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Unsteady Flamelet Modeling of Soot

Formation in Turbulent Diffusion Flames

H. Pitsch, E. Riesmeier, N. Peters

Abstract

The unsteady flamelet model is applied in a numerical simulation

of soot formation in a turbulent C2H4 jet diffusion flame. A kinet-

ically based soot model is used, which relies on a detailed kinetic

mechanism to describe the formation of small polycyclic aromatic hy-

drocarbons. To describe the formation, growth, and oxidation of soot

particles, flamelet equations for the statistical moments of the parti-

cle size distribution are derived. Since the effective Lewis number of

large particles tends to infinity, a formulation is given, which allows

the investigation of the effect of different diffusion coefficients of the

particles on the soot formation process. The results of the calculation

are compared to experimental data, showing very good agreement for

the temperature, which is shown to depend strongly on soot and gas

radiation. The predicted soot volume fraction compares reasonably

well with the measured data, if differential diffusion of the particles

is considered. Calculations with unity particle Lewis numbers show

similar results, but overpredicts the soot volume fraction in the rich

part of the flame.



Introduction

The formation of soot is one of the most complex problems in combustion
science, still by far not well understood. However, intense experimental and
theoretical research within the last two decades has improved the fundamen-
tal understanding and led to a detailed picture of the soot formation process.
This effort has been reviewed for instance by Haynes and Wagner (1981),
Bockhorn (1994) and Kennedy (1997).

Soot is commonly believed to be formed by coagulation of polycyclic aro-
matic hydrocarbon (PAH) species. The resulting small particles essentially
grow by heterogeneous surface reactions with acetylene being the most im-
portant growth species. These reactions are commonly modeled by the so
called H-Abstraction-Carbon-Addition (HACA) mechanism (Frenklach and
Wang 1990). The oxidation of soot particles occurs mainly by heterogeneous
reactions with OH radicals and molecular oxygen.

In practical devices of technical relevance, such as Diesel engines and
gas turbines, soot formation occurs essentially under turbulent conditions.
Hence, predictions of soot in numerical simulations become even more diffi-
cult because of unresolved questions in the treatment of turbulence/chemistry
interactions. Even though some progress has been made recently, applying for
instance pdf (Saxena and Pope 1998) or flamelet methods (Pitsch, Chen and
Peters 1998, Pitsch 1999) in turbulent jet diffusion flames, many problems
remain, including for example the relative importance of molecular transport
and differential diffusion.

Differential diffusion has been discussed in the frame of the unsteady
flamelet model in a recent paper (Pitsch 1999) showing strong influence on
mass fraction development of some species in a methane/hydrogen flame,
because of the enhanced diffusivity of hydrogen compared to methane in a
laminar region close to the nozzle. For soot particles a similar effect can
be expected, even though the laminar near field region does not influence
the soot particles, because the formation of soot occurs farther downstream.
However, even if the transport in the diffusion flame is essentially governed
by turbulence, the particle formation and growth occurs in the reaction zone,
which is believed to be thin compared to the turbulent scales, thereby re-
vealing a laminar structure. Since the Lewis numbers of soot particles tend
to infinity, the effective diffusivities become negligibly small.

In the present study numerical simulations of soot formation in a turbu-
lent non-premixed jet flame are presented. The unsteady flamelet model is
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used to describe chemistry/turbulence interactions. The formation and oxi-
dation of soot is described by a detailed, kinetically based soot model, which
is incorporated in the flamelet model. Different assumptions for differential
diffusion of the soot particles are applied and the results are discussed in a
comparison with experimental data provided by Kent and Honnery (1987).

Governing Equations

Based on the idea of separating the numerical solution of the flow field from
the solution of the chemistry, the flamelet approach can be applied to model
turbulent diffusion flames. Assuming the smallest turbulent scales to be large
compared to the reaction zone thickness, the flame sheet reveals the structure
of a laminar flame. Introducing the mixture fraction as a conserved scalar Z
defined by the solution of the transport equation

ρ
∂Z

∂t
+ ρv · ∇Z −∇ · (ρDZ∇Z) = 0 (1)

and the boundary conditions of being unity in the fuel stream and zero in
the oxidizer stream, the local mixture can be described by a conservation
equation revealing no chemical source term (Pitsch and Peters 1998). In
Eq. (1) t is the time and v is the velocity vector. The mixture fraction
diffusivity DZ is arbitrary and is defined here from the assumption of a unity
mixture fraction Lewis number as

DZ =
λ

ρcp
, (2)

where λ is the heat conductivity, ρ is the density, and cp the specific heat
capacity at constant pressure. The Lewis number of the mixture fraction is
defined in accordance to the Lewis number of the chemical species given by

Lei =
λ

ρDicp
. (3)

In the case of equal Lewis numbers for all chemical species, the mix-
ture fraction definition given by Eqs. (1) and (2) corresponds to an element
mixture fraction based definition as for instance given by Masri and Bilger
(1988).
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The transport equations for the chemical species mass fractions and the
temperature can be written in the following form:

ρ
∂Yi

∂t
+ ρv · ∇Yi + ∇ · (ρYiVi) − ṁi = 0 , i = 1, . . . , N (4)

ρ
∂T

∂t
+ ρv · ∇T −∇ ·

(
λ

cp
∇T

)
+

N∑

k=1

cpk

cp
ρYkVk · ∇T −

λ

c2
p

∇cp · ∇T

+
1

cp

(
N∑

k=1

hkṁk − q̇′′′R

)
= 0 (5)

In these equations T is the temperature, N is the number of chemical
species, and Yi, Vi, ṁi, cpk

, and hi are the mass fraction, the diffusion velocity
vector, the chemical production rate, the specific heat capacity at constant
pressure, and the enthalpy of species i, respectively. The rate of radiative
heat loss per unit volume q̇′′′R accounts for gas and soot radiation, and is
described by a model for grey, optically thin gases as

q̇′′′R = 2σ (T 4 − T 4

u )
∑

i

pi αp,i (6)

In this equation σ denotes the Stefan-Boltzmann constant, Tu the ambient
temperature and pi and αp,i are the partial pressure and the Planck mean
absorption coefficient of species i, respectively. In this model only contribu-
tions of H2O, CO2, and soot particles are considered. The sum in Eq. (6) is
therefore given as

∑

i

pi αp,i = pCO2
αp,CO2

+ pH2O αp,H2O + fv αfv,Soot , (7)

where fv represents the soot volume fraction described below. The extinction
coefficient of soot is taken from Hubbard and Tien (1978).

It is shown in Pitsch and Peters (1998) that using the mixture fraction
definition given by Eq. (1), a flamelet formulation for non-unity Lewis num-
bers can be derived. However, it has been found in many experiments in
turbulent jet diffusion flames (Drake, Pitz and Lapp 1986, Bergmann, Meier,
Wolff and Stricker 1998) that differential diffusion effects occur only very
close to the nozzle. An explanation for this is given in Pitsch (1999). It is
argued that in jet diffusion flames the reaction zone close to the nozzle is
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located in a laminar region, which makes molecular diffusion the dominant
transport mechanism within the mixing layer. Farther downstream these
effects are assumed to be small for the flame investigated in the present pa-
per. The following derivation of the model is therefore performed under the
assumption of unity Lewis numbers for all chemical species.

Flamelet Equations

Following Peters (1984) and Peters (1987), flamelet equations for the species
mass fractions and the temperature can be derived from Eqs. (4) and (5) by
applying a universal coordinate transformation and a subsequent asymptotic
approximation under the assumption of a thin reaction zone. These equations
are given by

ρ
∂Yi

∂t
− ρ

χ

2

∂2Yi

∂Z2
− ṁi = 0 (8)

ρ
∂T

∂t
−ρ

χ

2

∂2T

∂Z2
−ρ

χ

2cp

(
N∑

i=1

cpi

∂Yi

∂Z
+

∂cp

∂Z

)
∂T

∂Z
+

1

cp

(
N∑

i=1

hiṁi − q̇′′′R

)
= 0 . (9)

Here, the scalar dissipation rate χ, which appears as a diffusion coefficient in
mixture fraction space, is defined as

χ = 2DZ(∇Z)2 . (10)

It has been shown in recent works (Pitsch et al. 1998, Pitsch 1999) that
the unsteady term in Eqs. (8) and (9) is important, if slow chemical or
physical processes are involved. For the present study the consideration
of the unsteadiness is essential because of the strong impact of radiative
heat loss on the energy balance and the consideration of soot formation. In
order to incorporate these effects in a CFD calculation, an unsteady flamelet
model has been proposed (Pitsch et al. 1998). In this model a flamelet is
thought to be introduced at the nozzle exit at conditions close to extinction,
traveling downstream with the axial velocity conditioned on stoichiometric
mixture and undergoing the changes of the scalar dissipation rate. The time
t appearing in the flamelet equations can then be interpreted as a Lagrangian
time representing the time of flight of the flamelet and can be related to the
axial nozzle distance as

t =

x∫

0

1

u(x)
∣∣∣
(
Z̃ = Zst

)dx , (11)
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where Z̃ is the Favre average of the mixture fraction and u(x)
∣∣∣
(
Z̃ = Zst

)

is the axial velocity component at the radial position with stoichiometric
mixture fraction.

The scalar dissipation rate, which appears as a new parameter in the
flamelet equations, describes the influence of the turbulent flow field on the
laminar flame structure, and has to be modeled from the mean quantities.

Analytic expressions for the scalar dissipation rate in different configu-
rations have been derived under simplifying assumptions (Peters 1984, Kim
and Williams 1993, Pitsch et al. 1998) and can commonly be expressed as

χ(Z) = χstf(Z) , (12)

where χst denotes the scalar dissipation rate at the stoichiometric mixture
fraction Zst. Then with a model for the unconditional mean of the scalar
dissipation rate (Jones and Whitelaw 1982),

χ̃ = cχ
ε̃

k̃
Z̃ ′′2 with cχ = 2.0 , (13)

the conditional mean scalar dissipation rate at stoichiometric mixture in each
computational cell can be expressed as

〈χst〉 =
χ̃

1∫
0

f(Z)P̃ (Z)dZ

. (14)

In the calculation of a jet diffusion flame these values are evaluated in each
computational cell, which are averaged over radial slices according to Pitsch
et al. (1998) to provide with Eq. (11) unique values as function of the flamelet
time. Here, however, as a simpler approach, the conditional mean scalar
dissipation rate as function of the mixture fraction has been assumed to be
equal to the unconditional value at the mean mixture fraction. This approach
has the advantage that the functional dependence f(Z) is not prescibed.

Soot Model

The calculations have been performed with a detailed chemical reaction
scheme compiled by Mauss (1998). The mechanism describes the oxida-
tion of the fuel, the formation of higher aliphatic hydrocarbon species and
benzene, and the growth of aromatic compounds up to pyrene.
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The further planar growth of polycyclic aromatic hydrocarbons (PAH)
is assumed to follow a fast H-abstraction-carbon-addition (HACA) reaction
sequence (Frenklach and Wang 1990), which has been extended by Mauss,
Trilken, Breitbach and Peters (1994). The coagulation of PAH molecules
forming three-dimensional structures is regarded as particle inception. The
further growth, the oxidation and the motion of those particles is described
by the solution of differential equations. In order to derive these transport
equations the particle number density can be defined as

Nj =
ρYi

Wj

, (15)

where the size class j of the particles represents the number of mass units
per particle, such that the particle mass can be expressed as

mj = j m1 . (16)

Here, m1 denotes the smallest mass unit appearing in the soot particle, which
corresponds to the mass of C2, if the mass of hydrogen appearing in the
particles is neglected.

Using Eqs. (4) and (15) the transport equations for the soot particle
number density can be written as

ρ
∂Nj/ρ

∂t
+ρv ·∇(Nj/ρ)−∇· (ρDp,j∇(Nj/ρ))−∇·

(
0.55

µ

T

Nj

ρ
∇T

)
−Ṅj = 0 .

(17)
In this equation the chemical source term Ṅj includes contributions by par-
ticle inception, particle coagulation, condensation of PAH on the particle
surface, and heterogeneous reactions of the particles with the gas phase lead-
ing to soot mass growth and oxidation.

The diffusion coefficient of the particles Dp,j appearing in Eq. (17) varies
in the free molecular regime with d−2

j (Friedlander 1986), where dj is the
particle diameter of size class j. Thus, if spherical particles are considered, we
can write Dp,j = j−2/3Dp,1 , and in terms of the Lewis number Lej = j2/3Le1 ,
where Le1 is the Lewis number of a hypothetical particle of size class j = 1.
To preserve generality we write

Lej = jδ , (18)

where Le1 has been assumed to be unity. This implies δ = 2/3 if differential
diffusion effects are to be considered in Eq. (18). The assumption of unity
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Lewis numbers for all particles leads to δ = 0. Hence, by the use of this
notation it can easily be switched between considering and neglecting the
effect of different Lewis numbers of the soot particles by changing δ = 2/3
to δ = 0.

In order to solve Eq. (17), following Frenklach and Harris (1998) the
method of statistical moments is applied in the following. The statistical
moments of the soot particle size distribution are defined as

Mr =
∞∑

j=1

jrNj r = 0, . . . ,∞ . (19)

From Eq. (19) and the definition of the size class in Eq. (16) it can easily
be seen that the first moment M0 corresponds to the mean particle number
density, and that the second moment M1 is the total soot mass in units of C2

per unit volume. With the molecular weight of C2 WC2
= 24 kg/kmole and

the density of the soot particles as for instance given by Frenklach and Wang
(1994) ρs = 1800 kg/m3, the soot volume fraction can be related to M1 as

fv =
WC2

ρs

M1 . (20)

In order to achieve high accuracy an arbitrary number of soot moments can
be used for the description of the soot particles. However, in this study only
the first two moments are considered. Fractional moments appearing in the
subsequent derivation are determined by Lagrangian interpolation.

Introducing the size dependent Lewis number for the particles given in
Eq. (18) and the definition of the statistical moments using Eq. (19) into
Eq. (17), the transport equations for the statistical moments are given by

ρ
∂Mr/ρ

∂t
+ρv·∇(Mr/ρ)−∇·(ρDp,1∇(Mr−δ/ρ))−∇·

(
0.55

µ

T

Mr

ρ
∇T

)
−Ṁr = 0 .

(21)
The transport equations for the statistical moments can also be trans-

formed into a one-dimensional form with Z as independent coordinate. The
flamelet equations for the statistical moments of the soot particle size distri-
bution can be obtained as (Pitsch, Wan and Peters 1995)

ρ
∂Mr/ρ

∂t
− ρ

χ

2

∂2Mr−δ/ρ

∂Z2
−

0.55

2
Pr

∂

∂Z

(
Mrχ

T

∂T

∂Z

)

−
1

4

∂ρχ

∂Z

[
∂Mr−δ/ρ

∂Z
−

∂Mr/ρ

∂Z
+ 0.55 Pr

Mr/ρ

T

∂T

∂Z

]
− Ṁr = 0 .

(22)
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As mentioned earlier the differential diffusion parameter δ can be used to
switch from considering to neglecting differential diffusion by changing the
value of δ from δ = 2/3 to δ = 0. If differential diffusion is considered
then all terms involving Mr−δ are small and can be neglected. Then, apart
from the thermophoretical transport, only one convective term remains as
a transport term. This should be demonstrated in an example. If Eq. (22)
is formulated for M1, the quantity M1/3 appears in the diffusion term and
an additional transport term. This quantity is determined by logarithmic
interpolation between M0 and M1 as M1/3 = M

2/3

0 M
1/3

1 , yielding the ratio
M1/3/M1 = (M0/M1)

2/3. Since the average number of mass units per particle
M1/M0 is at least in the order of 104, this implies that M1/3 is approximately
500 times smaller than M1, showing that the terms involving this quantity
are small.

In the case of δ = 0 the convection terms cancel and flamelet equations
of the species type with additional terms for thermophoresis are recovered
for the soot moments. However, numerical tests neglecting these terms show
that they have only small influence in the investigated configuration.

Numerical Simulation

Kent and Honnery (1987) experimentally investigated a turbulent jet diffu-
sion flame configuration providing the data to verify the numerical models
used in this study. Pure ethylene enters the domain through a nozzle with a
diameter of D = 3mm issuing into quiescent air with an average exit velocity
of 52m/s. This leads to a jet exit Reynolds number of Re = 14660. The
radial velocity distribution is prescribed using the 1/7 power law.

The flow field solution is obtained by using the FLUENT code. This
CFD code has been extended by transport equations for the mean and the
variance of the mixture fraction

∂(ρ̄Z̃)

∂t
+ ∇ · (ρ̄uZ̃) = ∇ ·

[
µt

Sc
Z̃

∇Z̃

]
(23)

∂(ρ̄Z̃ ′′2)

∂t
+ ∇ · (ρ̄uZ̃ ′′2) = ∇ ·

[
µt

Sc
Z̃′′2

∇Z̃ ′′2

]
+

2µt

Sc
Z̃′′2

(∇Z̃)2 − ρ̄χ̃ (24)

as well as for the mean enthalpy

∂(ρ̄h̃)

∂t
+ ∇ · (ρ̄uh̃) =

Dp̃

Dt
−∇ · J̃ + ρ̄ε̃ + ˜̇q′′′R . (25)
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Here, J̃ is the turbulent heat flux vector and the enthalpy is defined to
include the heat of formation, such that the transport equation has no chem-
ical source term. The turbulent mean value of the scalar dissipation rate
appearing in the mixture fraction variance equation is given by Eq. (13).

To determine the turbulent mean values of the species mass fractions Ỹi,
a presumed pdf for the mixture fraction Z is used. The mixture fraction pdf
is assumed to be represented by a β-function, whose shape depends on the
spatial distribution of the mean and the variance of the mixture fraction.

Turbulence is modeled by applying a standard k̃-ε̃ model including buoy-
ancy effects and a round jet correction as proposed by Pope (1978). The
calculations have been performed for an axisymmetric domain of 1000 ×
500mm axial × radial length on a 200 × 100 cell non-equidistant mesh.

The unsteady flamelets were computed interactively with the CFD solu-
tion. For the flamelet calculations unity Lewis numbers have been assumed
for all chemical species.

The initial conditions for the unsteady flamelet have been taken from a
steady solution of a burning flamelet using the computed scalar dissipation
rate profile, which is closest to the nozzle. However, the exact conditions for
the initialization are of minor importance, since it has been shown in Pitsch
et al. (1998) that unsteady effects in this region are small.

Results and Discussion

The results of the calculations are compared to the experimental data by
Kent and Honnery (1987) in the following. In order to provide an overview
of the configuration, two-dimensional fields of the temperature and the soot
volume fraction are given. Results will also be shown along the centerline
and for radial slices at x/D = 46, 80.5, and 115, corresponding to 0.4, 0.7,
and 1.0 times the axial distance of the maximum axial laser light extinction
in the experiments. Hence, x/D = 115 is expected to be the position of
maximum soot volume fraction on the centerline. The calculations shown in
the following have been performed with the differential diffusion parameter
δ defined by Eq. (18) set to δ = 2/3, thereby accounting for different Lewis
numbers of the soot particles.

The calculated mean mixture fraction along the centerline is given in
Fig. 1. The stoichiometric mixture fraction is Zst ≈ 0.064 and reaches the
centerline in the current calculations at x/D = 147, which is in accordance
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with the simulations by Kent and Honnery (1987), where xst/D = 153 has
been found.

Figure 2 shows the calculated temperature field, indicating the strong
influence of radiation in this particular configuration. The maximum tem-
perature is about T = 1840 K and appears around x/D = 70 at an off-axis
radial position in a very thin layer around stoichiometric mixture. Thereafter
the temperature decreases because of radiation, such that the maximum axial
temperature is only T = 1810 K.

This is also shown in Fig. 1, where the computed axial temperature de-
velopment is compared to the experimental data. The temperature is very
well predicted throughout the entire flame. Only in the range between ap-
proximately x/D = 85–125 the temperature is slightly overpredicted, which
will be shown later to result from a slight underprediction of the soot volume
fraction. Figure 1 also shows the results from a calculation, where soot radi-
ation has been neglected, while still accounting for gas radiation, and from
a calculation neglecting both, soot and gas radiation. The comparison with
the actual calculation shows that both contributions influence the maximum
temperature by approximately 150–200K. It is also observed that although
soot radiation is proportional to the fourth power of the temperature, it acts
mainly on the rich side, where the temperature is actually lower than at sto-
ichiometric mixture, because soot only exists in this part of the flame. The
influence on the maximum temperature therefore results from the enhanced
diffusive flux of energy to the rich side. Gas radiation on the other hand acts
mainly at the maximum temperature, which occurs close to stoichiometric
mixture.

The radial temperature profiles at different downstream locations are
given in Fig. 3. Again, good agreement with experimental data can be ob-
tained showing that also the off-axis temperature maximum is well predicted.
However, the spreading rate of the jet seems to be slightly overestimated for
the downstream position.

From these results two first conclusions can be drawn, which give the basis
for the further discussion of soot formation: The data provided by Kent and
Honnery (1987), which is used in this study to discuss modelling issues of
soot formation in turbulent flames includes only data for mean temperature
and soot volume fraction, but not for the mixture fraction, which has been
shown in the previous sections to be a very important quantity in flamelet
models. Therefore, an accurate description of the mixture fraction is essential
to draw conclusions about the predictions of soot formation. However, the
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very good agreement of the temperature with the experimental data shown
in Figs. 1 and 3 will be used as indication that also the mixture fraction is
predicted quite accurately. It has also be shown in Fig. 1 that the radiation of
soot particles has a very strong influence on the temperature. This strongly
supports the quality of the experimentally observed soot volume fraction,
since, because of the strong influence of soot radiation, only if the predicted
soot volume fraction is in the right order of magnitude also the temperature
predictions agree well with the experiments.

The soot volume fraction field obtained from the numerical calculation is
given in Fig. 4. The formation of soot starts already very close to the nozzle in
a very narrow region around r/D = 1. At the centerline soot starts to appear
at x/D = 30. The soot maximum reaches the centerline at approximately
x/D = 95, which corresponds to a mixture fraction of Z = 0.13. Soot finally
disappears at x/D = 185, where the mean mixture fraction is approximately
Z = 0.03.

The predicted soot volume fraction along the centerline is compared to the
experimental data in Fig. 5. The maximum value of approximately fv,max =
1.7 ·10−6 is slightly underpredicted. The appearance of soot on the centerline
and also the onset of the oxidation process on the centerline are too early
leading essentially to an upstream shift of the soot profile. However, the
overall shape of the profile seems to be predicted quite accurately. This
could be caused by a slightly overpredicted decay rate of the axial mixture
fraction profile, which could also explain the disagreement in the temperature
profile. However, the available experimental data is not sufficient for a final
conclusion.

Figure 6 shows the radial distribution of the soot volume fraction at
different downstream locations. Although the centerline value at x/D =
46 is in good agreement, the experimentally observed off-axis maximum of
soot is largely overpredicted by the model. At x/D = 80.5, the comparison
looks much better, especially in the lean part of the flame. At x/D = 115
the predicted data are already decreasing, thereby underpredicting the soot
volume fraction slightly. However, the overall shape of the radial profile is in
good agreement with the experiment.

In order to demonstrate the effect of differential diffusion of the soot
particles Fig. 5 also shows the soot volume fraction from a calculation using
a differential diffusion parameter δ = 0, thereby setting the Lewis numbers of
all particle sizes to unity. Because of the strong diffusion of the soot particles
out of the very narrow soot formation region the soot is redistributed in
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mixture fraction space leading still to a comparable maximum soot volume
fraction. However, the diffusion of the particles to the rich part of the flame
leads to an even stronger overprediction of the soot volume fraction in this
region.

Conclusions

In the present study a detailed soot model has been used in the frame of the
unsteady flamelet model for predictions of soot formation in a turbulent jet
diffusion flame. The predicted temperature has been shown to be strongly
influenced by both, gas and soot radiation, but nevertheless to be in very
good agreement with the experimental data. This leads to the conclusions
that the mixture fraction field, for which no experimental data is available,
also has to be predicted reasonably well, and also that the measured soot
volume fraction is likely to be quite accurate because of its strong influence
on the temperature. Also the overall agreement of the soot volume fraction
with experimental data is quite reasonable. However, soot production close
to the nozzle and the oxidation rate downstream of the maximum centerline
soot volume fraction are overpredicted. Finally, the influence of differential
diffusion on the predicted soot volume fraction is analyzed, showing that nu-
merical predictions for soot accounting for differential diffusion are in better
agreement with the experiments, while the unity Lewis number assumption
overestimates the measured soot volume fraction in the rich part of the flame.
However, it should be mentioned that neither method is proposed as being
superior here. The emphasis in this study is to reveal the high sensitivity of
the description of transport processes on soot formation. It has been found
that the description of soot formation in turbulent flames is much more com-
plicated than predictions of heat release or even the formation of NOx, which
have been investigated in earlier studies, and much more work has to be done
in order to achieve a comprehensive understanding of the problem.
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