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Figure 1. Approximation of a FDF using a Þnite number of delta-functions. (Left) Transported FDF method and
(right) DQMOM method.

where�G� n = wn�� � n. It is readily seen that these equations resemble species transport equa-
tions. Since no statistical technique is used, the numerical error in the computation is deter-
mined by the computational scheme used to discretize and advance the Eulerian equations. The
level of accuracy in the compositional space can be explicitly set by choosing an appropriate
number of delta-functions. The source terms for these equations (an andb� n) are determined
by the moments of the transport term in composition space, and hence represent mixing and
reaction processes.

For a single scalar case, a non-linear system can be formed to determine the source terms.
The PDF transport equation is multiplied by� m and integrated over composition space to
obtain a moments-based equation system [14].
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wherecn is deÞned by
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For amultiscalar computation, the non-linear system of equations that determines the source
terms is more complex [14]. For such systems, the cross-correlations between the different
species have to be evolved. However, if only the pure moments are used to specify the source
terms, then all multiscalar systems will also evolve by the above set of equations. However, the
covariance of the scalars can not be then controlled. One interesting feature of the DQMOM
scheme is thatanyset of moments can be used to Þnd the source terms. For example, if the
Þrst and third moments are needed to compute the reaction source terms, thenm = 1, 3 can
be used. This aspect will be particularly useful in, say, soot modelling, where the source terms
may involve certain speciÞc higher-order moments. Further details of the DQMOM approach
for reacting ßows can be found elsewhere [14].
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Here, N is set to 2 for all simulations, although any number of delta-functions can be
used. To guarantee realizability of the PDF, the source terms for the transport equation of the
weight function are set to zero [14]. This simpliÞes the transport equations for the weights
considerably. Then the non-linear system that determines the source terms forG� n can be
written as
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The solution of the above system along with the assumptions made lead to the following
source terms:

a1 = a2 = 0, (11)
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The source terms for the�G� n terms contain the inverse of the distance in composition space
between the delta-peaks. Numerically, this could lead to large source terms at certain locations
where the sub-Þlter variance approaches zero. In such a scenario, the peaks will tend to
approach each other leading to a singularity in the determination of the source term. In this
study, this component of the source term was simply set to zero when the peaks are separated
by less than a threshold value,	 . It was found that	 should be less than 10Š3 to ensure that
this approximation does not affect the results.

3. Numerical schemes

In general, the DQMOM scheme can be used with any number of delta-peaks. Wang and
Fox [21] have shown that in the context of particulate formation, two delta-functions are
sufÞciently accurate in evolving the lower moments of the PDF. To test the accuracy of the
two-peak approximation, two different ßow conÞgurations, a shear ßow case and a bluff-body
stabilized ßame, are used. In order to estimate the effect of the DQMOM scheme on sub-
Þlter PDF predictions, three different simulation strategies are adopted. The Þrst simulation
uses a Þnite-volume-based scalar transport scheme with no sub-Þlter models for the scalar
ßuctuations. The second scheme involves a transported-FDF simulation using Lagrangian
particles. The third simulation was carried out with the DQMOM implementation. The shear-
layer numerical experiment was designed to illustrate that the DQMOM scheme, in spite of
using only a two-peak approximation provides results closer to the more detailed multipeak
Lagrangian simulation, and also that neglecting sub-Þlter ßuctuations can lead to substantial
errors. The bluff-body simulations on the other hand are designed to show that in practical LES
simulations, the DQMOM scheme is comparable to a presumed beta-function or a multipeak
Lagrangian representation of the sub-Þlter FDF.

For the shear-layer conÞguration, a simple one-step chemistry with different rate expressions
was tested. The speciÞc functional forms of the rates were chosen to represent some of the
common rate expressions used in global mechanisms. The bluff-body stabilized ßame is
simulated using the steady laminar ßamelet chemistry. Since ßamelet tables need only the
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mixture-fraction PDF to obtain local density or other species values, the three simulations for
this conÞguration evolve only the mixture-fraction PDF.

The following subsections describe the different numerical methods and the implementation
in the LES solver.

Model A: DQMOM-based PDF evolution

A two-peak representation is used to evolve the mixture-fraction PDF. The delta-peak transport
equations and their source terms were discussed in the previous sections. The mixing time
scale for the peak-interactions is identical to the time scale used in the Lagrangian simulation.
The transport equations (equations 5 and 6) are evolved using the QUICK scheme [22]. For
the reactive shear layer conÞgurations, two delta-peaks are used to describe each of the sub-
Þlter mixture fraction and reaction progress variable PDF. The two scalars are assumed to
evolve independently implying that except for the coupling through the reaction source term
expression, there is no peak interaction. This simpliÞes the DQMOM transport equations with
identical mixing and correction terms for both scalars. The reaction source term is set to zero
for the mixture fraction while for the reactive scalar, the source term is evaluated at the scalar
values corresponding to each environment, that is

SY1 = S(�Z1, �Y1), (14)

and

SY2 = S(�Z2, �Y2), (15)

where the subscript refers to the corresponding delta-function. The exact form of the source
term is discussed later. The Þltered scalar value in a given cell are obtained by a weighted
summation of the delta-function locations.

�Z = w1�Z1 + w2�Z2, (16)

�Y = w1 �Y1 + w2 �Y2. (17)

For the variable density bluff-body stabilized ßame, only the mixture-fraction PDF is
evolved. The mean density in the computational cell is then given by

ø� Š1 =
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� (�Z1)
+

w2

� (�Z2)
. (18)

The inlet conditions for the equations are based on those for the mixture fraction. It is assumed
that the peaks are located at 0 and 1 at the inlet. The weight associated with each peak
is determined by the mixture fraction. These boundary conditions are consistent with the
assumption that the source termsan = 0. The weights then evolve according to the same
equation as the mixture fraction and hence need not be solved explicitly. The wall boundary
conditions for øG� n are set identical to the boundary conditions for mixture fraction equation.

Model B: Eulerian scalar transport scheme

Here, scalar transport equations are directly solved along with the LES ßow solver. For the re-
active shear ßow calculation, three scalars are computed. The Þltered mixture fraction, second
moment of the mixture fraction and the Þltered reaction progress variable are solved using a
Þnite-volume-based discretization of the scalar transport equations. The second moment of
the mixture fraction is solved instead of the variance because of numerical reasons. It was
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Figure 4. Comparison of time-averaged (left) mean and (right) variance of reaction progress variable using a constant
rate constant at (top)X = 20, (middle)X = 30 and (bottom)X = 50. ( ) DQMOM scheme, ( ) Eulerian
LES scheme, and ( ) Lagrangian-FDF scheme.

LES solver (Model B) is at least 50% higher than that predicted by the DQMOM model.
Surprisingly, the sub-grid variance proÞle from the DQMOM scheme also shows very good
agreement with the PDF scheme. This essentially implies that the third and higher moments
of the reactive scalar can be neglected for this chemistry scheme.
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Figure 7. Computational domain used for the bluff-body stabilized ßame simulation.

time averaging did not change the mean proÞles. All simulations were performed using MPI
based domain decomposition and utilized 32Ð48 processors. It was found that the Lagrangian
scheme was 12 times slower and the DQMOM scheme was 1.8 times slower compared to the
beta-PDF scheme. The results of the simulation are discussed next.

Figure 8 shows the salient features of the bluff body ßow. The presence of the solid body
induces a recirculation zone that tends to increase the extent of the reaction zone. In addition,
the large-scale recirculation also leads to a near uniform highly mixed region near the bluff-
body. This high-temperature region and the resulting counter-rotating vortex like structures
lead to a stable ßame. It should be noted that in the absence of this recirculation region, the
reaction zone will be located far downstream leading to a lifted ßame structure. At these high
Reynolds number ßows, such a lifted conÞguration will ultimately lead to ßame blowout. The
counter-rotating core region helps to mix the initially segregated fuel and oxidizer. The lean
stoichiometric value of the fuel mixture leads to a high temperature region in the secondary
shear layer between the recirculating ßow over the bluff-body and the coßow. This favorable

Figure 8. Streamline trace near the bluff-body illustrating the presence of recirculation regions.








