DE GRUYTER Stat. Appl. Genet. Mol. Biol. 2023; 22(1): 20230004 a

Xiran Liu*, Zarif Ahsan, Tarun K. Martheswaran and Noah A. Rosenberg

When is the allele-sharing dissimilarity
between two populations exceeded by the
allele-sharing dissimilarity of a population
with itself?

https://doi.org/10.1515/sagmb-2023-0004
Received January 5, 2023; accepted November 10, 2023; published online December 12, 2023

Abstract: Allele-sharing statistics for a genetic locus measure the dissimilarity between two populations as a
mean of the dissimilarity between random pairs of individuals, one from each population. Owing to within-
population variation in genotype, allele-sharing dissimilarities can have the property that they have a nonzero
value when computed between a population and itself. We consider the mathematical properties of allele-
sharing dissimilarities in a pair of populations, treating the allele frequencies in the two populations para-
metrically. Examining two formulations of allele-sharing dissimilarity, we obtain the distributions of within-
population and between-population dissimilarities for pairs of individuals. We then mathematically explore the
scenarios in which, for certain allele-frequency distributions, the within-population dissimilarity — the mean
dissimilarity between randomly chosen members of a population — can exceed the dissimilarity between two
populations. Such scenarios assist in explaining observations in population-genetic data that members of a pop-
ulation can be empirically more genetically dissimilar from each other on average than they are from members
of another population. For a population pair, however, the mathematical analysis finds that at least one of the two
populations always possesses smaller within-population dissimilarity than the value of the between-population
dissimilarity. We illustrate the mathematical results with an application to human population-genetic data.
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1 Introduction

Statistics that measure the genetic dissimilarity between pairs of populations are widely used for interpret-
ing population-genetic data (Bowcock et al. 1994; Chakraborty and Jin 1993; Gao and Martin 2009; Mountain
and Cavalli-Sforza 1997; Mountain and Ramakrishnan 2005; Rosenberg 2011; Tal 2013; Witherspoon et al. 2007).
Patterns in numerical values of the statistics appear in calculations of the relative similarity and dissimilarity
of different human groups (Mountain and Ramakrishnan 2005; Rosenberg 2011; Witherspoon et al. 2007). Fur-
ther, genetic dissimilarity statistics, often termed “genetic distances,” underlie frequently applied tools for data
analysis and visualization, including methods such as evolutionary tree construction (Bowcock et al. 1994) and
multidimensional scaling (Gao and Martin 2009).

Population-level genetic dissimilarity statistics computed at a single genetic locus often proceed by consid-
ering pairs of vectors, p and q, representing the allele frequencies of two populations. Each vector consists of
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nonnegative entries that sum to 1. Hence, for a locus with I distinct alleles, such a genetic dissimilarity statistic
has domain A’™! x A’™!, where A’ is the simplex { D1 Dys oo s Pri 2oy p; =1 and p; > 0 foralli ;.

Among the many genetic dissimilarity statistics that are available (Jorde 1985; Nei 1987), those known as
allele-sharing dissimilarities form a distinctive subset. Such statistics view a dissimilarity between two popu-
lations as the mean of a dissimilarity between pairs of individuals, one from one population and one from
the other. With this perspective, they have a simple interpretation as a population-level generalization of an
individual-level statistic. They also have a natural connection to a fundamental computation in human popu-
lation genetics — the apportionment of genetic diversity among different levels of genetic structure (Edge et al.
2022; Lewontin 1972) — which can be viewed in terms of various mean pairwise dissimilarities across certain
subsets of individuals (Rosenberg 2011).

Unlike most dissimilarity statistics — such as those based on such principles as the Euclidean distance
between functions of allele frequency vectors (Cavalli-Sforza and Edwards 1967) or the dot product of these
vectors (Nei 1972) — because they emerge from inter-individual computations among non-identical individuals,
allele-sharing dissimilarities can produce nonzero values for the dissimilarity between a polymorphic popula-
tion and itself. This feature assists in understanding a property of genetic variation in structured populations: the
extent to which genetic dissimilarity of individuals from the same population ever exceeds genetic dissimilarity
of individuals from different populations, if at all.

Because individuals in a population generally possess a larger number of recent shared ancestors than
individuals from different populations, a perspective focused on population-genetic descent predicts that indi-
viduals from the same population will be genetically more similar than individuals from different populations.
Indeed, in human population genetics, studies of allele-sharing dissimilarity find that the mean dissimilarity
across pairs of individuals from different populations does exceed the mean dissimilarity for pairs from the
same populations (Mountain and Ramakrishnan 2005; Rosenberg 2011; Tal 2013; Witherspoon et al. 2007). How-
ever, such studies also find a perhaps unexpected result that the allele-sharing dissimilarity for some pairs of
individuals from the same population can exceed the dissimilarity for some pairs from different populations.

Here, we seek to explain the properties of allele-sharing dissimilarities within and between populations.
We study mathematical properties of population-level allele-sharing dissimilarities under the assumption that
individuals in a population represent random draws from the vector of allele frequencies in the population.
We consider mean allele-sharing dissimilarities for pairs of individuals from the same population and for pairs
of individuals from different populations, evaluating the conditions on allele-frequency vectors under which
the allele-sharing dissimilarity for a population to itself can exceed the allele-sharing dissimilarity between two
populations. We interpret the results in relation to ongoing efforts to understand human genetic similarity and
difference.

2 Methods

2.1 Allele-sharing dissimilarities

An allele-sharing dissimilarity (ASD) is a type of dissimilarity that is based on counting the number of alleles shared at a locus between
two diploid individuals. We consider two different versions of the ASD concept.

In one ASD variant, which we denote by D;, “allele-sharing” for two diploid individuals is interpreted as the number of shared
elements in their multisets of alleles. Consider a locus with four distinct alleles, the minimum number required so that all possible
cases exist. Call these alleles A, B, C, and D. For D,, two individuals both with genotype AB have 2 alleles shared, as the sets {4, B}
and {4, B} have 2 identical elements. An individual with genotype AB and an individual with genotype AC have 1 allele shared, as
the sets {A, B} and {A, C} have 1 element shared between them, namely A. Two individuals with genotype AA have 2 alleles shared,
as multisets {A4,A} and {4, A} have 2 shared elements, A and A. The dissimilarity D, then uses 1 minus half the number of the shared
alleles as the dissimilarity; the normalization ensures that D, lies in [0,1] (Gao and Martin 2009; Mountain and Cavalli-Sforza 1997).
With 0, 1, and 2 shared alleles, the dissimilarity equals 1, %, and 0, respectively.

Another variant of ASD, which we denote by D,, instead considers alleles individually, evaluating the fraction of pairs of alleles,
one from the first individual and one from the second, that are distinct (Mountain and Ramakrishnan 2005). For two individuals with
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Table 1: Two variants of allele-sharing dissimilarity. All possible pairs of unordered genotypes are shown, along with their values of D,
and D,.

Case Genotypes D, D,
1 AA, AA 0 0

1 1
2 AA, AB 2 2
3 AA, BB 1 1
4 AA, BC 1 1
5 AB,AB 0 :

1 3
6 AB, AC 3 3
7 AB, (D 1 1

genotype AB, D, is equal to % because among the four possible pairs of alleles — (4, A), (4, B), (B, A), and (B, B), where the first entry
in the pair represents an allele from the first individual and the second entry is an allele from the second individual - two of four
contain distinct alleles.

Table 1shows all seven possible pairs of unordered diploid genotypes for two individuals and their corresponding dissimilarities
measured by D; and D,. In only two of seven cases do the two dissimilarities differ.

2.2 Notation

Consider a locus with I distinct alleles. We consider allele-frequency vectors in each of two populations. In Population 1, the allele
frequencies are p = (p;, p,, ..., P;), where p; represents the frequency of allele i. In Population 2, they are 4 = (q,,q,, ..., q;). The
frequencies satisfy 0 < p;,¢; < 1foralli,and ¥|_ p; = ¥i_,q; = 1.

We are interested in mathematical properties of the distribution of ASD measure D, for pairs of populations — possibly the same
population — where D canrefer to D, or D,. We denote the dissimilarity D between two randomly chosen individuals within the same
population with allele-frequency vector p by D¥(p), and the corresponding dissimilarity between two randomly chosen individuals
from different populations with allele-frequency vectors p and g by D?(p, q). We often drop the arguments for convenience.

We will have occasion to use various symmetric sums involving allele frequencies. For t = 1,2, 3,4, for expressions in the
separate populations, we use the notation

I 1
Gt = 2 pl[’ Tt = Z qf’ (1)
i=1 i=1

whereo, =7, =1
For expressions involving both populations, we use

I
Pu= Y DG, @
i=1

where (¢, u) is equal to (1,1), (1,2), (2,1), or (2,2). Note that each of these sums can be viewed as an inner product.

2.3 Assumptions

We seek to perform ASD computations under the assumption that individuals are sampled at random from allele-frequency dis-
tributions. With this perspective, for a random pair of individuals, an ASD measure is a random variable that depends on the
allele-frequency vectors of two populations of interest, treated as parameters.

At a given locus, we assume that the two alleles of an individual are sampled independently, so that diploid genotypes in a
population are assumed to follow Hardy—Weinberg proportions. In other words, the probabilities of diploid genotypes in a population
with allele-frequency vector p equal pf for homozygous genotypes and 2p; p; for heterozygous unordered genotypes, with i # j.

3 Distribution of D%

We first compute allele-sharing dissimilarities between random pairs of individuals sampled from the same
population, evaluating the properties of random variables D} and Dy’
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3.1 Distribution of Dﬁ”

D{’ is a random variable that takes on values 0, % and 1. We compute its probability distribution, and we then
evaluate its mean and variance.

P[DY =d|.
We obtain the probability for each possible genotype combination in Table 1. These probabilities appear in
Table 2, both as sums and as simplified polynomials.

With the probabilities of all genotype combinations obtained, we can sum across genotype combinations to
compute probabilities for D{’(p) to equal 0, % and 1. The resulting probabilities appear in Table 3.

E[DY].
The expected value of D}“(p) can be computed from the full probability distribution, via

EDY@l= Y dP[D(p)=d|.

de{o,%,l}

Table 2: Probabilities of genotype combinations for pairs of individuals sampled from the same population. For each case, the
probability is written as a sum, which is then simplified using Eq. (1).

Case Genotypes Probability Simplified probability
I
1 AA, AA A o4
i=1
I I
2 AA, AB 4 Y 405 — 4o,
i=1 ] =1
J#I
I I
3 AA, BB Y X pi 00,
i=1 P —
j=1
J#EI
I I I
4 AA, BC 202 X b X b 20, — 403 — 203 + 40,
i=1 —_ —
j=1 k=1
JEI k#i)
I I
5 AB, AB 2y pr X p? 20,2 — 20,
i=1 / =1
j#i
I I I
6 AB, AC 2500 Y THED Y % 40, — 803 — 46?2 + 80,
i=1 P _
j=1 k=1
jEI k#i]
I I I I
7 AB, (D DIVED YT YRR D Y 166, + 803 + 302 — b0,

=oj=1 k=1 =1
J#EI k#EiLj o C#E )k

Table 3: Probability distribution of D{’(p), the allele-sharing dissimilarity D:" for a pair of individuals sampled at random from a
population with allele-frequency vector p. The table is obtained by summing entries in Table 2.

Value of the dissimilarity (d) P[D¥(p) = d]

0 262 -0,

]

; 40, — 405 — 40‘; + 4o,

1 1—40, + 403 + 202 — 30,
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Figure 1: Mean and variance of the within-population dissimilarities D}’ and D for I = 2 alleles as functions of the frequency p; of one
of the alleles. (A) Mean, Egs. (4) and (10). (B) Variance, Egs. (8) and (14).

Using the probabilities in Table 3, the result is
ED (] =1~ 20, + 205 — 0,. 3
In the I = 2 case, using p, =1— p, sothat o, = pi + (1 — py)%, Eq. (3) becomes:
E[DY(p)] = 2p, — 4p} + 4p3 — 2P, %)

Figure 1A plots Eq. (4) as a function of p;. In the figure, we can observe that the mean value of the dissimilarity
increases from a value of 0 at p; = 0, when the population is monomorphic, to a peak of g at p, = % It then
decreases symmetrically to 0 at p; = 1.

Var[D7].
To obtain the variance of the distribution of D{"(p), we first calculate

EDY@f= ), dP[DLP =d|
de{0,1} (5)
=1—3O‘2+363+O'§—20'4.

The variance can then be obtained from Egs. (3) and (5) by Var[Di” )] = [E[Di” (P4 - [E[Di” (PI*

Var[D(p)] = o, — 65 — 365 + 80,05 — 46,0, — 403 + 4030, — 0. (6)

For the I = 2 case, we once again use that p, =1 — p;:
E[DY(p)] = p, — p} )

Var[D¥(p)] = p; — 5p> +16p3 — 32p; + 40p; — 32p° + 16p] — 4p°. ®
Figure 1B plots Eq. (8) as a function of p,. Like the mean, the variance of the dissimilarity increases from 0 at
p; =0toapeakat p; = %, decreasing symmetrically to 0 at p, = 1. The maximal variance is 6—74
3.2 Distribution of D}’

We compute the distribution of random variable Dy’. This computation uses the same probabilities for genotype
pairs as those used for D’ in Table 2.

P[Dy =d|.
We compute the probability for each of the possible values of D’ by summing probabilities in Table 2. The
resulting probabilities appear in Table 4.
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Table 4: Probability distribution of D’(p), the allele-sharing dissimilarity Dy for a pair of individuals sampled at random from a
population with allele-frequency vector p. The table is obtained by summing entries in Table 2.

Value of the dissimilarity (d) P[D¥(p) = d]

0 Oy

% 463 + 202 — 60,

% 40, — 805 — 40,2 + 80,

1 1— 40, + 403 + 202 — 30,

E[D}].
Summing across the possible values for the dissimilarity,

EDy@l= ) dP[Dyp =d,
aefo.;.51}
yielding the result
E[D)(p)l =1— o, 9

Note that Eq. (9) gives the “expected heterozygosity,” the probability that two draws from the allele-frequency
distribution produce distinct alleles.
For the I = 2 case, we have o, = p? + (1 — p))* = 1—2p; + 2p2, s0 Eq. (9) simplifies to

E[DY(p)] = 2p, — 2p; = 2p,(1 — py). 10)

Figure 1A plots Eq. (10) as a function of p;. The mean value of the dissimilarity is symmetric around a peak at
(%, %), equaling0atp; =0and p; = 1

Var[Dy}].
The variance of the distribution of D‘Z" is obtained using Var[D;”] = [E[D;’(p)z] - [E[Dé” (p)]?. We first find

EDY@*l= ) dP[DYp) =d|

de{0.1,21 @1
=1- %O’z+%63+%6§

Therefore,

Var(D¥(p)] = 62 + ;ag - %622 12)
For the I = 2 case, we use p, =1 — p; to obtain

E[DY (p)*] = p; — 2p} + p; (13)
Var[DY'(p)] = p; — 4p% + 6p3 — 3p;. (14)
Figure 1B plots Eq. (14). The variance has peaks at (—‘[ 7) and (3+‘[ ! T between which it has a local minimum

at (i E) ItequalsOatp, =0and p; = 1.

3.3 Comparison of D} and D’
Comparing E[D{’] (Eq. (3)) and E[D}’] (Eq. (9)), we quickly observe that if p; # 1 for all i, then
E[D{’] < E[DY]. (15)

The result follows by noting (1 — p,)? > 0 for all i, so that ¥,_, p22p)) < ¥, p*(1+ p?) and 265 < o, + o, from
which we obtain Eq. (15). In fact, Eq. (15) follows from Table 1: for all possible genotype combinations, D;” < D;”,
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Figure 2: Mean and variance of the within-population dissimilarities D;” and DY’ for I = 3 alleles as functions of the frequencies p, and
p, of two of the alleles. (A) Mean of D’ Eq. (3). (B) Mean of DY, Eq. (9). (C) E[D}’] — E[D;"]. (D) Variance of D{’, Eq. (6). (E) Variance of
DY, Eq. (12). (F) Var[D¥] — Var[D!*].

and the inequality is strict in two of seven cases, at least one of which must have nonzero probability if p; # 1
for all i.

For I = 2, Eq. (15) can be observed in Figure 1A, as it can be seen that the curve for [E[D;”] exceeds that for
E[D{’]. The largest excess occurs at p; = p, = % Figure 2C plots the difference E[D;’] — E[D;’] for the case of

I = 3, and the maximal difference in the figure also occurs when alleles have the same frequency, (p;, p,, P3) =
111
Gy . |
For the variances, Figure 1B finds that for I = 2, Var[Di"] > Var[Dg’] for intermediate p;, and that the two
variances are comparable for p; near 0 or 1, with some p, values producing Var[D{’] < Var[D}’]. Figure 2F
illustrates a similar result for I = 3. For both I = 2 and I = 3, at intermediate allele frequencies, Var[Di"] >

Var[D;’ ]; atextreme allele frequencies, the two variances are comparable, sometimes with Var[D;” 1< Var[Dg’ 1.

4 Distribution of D”

We now examine allele-sharing dissimilarities between pairs of individuals from different populations. Let p
be the allele frequency vector for the population from which the first individual is sampled, and let q be the
corresponding vector for the population of the second individual; the special case of q = p follows Section 3. We
evaluate the properties of the random variables Df and D’z’ .

4.1 Distribution of D!

P [D;’ = d]. We obtain the probability for each possible genotype combination for a pair of individuals from
different populations. For this computation, we use the polynomials in Egs. (1) and (2). The resulting probabilities
appear in Table 5.

We sum across genotype combinations to obtain probabilities for Di’ to equal particular values. Table 6
provides these probabilities.
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Table 6: Probability distribution of Df(p, q), the allele-sharing dissimilarity Df for a pair of individuals sampled at random from two
populations with allele-frequency vectors p and q. The table is obtained by summing entries in Table 5.

Value of the dissimilarity (d) P[Di(p, q) = d|

0 2p121 — P2

% 4pyy = 2py — 2py; — 4p3, + 4Py,
1

1= 4py + 20y + 2p1, + 207 = 3p

E[D"].
As we did for the within-population dissimilarity Di"(p), we compute the expected value of the distribution of
the between-population dissimilarity Df(p, Q) as

E[D:(p, q)] = Z dP[Dl(p, @) = d|.
de{0,3,1}

Using the values in Table 6, we obtain
E[D}(p, @] = 1= 2py; + poy + p1o — P (16)

For the I = 2 case, with p, =1 — p; and g, =1 — ¢;, Eq. (16) simplifies to

E[D)(p, D] = p; + q1 — 4p1q1 +2P7q1 + 2p1q; — 274 17)
Figure 3A plots Eq. (17). The figure has maxima of 1 at (p,, q;) = (1, 0) and (0,1), when the two populations have
the greatest difference in allele frequency, and equals 0 at (0,0) and (1,1). It has a saddle surface with a value of
% at saddle point (p;, q;) = (%, % .

E[D3] - E[D?]

-n

0.15 0.15

0.12 0.12

0.09 0.09

Var[D%] - VarlD%]

0.06 0.06

0.03 0.03

0.00 0.00

Figure 3: Mean and variance of the between-population dissimilarities Df and D‘Z7 for I = 2 alleles as functions of the frequencies (p,, g,)
of one of the alleles. (A) Mean of D?, Eq. (17). (B) Mean of D%, Eq. (23). (C) E[D5] — E[D”]. (D) Variance of D?, Eq. (21). (E) Variance of D5,
Eq. (27). (F) Var[D4] — Var[D?].
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Var[DP]. We first compute

EDNp, 1= ) dP[Dip.q) =d|
de{0.31} 3 5 (18)
=1-3pu+ o+ 50— 20+ Py
Using Var[D?(p, @)1 = E[D(p, )*] — E[D?(p, )%, the variance is thus
1 1
ile - i/’lz - 3/7%1 + 4py Py + 4pup — 4P1pn — p§1 - Pfg —2p1px

+ 20100 + 20000 — Py 19)

Var[D?(p, )] = pyy —

For the I = 2 case, we have p, =1 — p, and ¢, = 1 — ¢,. Equations (18) and (19) simplify to

1 1 1 1
EID}®. ) = 5 Py + 50 = 2P1s + 3 + 5 @0

11 1, 1
Var[D2(p, )] = SPit S0 — 4P - ip% - qu +8piqy + 8p,qi — 4p3q, — 24piq; — A

+20p3q2 4+ 20p2q] — Ap @ — 24p3q — 4Apiqy + 8Pl + 8piq) — 4piq). vA))

Figure 3D shows that the variance has higher values away from the four corners (0,0), (1,0), (0,1), and (1,1) for
(1, q), equaling 0 in each of these corners.

4.2 Distribution of D

[P’[Dg = d]. We use Table 5 to obtain the probabilities of particular values of D’Z’. The resulting probabilities
appear in Table 7.
[E[DZ]. For D’z’, we substitute the values from Table 7 into

ED)p.@l= ) dP[Dip.q=d
de{0..3.1}
We obtain
E[DS(p, ] =1— py. (22)

This quantity is the between-population analogue of expected heterozygosity, the probability that two random
draws, one from the allele-frequency distribution of a locus in one population and one from the corresponding
distribution in a second population, represent the same allele.

For the I = 2 case, Eq. (22) simplifies to

EID)(p. @] = p; + ¢, — 2P161. @3)

Table 7: Probability distribution of D’z’(p, (), the allele-sharing dissimilarity D‘z’ for a pair of individuals sampled at random from two
populations with allele-frequency vectors p and q. The table is obtained by summing entries in Table 5.

Value of the dissimilarity (d) P[D}(p,q) = d|

0 P2

% 2p + 2p1, + 20}, — 69

% 4pyy — Apy — 4pyy — 407, + 8y

1 1= 4py +2py + 2p1, + 2p% = 3pp
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Figure 3B plots Eq. (23). The figure has maxima of 1 at (p,, q;) = (1, 0) and (0,1) and equals 0 at (0,0) and (1,1). It
has a saddle surface with a value of % at saddle point (p;, q;) = (%, %).
Var[Dlz’].
We find that
ED)p. 1= ) dP[Dip,q =d|
defo.3.1} 4)

7 1 1 1
=1=gput pnt pnt 1.0%1-

Therefore, by Var[D2(p, @)1 = E[D2(p, *] — E[DS(p, )%,

1 1 1 3
Var[D)(p, @) = gPut gPut yPn— Zﬂfl- 25)

For the I = 2 case, Egs. (24) and (25) simplify to

1 1 1 1
E(Dyp, 9" = 5P+ 5@+ 5Py + 581 — Pt~ Pidh — Prdi + P (26)

1 1 1 1
Var[Di(p, @] = SPit ot 3p,qy — Epf - iq% +3p%q, + 3p.¢° — 3P @7n
Figure 3E plots Eq. (27). The variance is greatest at (p;, q;) = (%, 0), (%, 1), (0, %), and (1, %) and equals 0 at (0,0),
(1,0), (0,1), and (1,1). It has a local minimum at (p,, ¢;) = (%, %).

4.3 Comparison of D? and D}

The two measures for the between-population dissimilarity have the same expected value, [E[Df] = [E[Dg], if for
all i, at least one of p;, 1 — p;, q;, and 1 — g; is zero. The condition for equality can be seen from [E[D’z’] - [E[Di’] =
P11 — Py — Pt Py = 211.21 pi1 = p)q;(1 — g)). Excluding these equality cases, we have

E[D!] < E[D]. (28)

Note that Di’ < D’z’ for all possible genotype combinations in Table 1.

The inequality in Eq. (28) can be observed for the I = 2 case in Figure 3C, where the surface plot of [E[D’z’] -
[E[Di’] remains greater than or equal to 0, with equality only on the boundary. The largest difference occurs at
h=q= %

Figure 3F compares the variances of Df and Dg for the case of I = 2. Across most of the parameter space,
Var[Di’] > Var[Dg]. The excess is greatest at points (p;, q;) = (%, %) and (%, %).

5 The relative magnitudes of E[D*] and E[D"]

We now examine the relative magnitudes of the expectations E[D*] and E[D?]. We determine the condi-
tions under which the expectation of a within-population dissimilarity exceeds that of a between-population
dissimilarity.
. . . b
5.1 Inequality relationship between E[D}"(p)] and E[D](p, ¢)]
For arbitrary I, using Egs. (3) and (16), the expression E[D]"(p)] > E[Di’ (p, @] is equivalent to
=20, + 203 — 04 +2py — py— Pz + P > 0. 29)

This condition can be written with vector notation. Let p = (p?, p3, ..., p?) and § = (¢, ¢, ... . q}), treating p,
q, P, and q as row vectors. We have the identities o, = pp7, 6; = pp? = pp’, 6, = Pp’, py; = pd’, 1, = pa’,
P =DPq’, and py, = pg".
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Equation (29) thus becomes

—2pp” +2pp” — pp’ +2pq” — pq” — pq" +pg" > 0, (30)
which simplifies to
p-9T
(p p—f)) Np 1 _r ] <0 (3D
[(p—P)—(q—q]

For I = 2, we can further simplify this condition on p, and q,, noting p, =1—p,and q, =1—g¢;.

Theorem 1. Consider a locus with I = 2 distinct alleles. For individuals sampled from two populations with allele
frequency vectors p = (p;,1— p;) and q = (q;,1 — qy), E[D{(p)] > [E[Df(p, q)] holds if and only if

0<q <p fo<p <a,
. 1
§p)<q<p lfaSP1<é,
) ) (32)
P11 < q; < 8(py) if§<l’151_a’
P<q <1 fl—a<p <1,
where , )
_ X =4+ 4x -1
gl = A=) ,
and
\/31/33 — 13 5/3
a=1 \/_ - 2 + 2|~ 0.3522
3 22/3 3
3v/33-13

is the unique real root of 2x® — 4x* + 4x — 1.

Proof. We simplify Eq. (29) noting p, = 1 — p; and g, = 1 — q;. To find the region where E[D}"(p)] > [E[D’l’(p, I,
we solve the polynomial inequality
D1 — Gy — 4P +4p1qy + 4P — 2piqy — 2pid; — 2 + 2piq; > 0, (33)

with0 < p; <1and 0 < g, < 1. Solving for ¢, in terms of p,, we find that the expression in Eq. (33)is0 at ¢, = p,
and at g¢; = g(p,), and for fixed p, it is positive when q lies between the two roots. The unique real root for
g) =xisatx = % so that g(p,) < p, for p; < % and g(p,) > p, for p; > %

For 0 < p; < %, g(py) < 0 for p; < a, so that for 0 < p; < g, the region where the expression in Eq. (33) is
positive includes the full interval (0, p,) for ¢,. For a < p; < %, it is positive only in interval (g(p,), p,) for q;.

For % < p; <1, g(p) =1for p; =1—a, with g(p,;) < 1for p, in [%1 — a) and g(p,) > 1for p;in (1 —a,1].

Hence, for p; in [%, 1 — a], the expression in Eq. (33) is positive for ¢, in (p;, g(p,)), and for p, in [1 —a,1], it is
positive for g, in (p;, 1. O

Figure 4A plots the region identified in Theorem 1. That a nonempty region exists indicates that sometimes,
allele frequencies for a biallelic locus produce a within-population dissimilarity that exceeds the between-
population dissimilarity. Note that because the choice of which allele is labeled 1 and which is labeled 2 is
arbitrary, (p,, q,) is included in the region if and only if 1 — p;,1 — q;) is also included.

We can calculate the area of the region in the unit square representing the probability [FD([E[D;”] > [E[Df])
under the assumption that p; and g, are independently and identically distributed with uniform-[0,1] distribu-
tion:
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Figure 4: Values of (p,, g,) for which E[D*] > E[D"] in the case of I = 2 alleles, shaded in color. (A) D,, Theorem 1. (B) D,, Theorem 2.

P(E[DY] > E[D?])

1-a g(py)
/ / ldgq;dp, + / / ldgq;dp, + / / 1dg,dp, + / / 1dg,dp,
p1=0 ¢,=0 pi=a q,=g(p,) p1_7 q1=D1 pi=l-a q;=p;
—4p3 +6p? —4p, +1
=2 d 1 1 d
/ p.ap, + / 29,1 — py) P

pi=a
2 1
=—-a‘+2a-— E—ZlogZ—loga—log(l—a)
~ 0.17179. (34

To evaluate IP([E[D;”] > [E[Df]) more generally, for each I from 2 to 20, we perform a simulation. In par-
ticular, for each I, we consider independently and identically distributed vectors p and q from the uniform
distribution over the simplex AT (the Dirichlet-(1, 1, ..., 1) distribution, where the vector of 1’s has length I).
We sample 100,000 replicate pairs (p, q), and for each pair we evaluate if [E[D;”] > [E[D’l’].

Figure 5A plots the resulting probability. We can observe that for I = 2, the simulated IP([E[D;”] > [E[Df])
accords with the analytical value in Eq. (34). The probability then decreases with increasing I.

5.2 Inequality relationship between E[D;’(p)] and [E[D’z’(p, ol
For arbitrary I, via Eqgs. (9) and (22), the expression E[D;’(p)] > [E[D’z’(p, q)] is equivalent to
pyy — 05 > 0. (35)
With ¢, = pp’ and p;; = pq7, Eq. (35) thus becomes
pp-’ <o (36)

For I = 2, Eq. (36) can be simplified to a condition on p, and q,, again noting p, =1—p;andq, =1—q,.
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Figure 5: The probability P(E[D¥] > E[D"]) for simulated pairs of allele frequency vectors (p, q) with I distinct alleles. (A) D,. (B) D,.
Independent and identical uniform distributions are simulated for each I, 2 < I < 20, by drawing uniformly from the simplex A™"
(100,000 replicates).

Theorem 2. Consider a locus with I = 2 distinct alleles. For individuals sampled from two populations with allele
frequency vectors p = (p;,1— p,) and q = (q;,1 — qy), E[D(p)] > [E[D’Z’(p, q)] holds if and only if

0<q<p lf(;< p1<%’ @37
P<q <1 5 <p<i
Proof. With p, =1— p, and q, = 1 — q;, Eq. (35) simplifies to
P1— G — 207 +2pyqy > 0.
Solving this inequality, we arrive at the result. O

Figure 4B plots the region identified in Theorem 2. This region describes the locations in which allele fre-
quencies for a biallelic locus produce a within-population dissimilarity that exceeds the between-population
dissimilarity. As is true for D, (p;, ¢;) is included in the region if and only if (1 — p;,1 — ¢;) is also included.

The area of the region in the unit square, representing IP’([E[D;”] > [E[Dé’]) under the assumption that p,
and g, are independently and identically distributed with uniform-[0,1] distribution, is straightforward:

P(E[DY] > E[D}])

1
2

121 1 1
= /1d‘hdl’1+/ /1dq1dp1

=0 ¢,=0 plz% G=py

=1
=3 (38)

We evaluate P([E[DZW] > [E[D’Z’]) for each I from 2 to 20 by simulation. For each I, we consider independently
and identically distributed vectors p and ¢ from the uniform distribution over the simplex A’~* (the Dirichlet-
1,1, ...,1) distribution), sampling 100,000 replicate pairs (p, (), and evaluating the fraction of pairs for which
E[DY¥] > E[D]].
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Figure 5B plots the resulting probability, illustrating the agreement between the simulated
[F"([E[Dg’] > [E[D’Z’]) and the analytical value in Eq. (38) for I =2. The probability then decreases as I
increases.

5.3 Comparison of the E[D"*] — E[D"] inequalities for D, and D,

The inequality E[D*] > E[D’], where the mean dissimilarity between individuals from the same population
exceeds that between individuals from different populations, holds under different scenarios for D; and D,.
Comparing Egs. (34) and (38), we see that for the case of I = 2, E[D}"] > [E[Df] holds over a smaller fraction of the
parameter space than the corresponding inequality E[D;’] > [E[Dg] (Figure 4). Further, if the former inequality
holds, then the latter always holds as well.

In Figure 5, we also observe that the probabilities P(E[D"] > E[D’]) are higher for D, than for D, in sim-
ulations with different numbers of alleles. Hence, use of D, rather than D, produces a greater probability that
the within-population genetic dissimilarity exceeds the between-population dissimilarity.

6 The relative magnitudes of E[D*] and E[D"]

We have seen that both for D, and for D,, it is possible for the expected dissimilarity E[D"] of random pairs
of individuals within a population to exceed the expected dissimilarity E[D?] of random pairs between that
population and a second population. However, we will see that for a pair of populations, the mean of their two
within-population dissimilarities never exceeds their between-population dissimilarity.

For a pair of populations with allele frequency vectors p and g, let E[D{’(p, )] = %([E[Df’ (p)] + E[D (D),

and let E[D(p, )] =  EIDY (p)] + EIDY (@)).

6.1 Inequality relationship between E[D’1(p, q) and E[D:(p, )]
Theorem 3. E[D{(p, ] < [E[Df(p, ], with equality if and only if p = q.

Proof. We use Egs. (3) and (16) to rewrite E[D}’(p, )] — [E[Df(p, q)], obtaining

E[DY(p)] + E[DX(q)]

) — E[Db(p, @]

1 1
=—0,+ 03— 50'4_72"‘73_ 574—P21—P12+P22+2011-

Rewriting in terms of the vectors p, q, p, and q, we have

E[D{ (p)] + E[D ()]
2

— E[DA(p, q)]
:—(p—q)(p—q)T+(p—q)(f)—F1)T—%(f)—ﬁ)(f)—ﬁ)T
L a2 — i — ) — (5 — a2

= 2Ilp qll 2II(p qQ-—P-ql|

<0.

Equality is reached in the last step if and only if p = q. O
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6.2 Inequality relationship between E[D¥(p, q)] and E[D:(p, q)]
Theorem 4. E[D;(p, q)] < E[D5(p, q)], with equality if and only if p = q.
Proof. We rewrite E[D}’(p, q)] — [E[D’z’(p, ] using Eqs. (9) and (22):

EIDY @1+ EDY @] _ iy

2
o, T
=—?2—EZ+P11'

In terms of the vectors p and q, we have

E[Dy (p)] + E[Dy (@]
2

— E[D2(p, @]
__ 1 r 1 7 T

= pr qu +pq

_ 1

= 2||P qll

<0

’

with equality if and only if p = q. O

6.3 Comparison of the E[D*] — E[D"] inequalities for D, and D,

The inequality F[D"(p, )] < E[D’(p, @)1, with equality if and only if p = ¢, holds for both D, and D,. Comparing
the proofs of Theorems 3 and 4, we see that

E[D{ (p, ] — E[D}(p, @] = E[DY (p, )] — E[D}(p, ] — %Il(p -9 -®-l> (39)

The extent to which E[D{(p, @] < [E[Df(p, @] for p # q, or E[D}"(p, @] — [E[Df(p, @], has a greater absolute
value than the corresponding extent to which [E[Dé” (p,l < [E[Dg (p, ]l forp # q, or [E[D;”(p, Ql— [E[D’z’ (p, Pl

7 Data analysis

7.1 Data

Our theoretical analysis predicts features of dissimilarities D; and D, in within-population and between-
population computations. To compare to empirical observations, we examine multiallelic microsatellite data
from the Human Genome Diversity Project (HGDP-CEPH panel). We consider the 1048 individuals and 783
microsatellite loci from Rosenberg et al. (2005), employing the H1048 subset of the HGDP-CEPH panel (Rosen-
berg 2006). We follow previous uses of the HGDP-CEPH panel in considering 53 populations and 7 geographic
regions. We focus on 30 populations for which the number of sampled individuals is greater than 15. Across
these 30 populations, the total number of individuals considered is 813.

7.2 Theoretical computations

For our theoretical calculations, given a population in the data set and a locus, we compute allele frequencies.
We then apply our theoretical formulas to the allele frequency vectors. Note that if a locus is missing genotypes



DE GRUYTER X. Liu et al.: Allele-sharing dissimilarities =17

in an individual, then we omit that individual from the calculation of population allele frequencies at the locus,
so that we maintain the property that allele frequencies at a locus in a population sum to 1.

7.3 Empirical computations

For empirical calculations, we consider the actual diploid individuals in the HGDP-CEPH data, for within-
population computations comparing all pairs of individuals within a population. For between-population com-
putations, we compare all pairs of individuals, one each from two populations. Pairwise dissimilarities between
diploid genotypes are obtained according to Table 1. We compute within-population and between-population dis-
similarities as the means across relevant pairs, and we compute variances of dissimilarity distributions across
pairs of individuals.

For this analysis, we omit individuals with missing data prior to computation of empirical ASD values. In
between-population comparisons, all allelic types present in one but not the other population are assigned a
frequency of 0 in the population in which they are absent.

We perform the theoretical and empirical calculations for all 783 loci.

7.4 Results of data analysis

Figure 6 compares empirical and theoretical means and variances of within-population dissimilarities across
pairs of individuals, considering 100 randomly sampled loci in 30 populations. Figure 6A compares the empirical
value of E[D}’] computed by averaging D;" values for all pairs of sampled individuals with the theoretical value
predicted from the allele frequencies and Eq. (3). The theoretical calculation generally predicts the empirical
dissimilarity, with most points clustering along the diagonal (r = 0.962). In Figure 6B, a similar plot for E[D}’]
using Eq. (9) for the theoretical computation produces closer agreement between the empirical and theoretical
values (r = 0.999).

Figure 6C and D compare empirical and theoretical variances across pairs of individuals for within-
population dissimilarities, using Eqs. (6) and (12) for the theoretical computation. The theoretical variance pre-
dicts the empirical variance, but the agreement is not as close as for the mean (r = 0.676 for Var[D{’], r = 0.732
for Var[D}’]).

Figure 7 plots analogous comparisons for between-population dissimilarities, considering a subset of loci
from Figure 6. In Figure 7A, we see a close relationship between empirical [E[Di’] and theoretical [E[Df] similar
to the relationship observed in Figure 6A (r = 0.943). As was seen in Figure 6B, in Figure 7B, we see a stronger
relationship between the empirical value of [E[Dé’] and the theoretical value (r = 1.000).

Figure 7C and D consider relationships between empirical and theoretical between-population variances
for D, and D,. As was observed in Figure 6C and D, empirical and theoretical variance are correlated (r = 0.676
for Var[Di’], r = 0.731 for Var[D’z’]), but the agreement for variances is not as close as for the mean.

Figure 8 empirically examines the inequalities in Theorems 3 and 4 stating that when computed from
allele frequencies, the mean of the within-population dissimilarities for two populations is always less than
the dissimilarity between them. It shows all population pairs from Figures 6 and 7 with a single random locus.

In Figure 8A, we find that the theoretical values of [E[Di’] and [E[Dl’”], computed from allele frequen-

cies alone, follow the predicted inequality, with [E[Df] > [E[Di”]. However, the theorem does not necessarily
apply to dissimilarities computed from actual diploid individuals, and indeed, some exceptions are ohserved
in which the empirical [E[Di’] is smaller than [E[Di“] (Figure 8C). Similar results hold for [E[Dlz’] and [E[Dg”] in
Figure 8B and D.

Figure 9 tabulates the fraction of loci for which the empirical within-population dissimilarity of a popula-
tion (denoted Population 1) exceeds the population’s empirical hetween-population dissimilarity with a second
population (Population 2), or E[D*] > E[D"]. The populations are arranged geographically, following a general
decrease in within-population genetic diversity with migration distance from Africa, as measured by expected
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heterozygosity 1 — o, (Prugnolle et al. 2005; Ramachandran et al. 2005). In Figure 94, for D;, if Population 1 is
a population with relatively low within-population heterozygosity, such as a Native American population, then
its within-population dissimilarity rarely exceeds its between-population dissimilarity with a second population
(rightmost columns). The fraction of loci for which E[D*] > E[D"] is greatest for intermediate-heterozygosity
South Asian populations (central columns). If Population 2 is a high-heterozygosity African population, then
for all non-African choices of Population 1, the within-population dissimilarity of Population 1 rarely exceeds
the between-population dissimilarity with an African Population 2 (bottom rows). Similar patterns are seen in
Figure 9B for D,, with the additional observation that the within-population dissimilarity of Population 1 often
exceeds the between-population dissimilarity when low-heterozygosity Native American populations are placed

in the role of Population 2 (top rows).
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Figure 6: Empirical and theoretical mean and variance of within-population allele-sharing dissimilarities. Each panel considers 100
randomly sampled loci (among 783) in 30 populations with sample size greater than 15 (100 X 30 = 3000 data points in each panel).
(A) E[D{1. (B) E[DY1. (C) Var[D}’]. (D) Var[Dy']. Empirical values rely on dissimilarity calculations according to Table 1 from pairs of
diploid individuals, and theoretical values are calculated from allele frequencies according to Egs. (3), (6), (9) and (12).
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Figure 7: Empirical and theoretical mean and variance of between-population allele-sharing dissimilarities. Each panel considers 10
randomly sampled loci in pairs among the 30 populations with sample size greater than 15 (10 X 320 ) = 4350 data points in each panel).
The 10 loci are taken from among those used in Figure 6. (A) E[D?]. (B) E[D2]. (C) Var[D*]. (D) Var[D5]. Empirical values rely on
dissimilarity calculations according to Table 1 from pairs of diploid individuals, and theoretical values are calculated from allele
frequencies according to Egs. (16), (19), (22) and (25).
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(B) Theoretical values of D,. (C) Empirical values of D,. (D) Empirical values of D,.
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8 Discussion

Allele-sharing statistics are often used to quantify genetic dissimilarity within and between populations. Because
they typically share a larger number of recent ancestors, individuals from the same population might be pre-
dicted to possess a lower genetic dissimilarity than those from different populations. We have mathematically
explored the circumstances under which this prediction fails, when the genetic dissimilarity within a popu-
lation exceeds the genetic dissimilarity between two populations. The analysis characterizes the properties of
allele frequency vectors that give rise to this counterintuitive scenario, illustrating its occurrence in human
population-genetic data.

When does within-population dissimilarity for a population exceed between-population dissimilarity with
a second population? The conditions that permit this inequality in the case of I = 2 alleles are instructive (The-
orems 1 and 2 and Figure 4). In this case, two populations have unbalanced allele frequencies, with Population
2 more unbalanced than Population 1, but the two populations are similar in their frequencies. In Population
1, dissimilarity is generated from comparisons of homozygotes for one allele and homozygotes for the other
allele. However, because Population 2 has allele frequencies that are more unbalanced than those of Population
1, fewer comparisons of distinct homozygotes occur in the between-population comparison. This phenomenon
results in a within-population dissimilarity in Population 1 that exceeds the between-population dissimilarity.
Beyond I = 2, such an excess is observed in empirical calculations with I > 2 alleles (Figure 9), as well as in
simulations, though with decreasing probability as I increases (Figure 5).

Although a population can possess greater within-population dissimilarity than its between-population dis-
similarity to a second population, we find that for arbitrary numbers of alleles I, it is not possible for both
populations in a pair to possess greater within-population dissimilarity than the between-population dissimilar-
ity (Theorems 3 and 4). In data, “theoretical” dissimilarities obtained by treating allele frequencies in the data as
parametric frequencies of two populations follow this inequality strictly, with greater between-population dis-
similarity than at least one of the two within-population dissimilarities (Figure 8A and B). Similarly, the mean
of the two within-population dissimilarities is strictly less than the between-population dissimilarity in theoret-
ical calculations (Figure 8A and B); while “empirical” dissimilarities calculated from individual genotypes can
violate the inequality, we find that these violations are generally mild (Figure 8C and D).

The results can contribute to understanding unexpected phenomena involving allele-sharing dissimilar-
ities in human populations. We have seen that within-population dissimilarities in Population 1 sometimes
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exceed between-population dissimilarities, often in comparisons that involve a lower-diversity Population 2 and
a higher-diversity Population 1 (Figure 9); in essence, a high-diversity population can possess enough variation
that its inter-individual dissimilarity can exceed the dissimilarity between populations. Our theoretical calcula-
tions provide a basis for this scenario, and in fact, we saw for I = 2 that it is not unlikely in certain parts of the
allele frequency space (Figure 4).

Our theoretical analysis deepens a line of inquiry on mathematical effects on allele-sharing. For each of two
dissimilarity functions, we have obtained probability distributions of within- and between-population allele-
sharing dissimilarities across pairs of individuals as functions of allele frequencies (Tables 3, 4, 6, 7), focusing on
the mean and variance of the dissimilarity statistics (Eqgs. (3), (6), (9), (12), (16), (19), (22) and (25)). The expressions
for these quantities, and inequalities concerning their relationships (Theorems 1-4), augment previous efforts
on the mathematics of allele-sharing dissimilarities in terms of allele frequencies (Chakraborty and Jin 1993; Tal
2013).

The two variants of allele-sharing dissimilarity that we studied, D, and D,, share many features. For I = 2
and I = 3 alleles, the expected values of D" and D’ are maximal when all alleles have the same frequency
(Figures 1A and 2A, B). Trends in expectations of Di’ and Dg at I = 2 are also similar (Figure 3A and B), as are
the regions in which E[D*] > E[D"] for I = 2 (Figure 4), and the simulated probabilities P ([E[Dw] > [E[Db]) for
I > 2 (Figure 5).

However, some consistent differences between the two dissimilarities are also observed. D, > D, for all
genotypes (Table 1), and hence, E[D}’] > E[D{’] (Figures 1 and 2C and Eq. (15)) and [E[Dlz’] > [E[Di’] (Figure 3C
and Eq. (28)). Although both dissimilarities have W < E[DP] (Theorems 3 and 4), Wﬁ‘] - [E[Df] < W;] -
[E[D’z’] (Eq. (39)), so that the extent to which m lies below E[DP] has greater magnitude for D;.

The within-population variance across pairs of individuals is not uniformly higher for either dissimilarity
(Figures 1B and 2F); at I = 2, it has different shapes, as Var[D;"] has two maxima, whereas Var[D;”] has only
one (Figure 1B). D, has larger regions in which E[D*] > E[DY] for I =2 (Figure 4) and for I > 2 (Figure 5).
In the empirical analysis, D, has a closer match between empirical and theoretical mean values of the dis-
similarity (Figures 6B and 7B). Its patterns in the fraction of loci for which E[D*] > E[D"] align more closely
with the heterozygosity values of the populations, with the probability of E[D*] > E[D"] larger when Popu-
lation 1 is a higher-diversity population and Population 2 is a lower-diversity population (Figure 9B). Notably,
expressions for E[D,] are closely tied to heterozygosity (Eq. (9)) and its between-population analogue (Eq. (22)),
potentially explaining the tighter connection of heterozygosity to its associated observations. Thus, the lesser-
used D, — which, unlike D;, allows the dissimilarity of an individual and itself to be nonzero (Table 1) — does
possess a more easily interpreted pattern in the probability that E[D*] > E[D?].

Does our analysis suggest a preference for D, over D,, or vice versa? To summarize, D, has been used
more frequently than D,, and it also has the property that the dissimilarity of an individual and itself is zero.
The less frequently used D, does not have this property, but it produces simpler expressions for its within-
population and between-population expectations, with more natural interpretations of those expectations and
their consequences. We conclude that although D, has a number of desirable properties, D, does as well, and it
perhaps merits attention commensurate with that given to D,.

This work has several possible extensions. We have focused on the first and second moments of allele-
sharing dissimilarities across pairs of individuals; the full distributions (Tables 3, 4, 6, 7) could also be further
investigated. We examined I = 2 in the greatest detail, but special cases that fix a maximal value of I could also
be considered. We chose the two most frequently used ASD variants, D, and D,, but a variant designed for
genotypes obtained by observation of band patterns (Chakraborty and Jin 1993) could also be studied.

We have only considered allele-sharing dissimilarity between population pairs at a single locus, and it will
be of interest to investigate dissimilarities that average across many loci. Our theoretical calculations focus
on dissimilarities between two random individuals chosen from specified allele-frequency distributions at a
locus. Although such distributions have nonzero probability only on the discrete values {0, %,1} for D, and

{0,%,3 1} for D,, when an allele-sharing dissimilarity is calculated as an average across L loci, the 2L +1

52’ Zs
3 L-1 2L-1
L1 21

values {0, i % S L g } become possible values for D, (all multiples of i in [0,1]), and the 4L
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values {0, ﬁ i, e %, % %, 1} for D, (all multiples of ﬁ in [0,1], other than ﬁ itself). Thus, the mean
allele-sharing dissimilarity of a random pair of individuals across many loci — computed either theoretically
or empirically — has many possible numerical values, potentially giving rise to continuous approximations for
associated probability distributions.

We note significant caveats in interpreting our empirical analysis in relation to our theoretical compu-
tations. The empirical computations make use of all pairs of individuals drawn from specified samples; each
sampled individual appears in many pairs, so that the empirical analysis does not follow the assumption of
the theoretical analysis that pairs represent independent draws from allele frequency distributions. A second
difference of the empirical and theoretical analyses is that the theoretical analysis assumes that pairs of alle-
les within an individual are independent draws from the allele-frequency distribution, whereas inbreeding can
induce dependence of these alleles empirically. Such deviations from the assumptions of the theoretical analysis
in conducting the empirical analysis could be explored in simulations that do and do not permit inbreeding and
reuse of pairs of individuals and in empirical samples large enough to avoid such reuses.

Allele-sharing dissimilarities have long been used in population genetics. The mathematical relationships
we have obtained assist both in predicting their properties in relation to allele frequencies and in understanding
empirical aspects of their values. When counterintuitive phenomena are obtained with such dissimilarities —
such as a greater within-population dissimilarity than the between-population dissimilarity — the mathematical
results can potentially provide insight into the unexpected observations.
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