some positive definite ”
symmetric matrix@. Note thatD'(f + a(f — f)); = 7 + = ( 1/2w) Q <|g| _ (Q)71/2w) T+ eo — wlw
a(y; —4;4). Sincecy is a quadratic function of;, the partial -
€0

derlvatlve ofc; with respect toy; is a linear function ofy;



where the last inequality follows since the first term is @AME property for industry dynamic models. Common single

quadratic form. So we need to ensure that- w"w > 0,
which implies that
52
4

460

DT(Q)_lD < € m

= 0 <

If we choose K3
K3|2|" Q|2 + Kseo.

Next we show that there existsi, such thaiz|7Q|z]|
K42QZ, whereZ = [91,...9k,x,1]. Note that|z|7|Z|
zT'z. We have

IA

> 1/§, then we have DT|z|

A

217 QIZ] < AgaxlZ| |21
A

max

< K4/\m|n T3
where the last inequality is true for a suitable choicekaf
Note thatQ is positive definite matrix sa\%,, > 0. Since
K4)\mmz 7 < K42TQz, we have thatz|7Q|z] < K42Q7%

for some value of{,. Now,

period profit functions used in those models are bounded
over states. A typical example is a profit function arising
from price competition among firms that face a logit demand
system generated by consumers with bounded income. For
such functions, the AME property can be established using a
slightly different approach. Specifically, assumptionsnd &

can be replaced by a uniform bound on the cost function
as well as assuming that the cost functions are Gateaux
differentiable with respect tg(™)(y). For such models, it is
possible to show that

|10gC(a?,a,f1,m) —logc(m,a,fQ,m)l S ||f1 - f?Hl_!I

where
810gc(x a, f(), )
afm (y)

The statement of lemma 2 then follows by a similar argument
as given in lemmal of [6]. As a part of our future work, we
hope to develop a model that unifies these two approaches.

g(y) = sup

z,a, f(m),m

DT|2| < K3|2|TQ|5‘ + K3€0
S K3K42Q2+K360
= K3K461 ("E,’Yl,’y}() +K360 (19)

Substituting the above equation in equation (18), we provéZ]
the lemma. u

We restrict attention to sequendgs™, ") that satisfy
assumption 5. We conjecture that this assumptlon would b&
satisfied for the LQ model if the noise process has finite
fourth moment. Under this assumption, the AME property
holds for linear systems with quadratic costs. [4

(1]

VI. CONCLUSIONS AND DISCUSSION [5]

In this paper, we studied stochastic dynamic games with
many players, where the players are coupled via their co
functions. Similar to [1], we showed that for a certain class
of stochastic games, we can approximate MPE by a compu-
tationally simpler concept called OE. Previous work done int
this area [1], [6] (where the AME property was established
for profit maximization) assumed a uniform bound on thel8]
cost function. In this paper, we extended the notion of OE
to a class of games where the cost function is unboundedg;
The lack of a uniform bound necessitated a new proof
technique. We showed that games with linear dynamics a
guadratic costs are a special case of the model considered.
This generalizes a similar result derived in [2]. [11]

In the development throughout the paper, we have assu
that all players are uniform, i.e., they have same form of cos
function ¢. The results of this paper can be easily extendeld3]
to the case where the players are non-uniform and their cost
functions are drawn from a finite set of types. The reader
is referred to [6], where a similar development was dong4]
albeit for a different set of assumptions. However, the same
technique can be used here to extend our model; the details
of which are omitted due to space constraints. [15]

As mentioned before, the concept of oblivious equilibrium
was first introduced in [1], where it was used to establish

] S. Ulukus and R. D. Yates,

9] S. P. Meyn and R. L. Tweedie,
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