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1. Introduction

For a given number of leaves n > 2, the unlabeled binary rooted trees with n leaves can be obtained recursively,
beginning from the trivial tree with a single leaf (Table 1). For fixed n, we enumerate all possible pairings of a tree of size
k leaves with a tree of size n — k leaves, for each k from 1 to L%J. For each k < % each pairing of a tree of size k and
a tree of size n — k generates a distinct unlabeled binary rooted tree; for even n and k = , we enumerate pairings of
distinct trees of size § and pairings of identical trees of size 3.

Letting U, denote the number of unlabeled binary rooted trees with n leaves, we have [10, p. 29]
1, ifn=1
U, = Zi":_]l)/z UxUp—k, ifnisoddandn >3 (1)
[Zi":_]z)/z UrUn—k] + Unj2(Unjz + 1)/2, if nis even.
The sequence of values Uy, the Wedderburn-Etherington numbers, begins from n = 1 with 1, 1, 1, 2, 3, 6, 11, 23, 46,

98, 207, 451, 983, 2179, 4850 (Table 2, A001194 in OEIS). U, is straightforward to calculate from Uy, Us, ..., U,_; via the
recursion in Eq. (1). However, no closed-form expression is known.
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Table 1
Furnas ranks of unlabeled binary rooted trees with 1 < n < 8 leaves.
Furnas rank v n
1 2 3 4 5 6 7 8

1 S N SN PN PN I N N
2 PON e 2N 72N 7 N
3 PN 2 e N 2N
4 PN 2N e
5 PPN PN 2N
6 AN ZeN Z o8
7 PN N
8 PPN 2N
9 PILN PN
10 A N
11 PPN ZON
12 PN
13 PN
14 PN
15 PN
16 PN
17 PO
18 PO
19 PEN
20 PO
21 PO
22 PON
23 PPN

For a fixed value of n, the unlabeled binary rooted trees can be enumerated in the sequence in which they appear in
the recursion. According to the ranking scheme of Furnas [11] for trees of size n leaves, k < | 5] is viewed as the size of
the left subtree of a tree of size n > 2 and n — k is the size of the right subtree. Trees with n leaves that have a lower
value of k are assigned lower rank. Trees with n leaves that have the same value of k are ordered by the rank of their left
subtree, and trees with n leaves that have the same value of k and the same left subtree are ordered by the rank of their
right subtree. For trees with two distinct subtrees of size 2, the one with lower Furnas rank appears on the left (Table 1).

Using the Furnas ranking, we can construct a simple bijection between the unlabeled binary rooted trees and the
positive integers. For each n > 1, we simply list all unlabeled trees with n leaves in increasing order according to their
Furnas rank, and we then proceed to trees of n+ 1 leaves. More precisely, forn > 1, we let S, = ZZ:] Uy denote the sum
of the Wedderburn-Etherington numbers, with Sy = 0 (A173282 in OEIS). In the bijection, the tree of size n with Furnas
rank v, 1 < v < U,, is associated with the integer S,_; + v. The trees of size n are then associated with the integers in
[Sp—1+ 1,S,] (Table 2).

This bijection based on the Furnas ranking is convenient as a scheme for indexing trees, but the unavailability of a
closed form for U, and hence for S, makes it difficult to quickly discern the tree associated with a given integer and vice
versa. An alternative ranking scheme—which also bijectively associates the unlabeled binary rooted trees and the positive
integers [4]—addresses this problem.

In this alternative scheme, due to Colijn & Plazzotta [4], the 1-leaf tree is given rank 1. For n > 2 leaves, the ordered
pair (ky, ky), ki > ky > 1, is associated with the tree whose left subtree has rank k; and whose right subtree has
rank k,. Following the dictionary order on ordered pairs, the tree associated with ordered pair (kq, k) is assigned rank
kqi(ky — 1)/2 + 1 + k. Thus, the Colijn-Plazzotta rank of a tree is obtained recursively from the ranks of its left and right
subtrees, and the tree associated with a rank v is obtained by identifying the largest k; such that k;(k; —1)/2+1 < v and
assigning to rank v the tree whose left subtree has rank k; and whose right subtree has rank v —k;(k; —1)/2—1 (Table 3).
Note that the left-right orientation of an unlabeled binary rooted tree generally differs for the Furnas and Colijn-Plazzotta
rankings.

Colijn & Plazzotta [4] used their ranking to characterize trees from simulations and biological data sets and to define
metrics on tree space; the Colijn-Plazzotta ranking is useful when the unlabeled shape of a tree captures features of
biological interest. Thus, further investigation of the scheme can give insight into its use in such applications. Here, we
study mathematical properties of the Colijn-Plazzotta ranking for unlabeled binary rooted trees. We first describe the

89



N.A. Rosenberg Discrete Applied Mathematics 291 (2021) 88-98

Table 2
Minimal and maximal Furnas and Colijn-Plazzotta ranks among unlabeled binary ranked
trees with 1 < n < 16 leaves.

n U, Furnas Colijn-Plazzotta
Sp—1+1 Sn a, by,

1 1 1 1 1 1

2 1 2 2 2 2

3 1 3 3 3 3

4 2 4 5 4 5

5 3 6 8 6 12

6 6 9 14 7 68

7 11 15 25 10 2280

8 23 26 48 11 2598062

9 46 49 94 20 3374961778893

10 98 95 192 22 5.70 x 10%

11 207 193 399 28 1.62 x 10%°

12 451 400 850 29 1.32 x 10%

13 983 851 1833 53 8.65 x 10'%

14 2179 1834 4012 56 3.74 x 109!

15 4850 4013 8862 66 6.99 x 10782

16 10905 8863 19767 67 2.44 x 10'56%

The Wedderburn-Etherington number U, follows Eq. (1). The minimal rank S,_; + 1 and
maximal rank S, according to the Furnas ranking are taken from the sums S, of the
Wedderburn-Etherington numbers. The minimal rank a, and maximal rank b, according
to the Colijn-Plazzotta ranking are taken from Theorems 6 and 9, respectively. For n > 10,
b, is approximated.

ranking and its bijective association with the positive integers (Section 2). For fixed n, we next obtain recursions for the
smallest rank a, assigned to some tree with n leaves (Section 3) as well as the largest rank b, (Section 4). We then study
asymptotic properties of a, and b, (Section 5). We conclude with a discussion (Section 6).

2. The Colijn-Plazzotta ranking

We define the Colijn-Plazzotta ranking more formally. Let T, be the set of unlabeled binary rooted trees with n leaves,
and let T = U2 | T, be the set of all unlabeled binary rooted trees. All trees considered here are unlabeled binary rooted
trees, and we refer to them simply as trees. For a tree t € T, we let m(t) denote its number of leaves. For m(t) > 2, we
let £(t) and r(t) denote the left and right subtrees of t.

Definition 1. The Colijn-Plazzotta ranking for trees t € T is a function f : T — Z* that satisfies
(a) f(t)=1if m(t) =1, and
(b) £(t) = F(EO)IF(E(E)) — 11/2 + 1+ F(r(t)) if m(t) > 2

We abbreviate the Colijn-Plazzotta ranking as the CP ranking. To determine the CP rank of a tree t, we require t to be
written in a canonical form in which f(€(t)) > f(r(t)). For trees in this canonical form, the number of leaves in the left
subtree, m(£(t)), can be greater than, less than, or equal to m(r(t)) (Table 3). The 1-leaf tree has CP rank 1; hence, if it
is a subtree of the root of t and m(t) > 3, then because it has the smallest CP rank among all trees, it is necessarily the
right subtree (for m(t) = 2, both subtrees have 1 leaf). The 2-leaf tree has CP rank 2, and similarly, if it is a subtree of the
root of t and m(t) > 5, then it is the right subtree.

Note that it is possible to eliminate the explicit left-right orientation by referring to the maximal subtrees of the root
of t as “first” and “second” subtrees, with the first subtree having CP rank greater than or equal to that of the second. At
each internal node of t, subtrees of the node could then be depicted in either order, with the understanding that if one
subtree has greater CP rank than the other, then it is “first.” For convenience in assigning a canonical form, we continue
to use the left-right orientation.

Thus, the dictionary order used in the CP ranking has the implication that for two trees tq, t; in canonical form with
f(e(t) < F(e(t2)), f(t1) < f(tz). For two trees ty, t; in canonical form with f(£(t7)) = f(£(t2)) and f(r(t1)) < f(r(t2)),

f(t1) < f(tz). The CP ranking f gives a bijective map between trees and positive integers [4]
Proposition 2. The function f : T — Z* is a bijection.

Proof. For the tree t with m(t) = 1, f(t) = 1. Consider t with m(t) > 2. By definition of f, f(t) > 2.

For injectivity, two distinct trees ty, t, with m(t;), m(t,) > 2 differ in their pair of subtrees, (£(t1), r(t1)) # (£(t2), r(t2)),
giving rise to distinct values of f, f(t;) # f(t2).

For surjectivity, each positive integer v > 2 has a unique representation in the form k;(k; — 1)/2 + 1+ ky, with kq, k;
positive integers and k; > k,. Hence, given v > 2, the tree whose subtrees have CP ranks kq, k, in this representation is
assigned to CPrank v. ®
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Table 3
Colijn-Plazzotta ranks of unlabeled binary ranked trees with CP rank 1 < v < 37.
CP rank v (f(@(t)),f(r(t))) t m(t) a, b
1 - e 1 @ =1 by =1
2 a1 N 2 0= by =
3 1) AN 3 43 = by =3
4 22) PN 4 P
5 3.1 PINN 4 by=5
6 (3.2) PN 5 as =
7 (33) PO 6 a5 =7
8 (41) PONN 5
9 (42) PN 6
10 (43) PN 7 4 =10
11 (44) PON 8 g = 11
12 G.1) PN 5 bs = 12
13 (5.2) PN 6
14 (53) L 7
15 (5.4) PON 8
16 (5.5) PON 8
17 6.1) PN 6
18 (62) PONN 7
19 (6:3) PO 8
20 (6:4) PION 9 o =20
21 6,5) PION 9
2 (6,6) PON 10 o = 22
23 7.1) PO 7
24 (7.2) PONN 8
25 73) PN 9
26 (7.4) PN 10
27 (75) L 10
28 76) PN 11 @y =28
29 7.7) PON 12 = 29
30 8.1) PN 6
31 (82) AR 7
EY) 83) PN 8
33 (8:4) PON 9
34 (8.5) PON 9
35 (8.6) PON 10
36 8.7) PON 11
37 (88) PON 10

The tree t = f~'(v) and its left and right subtrees £(t), r(t) follow Corollary 3, and the number of leaves
m(t) follows Corollary 4. Sequence {m(f’l(v))}f,i1 follows A064064 in OEIS. The values of a, and b,
follow Theorems 6 and 9, respectively. The first v for which the number of leaves declines in proceeding
from rank v to rank v+1 occurs at v = 7, so that m(f~'(8)) < m(f~*(7)). Thus, v = 8 x7/2+1+7 = 36
is the smallest rank for which f~!(v) has fewer leaves in the left subtree than in the right subtree. The
next ranks for which the left subtree has fewer leaves than the right subtree are 74, 76, 77, 78.

Given a positive integer v > 2, the proposition gives a characterization of the tree with CP rank v.

Corollary 3. The function f~! : Z+ — T that gives the tree with specified CP rank satisfies

(a) f~Y(1) is the tree with one leaf, and

(b) for v > 2, f~Y(v) is the tree t € T whose left subtree has CP rank ki(v) = [12¥2"="1 — 1 and whose right subtree has
2

CP rank ky(v) = v — kq(v)[k{(v) — 1]/2 — 1.
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Proof. By definition of the CP ranking, f(t) = 1if m(t) = 1. As f is bijective by Proposition 2, f~1(1) is the tree with one
leaf.

For v > 2, following the proof of Proposition 2, f~!(v) is the tree t € T whose left subtree is the tree with CP rank
k1(v), where kq(v) is the largest integer satisfying k{(k; — 1)/2 4+ 1 < v, and whose right subtree is the tree with CP rank
ka(v) = v — kq(v)[k1(v) — 1]/2 — 1. We solve the inequality for k;. ®

Using the function f~' that gives the tree associated with CP rank v, we obtain a recursion for the number of leaves
possessed by the tree of CP rank v.

Corollary 4. The function m : Z+ — Z7 that gives the number of leaves in the tree with specified CP rank satisfies
(a) m(f~'(1)) = 1, and
(b) for v > 2, m(f~'(v)) = m(f~'([¥57=)) + m(f (v — LG [LEI27/2 — 1)),

Proof. The number of leaves in the tree of CP rank v > 2, or m(ffl(v)), is the sum of the numbers of leaves in its left
and right subtrees, or m(k;(v)) + m(kx(v)). ™

The CP ranking, unlike the Furnas ranking, assigns trees whose numbers of leaves differ substantially to neighboring
ranks (Table 3). Also unlike the Furnas ranking, it enables a straightforward calculation of the rank associated with a given
tree and the tree associated with a given rank.

3. Smallest CP rank for a fixed number of leaves

Next, we compute the CP ranks of the trees of size n that have the smallest and largest CP ranks. For n > 1, we
define a, = miner, f(t) and b, = max;cr, f(t). The sequences {a,};>, and {b,};2, give the minimal and maximal CP rank
considering all trees of size n leaves. Let z, and Z, respectively denote the trees of size n that achieve the minimal and
maximal CP rank, f(z,) = a, and f(Z,) = b,.

We begin with a,. To determine a recursion for a,, we first need a lemma that establishes that a, increases with n.

Lemma 5. {a,}72, is a strictly increasing sequence.

Proof. First, by the definition of the CP ranking and the fact that tree sizes n = 1, 2, and 3 each have only one tree,
a; = 1, a; = 2, and a3 = 3. We show by induction that for each n > 3, a,11 > a,.

Consider a tree ¢ of size n + 1. We must show f(t) > a, as it would then follow that a,1 = mincr,,, f(t) > a,. We
consider two cases. (i) Suppose the two subtrees of the root of t have sizes n and 1. Then, requiring t to be in canonical
form, the left subtree of t has size £(t) = n and the right subtree has size 1, and

f&) = FUB)IF(e(r)) = 11/2 +2
S an(an_1) 2
> ==+
> dy.

Here, the first inequality uses f ( (t)) a, by the definition of a,, and the second follows from the quadratic inequality
Xx(x — 1)/2 4+ 2 > x. Thus, each tree t of size n 4+ 1 with subtrees of size n and 1 has f(t) > a,.

(ii) Suppose t instead has subtrees of size m, V‘zi]} <m<n—1,and n+ 1 —m < m. The subtrees of t are £(t) and
r(t), one of which has size m and the other of which has size n + 1 — m (possibly m = n 4+ 1 — m for odd n). As it is not
yet specified which subtree is £(t) and which is r(t), we consider both left-right arrangements, in each exhibiting a tree
t’ of size n with a, < f(t') < f(t).

Suppose that £(t) has size m. Then f(€(t)) > f(zn+1-m) by the inductive assumption: if £(t) has size m, then f(¢(t)) >
Gm > Anyq1-m. Consider a tree t’ of size n whose two subtrees are £(t) and z,_,,. Note thatf(E(t)) >0y > Ayop = (zn m
by the inductive assumption, so that the canonical form for t" has ¢(t’) = ¢(t) and r(t’) = z,_,. We then have

f(6) = FEO)IF(e(r)) — 11/2 + 1+ F(r(1))
)

()
> fe)If(et)) —11/24+ 1+ tni1-m
> fe)If(et)) —11/2+ 1+ ap_n
= fe)IF(et)) — 1172+ 14 £(r(t)
= f(t).

The first inequality follows from the definition of a,, and the second follows from the inductive assumption. Thus,
f&) > f(t') > an
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Now suppose instead that £(t) has size n + 1 — m. Let the two subtrees of t’ be r(t) and z,_;. Then f(r(t)) > ay >
An_m :f(zn_m), so that in canonical form, t’ has £(t’) = r(t) and r(t') = z;,_,. We have

f(t) = Fe@)If (er)) — 11/2 4+ 1+ f(r(t))
i) = fr@)If(r) — 11/2 + 14 apom.

Rearranging terms, it follows that f(t) > f(t') is equivalent to [f (¢(t)) — f (r(t))1[f (€(t)) +f (r(t)) — 3] > 2[an—m —F (€(t))].
This latter inequality holds, as f(€(t)) — f(r(t)) > 0 for any t, f(€(t)) + f(r(t)) — 3 > 0 for any t with m(t) > 3, and
f(€(t)) > any1-m > n_m by the inductive hypothesis. Thus, f(t) > f(t') > a,.

We conclude that for each tree t of size n + 1 with subtrees of size mand n+ 1 —m, (“Zﬂl <m < n—1, we can find
a tree t’ of size n for which f(t) > f(t'). As f(t') > ay, it follows that f(t) > a,. ®

The computation of a,, encodes a result that the tree with minimal CP rank is obtained by appending two subtrees of
minimal CP rank for their size to a shared root. These subtrees are identical for even n, and they differ in size by one leaf
for odd n.

Theorem 6. The sequence {a,};°; of values of the minimal CP rank across trees of fixed size n satisfies
(a)a; =1,
(b) azn = an(a, — 1)/2 + 1+ a, for 2n > 2, and
(c) azn—1 = an(an — 1)/2+ 1+ ay_q for2n —1 > 3.

Proof. The base case of a; = 1 is trivial, as are the cases of a; = 2 and a3 = 3. Consider a tree t with an even number
of leaves 2n > 4.

We claim that if m(Z(t)) < n, then t # z;,. Suppose the left subtree of t has n* < n leaves. The right subtree then has
at least n+ 1 leaves, so thatf(E(t)) > f(r(t)) > ap41. Then £(t) cannot equal zp«, as f(zy+) = apx < ayyq by Lemma 5. We
could then construct a tree of 2n leaves whose left subtree is r(t) and whose right subtree is z,+. This tree would have a
lower CP rank than t, as the inequality

f(E(t))[f(ZE(t)) —1] ()

is algebraically equivalent to [f(€(t)) — f (r(6))1[f (€(t)) + £ (r(t)) — 3] > 2[an — f(£(t))]; this latter inequality holds as its
left side is nonnegative and its right size is negative. Thus, m(E(zzH)) >n.

Having established that the canonical form of z,, has m(E(ZZn)) > n, we have €(z5;) € T, UTp4q U - - UTy—1. We now
argue that z,, is the tree t* whose left subtree is z, and whose right subtree is also z,.

For t, t' in canonical form, f (£(t)) < f(¢(t')) implies f(t) < f(t") (Section 2); for ¢, t' in canonical form with f (¢(t)) =
f(ee) and f(r(t)) < f(r(t), f(t) < f(t'). By Lemma 5, @y < ny1 < - -+ < 2n1, SO that z, = arg mineer,ur, , Uy, F(£)-
Combining these results, each tree t # t* with t € Ty, and £(t) € T, U Tpyq U - - - U Ty 1, written in canonical form, has
f(t) > f(t*): if £(t) # z,, then f(t) > f(t*); if £(t) = z, and r(t) # z,, then f(t) > f(t*). We conclude £(z3,) = 1(z21) = z,
and ay, = ay(a, — 1)/2 4+ 1+ a,.

For trees of size 2n — 1 > 5, the same argument applies: we show m(ﬁ(t)) > n, then we argue that z,, 1 is the tree
with left subtree z, and right subtree z,_;, producing as,_1 = a,(a, — 1)/2+1+a,—;. N

The first terms of {a,}7 , are 1, 2, 3,4, 6,7, 10, 11, 20, 22, 28, 29, 53, 56, 66, 67 (Table 2). The recursion for a, constructs
the trees z,. For odd n, the two subtrees immediately descended from the root of the tree z, = f~!(a,) have numbers of
leaves that differ by 1 (Table 3). For even n, z, = f~!(a,) has two identical subtrees descended from the root.

An internal node is termed balanced if the numbers of leaves in its two immediate subtrees differ by 0 or 1 [6,13];
hence, the root of z, is a balanced node. The unique tree each of whose internal nodes is balanced is termed maximally
balanced [6,13]; recursively following the proof of Theorem 6, in both the odd and even cases, for each internal node, the
two subtrees immediately descended from the node differ by at most 1 in their numbers of leaves. We thus have the
following corollary.

+1+an*

i (rO)IF(r(r) — 11
2

Corollary 7. Among trees of size n, the tree z, that achieves the minimal CP rank is the maximally balanced tree.

Proof. The construction of z, in the proof of Theorem 6 demonstrates that for n > 2, z, is balanced at each internal
node. W

Note that in the case that n is a power of 2, n = 2* for k > 1, the tree that has minimal CP rank is the fully symmetric
tree.

4. Largest CP rank for a fixed number of leaves

We now turn to {b,}32,, the sequence of values of the maximal CP rank among trees with n leaves. In a similar manner
to Section 3, before giving the recursion for b,, we introduce a lemma that demonstrates that b, increases with n.
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Lemma 8. {b,};2, is a strictly increasing sequence.

Proof. We show b1 > b, forn > 1.

For n > 1, we append Z, and Z; to a shared root to obtain a tree t. Then f(t) = b,(b, — 1)/2 + 2. The inequality
by(b, — 1)/2 + 2 > b, always holds, as bﬁ — 3b, + 4 is an upward-facing parabola with vertex at a positive value, (%, %)
Thus, we have constructed a tree of n + 1 leaves with CP rank greater than that of the tree of n leaves with largest CP
rank. H

Next, to obtain b,, we show that the tree of size n with maximal CP rank is obtained by appending the tree of maximal
CP rank with size n — 1 and a single leaf to a shared root.

Theorem 9. The sequence {b,};2; of values of the maximal CP rank across trees of fixed size n satisfies
(a) by =1,
(b) by = by_1(by_1 — 1)/2 4+ 2 for n > 2.

Proof. The base case b; = 1 is trivial, as are the cases of b, = 2 and b; = 3.

Let n > 4 and consider a tree t with m(t) = n. We claim that if m(Z(t)) < [57, then t # Z,. Suppose the left subtree
of t has n* < (%1 leaves. The right subtree then has at least [%] leaves. Then £(t) cannot be Z;«, as f(Zy+) = by < b[%w
by Lemma 8. We could then construct a tree t’ of size n whose left subtree is Z,_,+ and whose right subtree is Z,+. This
tree would have a greater CP rank than t, as

£t £(t)) — 1] by (bps — 1 by_pr(bp_px — 1
f(e ))[f(z( D=1 ) < et : ) f14p, . < Dol = ) 14 by = ()
where we use by < by_y= by Lemma 8. Thus, m(€(Z,)) > [57.

Having established that the canonical form of Z, has m(E(Zn)) > (%1, we have ¢(Z,) € TF%W U T(§1+1 U UTp—q. We
now argue that Z, is the tree t* whose left subtree is Z,_; and whose right subtree is Z;.

For t, t' in canonical form, f (¢(t)) < f(¢(t)) implies f(t) < f(t') (Section 2). By Lemma 8, bray < brajyq <+ < by,
so that Z,_; = arg MaXeer, y, (ﬂmumur,,,lf(f)- Combining these results, each tree t # t* with t € T, and ¢(t) €
Tr%T U Tr%1+1 U---UTy_q, Wzl‘ittelzl in canonical form, has f(t) < f(t*). We conclude ¢(Z,) = Z,_1 and r(Z,) necessarily is
Zi.Hence b, = by_1(by—-1 —1)/24+2. 1

The first values of {b,}32, are 1, 2, 3, 5, 12, 68, 2280, 2598062 (Table 2, A108225 in OEIS). Because the tree Z, with
maximal CP rank is obtained by successively appending the tree Z,_; with maximal CP rank and a single leaf to a shared
root, the tree of n leaves that achieves maximal CP rank is the caterpillar tree—the tree in which there exists an internal
node that descends from all other internal nodes (Table 3).

uT

Corollary 10. Among trees of size n, the tree Z, that achieves the maximal CP rank is the caterpillar tree.

Proof. In the proof of Theorem 9, it is observed that for n > 2, Z, is obtained by appending Z,_; and Z; to a shared
root. As caterpillar trees C, are constructed by appending the previous caterpillar tree C,_; and the single-leaf tree C; to
asharedroot,Z, =C,. ®

A relationship exists between entries of {a,};; and entries of {b,}; ;. We write d, = a» for n > 0.
Proposition 11. Forn >0, d, + 1 = bp4».

Proof. We demonstrate the result by induction. We have dy + 1 = a; + 1 = 2 and b, = 2. For the inductive step, we
assume d, + 1 = b,42 and show d 1 + 1 = byys.

By Theorem 6, for n > 1, dy 1 = ax(a;m — 1)/2 + 1+ ap = dy(dy — 1)/2 + 1+ dy, = dy(dy + 1)/2 + 1. At the same
time, bpy3 = byi2(bnya — 1)/2 + 2 by Theorem 9. By the inductive hypothesis, we then have b, 3 = (d, + 1)d,/2 +2 =
dp1+1. 1

The sequence {d,};2, = {ax}o, begins 1, 2, 4, 11, 67, 2279, 2598061 (A006894 in OEIS). As a result of Theorem 9
and Proposition 11, as we traverse ranks in the interval [b,, b,+1), flanked by the largest ranks for trees with n and n+ 1
leaves, we encounter ranks for trees representing numbers of leaves as high as 2"~!. The CP ranking can place trees with
quite different numbers of leaves in adjacent ranks. We characterize this difference in the following proposition.

Proposition 12. For n > 1, all trees with CP rank in [b,, b,+1) have sizes in [n, 2"~ ']. The smallest size for a tree with CP
rank in [by, buy1) is n, and the largest size for a tree with CP rank in [by, byyq) is 2"

Proof. The interval [by, b,11), ranging from the largest CP rank of a tree with n leaves to one less than the largest CP
rank of a tree with n + 1 leaves, contains the smallest CP rank of a tree with 2"~! leaves (ay-1 = dy_1 = byy1 — 1 by
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Proposition 11). Because {b,}32 ; is increasing by Lemma 8, b,_; < by, so that no trees of size n — 1 leaves or fewer have
CP rank in [by, byi1). Because {a,}>°, is increasing by Lemma 5, dyn1 < Gyn-1,4, and no trees of size 2"~! + 1 or greater
have CP rank in [by, byy1). H

5. Asymptotics

We now evaluate the asymptotic behavior of the sequences {a,}32; and {b,};2;. We use the method of Aho and
Sloane [1]. This method converts a quadratic recursion into a linear recursion for a logarithm. The linear recursion is
then solved with the help of a constant that is evaluated numerically.

Theorem 13. d, ~ 2a®") for a constant o ~ 1.24602.

Proof. In Proposition 11, dy = 3d2_, + 3do—y + 1 for n > 1, with do = 1. Substituting d, = 2x, — 3, we obtain
Xn = X2+ 15, with xo = 3.

We take y, = logx, in this quadratic recursion for x,. We then have, forn > 1, y, = 2y,_1 4+ a,_1, Where
o1 = log[1+ 11/(16x2_,)]. Applying the method of Aho and Sloane [1],

n—1

Yo = 2"yo + Z 2" gy
i=0
o0

[0.9)
_ (yo 'y z—f—la,) Sy g,
i=0

i=n

Exponentiating both sides, we obtain

> . (2”) 0 .
|:xo exp(z 2’1ai>:| exp <— Z 2”’1’101,-)
i=0 i=n
o0

o@ exp(— Z 2””"1ai>,

i=n

Xn

where « is the constant o = xoexp() oy 27"~ 'a;). Inserting the first terms of the recursive sequence {x,}2°,, we have
(X0, X1,%2.X3,...) = (2,2, 3,2, ...). From these values, we have (g, a1, a2, @3, ...) = (log £, log 3¢, log 32, log 232, ...).
Numerically evaluating the constant « by iterating the recursion to obtain the first 10 terms, we obtain « ~ % exp(% log 2—5?
+ %T Log 3%+ 3log P + £ log 232 + - - ), or a & 1.24602083298366.

en

oo
Xn _ § : n—i—1_.
W = eXp(- . 2 o .
1=n

As n — oo, the sum ) > 2"'o; can be bounded 0 < Y ° 2" 1o < g Y oo, 2" = ap. Because x, — o0 as
. n
n— oo, ap — 0as n — oo. Hence lim,_, oo [X,/a®] = 1.
n
Because dy = 2x, — 1, we conclude d, ~ 2", =

The connection between d,, = a,» and b, (Proposition 11) quickly gives the following result.
Corollary 14. b, ~ 282" for a constant g ~ 1.05653.

Proof. By Proposition 11, by ~ dn_, and by Theorem 13, dy_» ~ 22" ). Hence, by ~ 2" ). Writing # = a'/4 ~
1.05652876566960, the result follows. W

We have obtained an asymptotic equivalence for {d,};2, in Theorem 13, giving the increase of {a,};2, for the
subsequence n = 1,2, 4,8, 16, .... We now place a bound on the increase in {a,};2; more generally.

Proposition 15. a, < (3)" forn > 1.

Proof. We use induction. The result holds forn =1(a; =1<3),n=2(a,=2<3)n=3(a3=3 < %), andn =4
(s =4 < %). We assume that the inequality holds for each n from 1 to 2k — 2. The inductive step is separated into even
and odd cases.
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2a"

0 \\\\\\\\\n
1 5 10 15 20 25 30 35 40 45 50

Fig. 1. The ratio a,/(2a"), @ ~ 1.24602. This ratio has limit 1 for subsequence {a}p, (Theorem 13).

For even 2k > 4, applying Theorem 6 and the inductive hypothesis,

ap(ay — 1
ﬂzk=%+1+ak
CGHEK-1] 3\ K
227 27 4 -
= 2 T3

19]<+13’<+1
2\4 2\2 ’

21 19k 173k 32K : 34k 9vk Thi ; ;
*, we must show 5(3)+3(3)+1 < (3)=, or equivalently, (5)*+2 < (7). This latter inequality
— 2 is an increasing function for k > 0, with g(2) = % > 0, and g(k) therefore remains positive

To demonstrate ay, < (
holds: g(k) = (3)* = (3
for k > 2.

For odd 2k — 1 > 5, applying Theorem 6 and the inductive hypothesis,

3)
)k

ag(ax — 1)
aok—1 = % + 1+ ax—q
MG —1] 3\
227 27 T Z
= 2 ti+l3

RERNON

\]

To demonstrate az—; < (3)*~, we must show 3(3)* — 33X+ 1+ (3)" < (2)*7, or equivalently, (3)* +6 < (3)~.
Again, the function g(k) = (%)" — (%)" — 6 is increasing for k > 0, with g(3) = % > 0. Hence, g(k) remains positive for
k>3 n

In Figs. 1 and 2, we examine the ratios a,/(2«¢™) and an/(%)” for small values of n. In Fig. 1, the ratio a,/(2«"), which
has limit 1 for the subsequence n = 1, 2, 4, 8, 16, ... (Theorem 13), generally exceeds 1. It has a non-monotonic pattern,
returning to near 1 when n is equal to a power of 2. In Fig. 2, the ratio a, /(%)“ lies substantially below 1, indicating that
(%)" is a relatively loose upper bound for a,.

6. Discussion

The Colijn-Plazzotta ranking provides a convenient method for obtaining the rank associated with a given tree and
the tree associated with a given rank. We have obtained recursions for the minimal and maximal CP rank across trees
with n leaves (Theorems 6 and 9), analyzing their asymptotic behavior (Section 5). This analysis demonstrates that as
the CP rank increases, the numbers of leaves in the associated trees traverse a wide range of values. In fact, for n > 1,
the interval bounded by the largest rank across trees with n leaves and the largest rank across trees with n + 1 leaves
contains ranks for trees with as many as 2"~! leaves (Proposition 12). Unlike for the Furnas ranking, the CP ranking has
the property that the trees associated with sequential ranks do not necessarily differ in size by either 1 or 0 leaves; the
difference in size between trees with sequential ranks is 2" —n — 2 in the transition from rank a;» to rank a;» + 1 = by».
Asymptotically, the largest rank across trees with n leaves increases with 28?") for a constant 8 ~ 1.05653 (Corollary 14),
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an
(3/2)"

1,

0.8
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0 n
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Fig. 2. The ratio an/(%)". This ratio lies below 1 for all n (Proposition 15).

and the smallest rank across trees with n leaves is bounded above by the substantially smaller (
asymptotic equivalence to 2a", o ~ 1.24602, for the subsequence {ayn}72 ; (Theorem 13).

The computations of a, and b, construct the trees z, and Z, that respectively have the smallest and largest CP ranks
among n-leaf trees. The smallest rank belongs to the maximally balanced tree (Corollary 7), and the largest rank belongs
to the caterpillar (Corollary 10). Measures of tree balance—the extent to which an unlabeled shape resembles balanced
shapes [2,10,12,15]—often have this property that their most extreme values among trees of size n are represented by
a balanced tree and an unbalanced caterpillar tree. CP rank itself can potentially be used as a measure of increasing
imbalance for a tree t, or it can be normalized to produce an imbalance index Ip for which the maximally balanced tree
with a specified number of leaves has value 0 and the caterpillar has value 1:

f(t) = ame
bm(ty — m(e)

2)" (Proposition 15), with

Iep(t) = (2)

Taking into account the growth of b, with 2,3(2") (Corollary 14) and the slower growth of a, < (%)” (Proposition 15),
another sensible imbalance index could instead rely on logarithms:
_ logf(t) — logame) log f(t) — log am,

t) = .
Jer(0) log by — logamey  2™0 log B + log 2 — 10g apyr)

(3)

It will be useful to compare CP rank and the normalizations in Egs. (2) and (3) to existing measures of tree balance.
Because the tree of minimal CP rank is maximally balanced with absolute difference 0 or 1 between the sizes of the two
subtrees for each internal node, it is of particular interest to compare to the Colless imbalance index [3,5,6,14]—which for
each node sums the absolute difference in the numbers of descendants of the two subtrees of the node and which has
larger values for unbalanced trees. Notably, whereas the Colless index admits tied values for distinct equal-sized trees [6],
a feature of imbalance indices based on CP rank is that no two equal-sized trees are tied with equal values.

The study augments recent results examining unlabeled binary rooted trees that possess maximal or minimal features
in scenarios arising from consideration of evolutionary problems [6-8,13]. Curiously, Theorem 13 has a close connection
with an analysis of “non-equivalent ancestral configurations,” structures that are used in characterizing relationships of
pairs of trees [9,16]. For non-equivalent ancestral configurations associated with the completely balanced trees—the same
trees that produce the smallest CP rank in the case that n is a power of 2—Section 4.2 of Disanto & Rosenberg [9] gives a
recursion for a quantity y;,, with yy = 0, which can be transformed by y;,, = 2x, —% to produce the recursion x,, = xﬁq + %
with xg = % seen in the proof of Theorem 13. Thus, Disanto & Rosenberg [9] obtain the same asymptotic result 22" we
observed for d,, but for the growth of a different quantity y,, the number of non-equivalent ancestral configurations with
increasing numbers of leaves 2" in completely balanced trees.

The CP ranking encodes an innovative scheme that facilitates computations with unlabeled binary rooted trees. It has
potential for use in summarizing trees that arise in probabilistic models and data sets, as shown by Colijn & Plazzotta [4]
in their construction of metrics for unlabeled binary rooted trees and their use of these metrics to study evolutionary trees
of strains of infectious agents. Further analysis of the mathematical properties of the CP ranking can potentially inform
its applications.
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