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Minimum-Variance Unbiased Quadratic Estimation
of Covariances of Regionalized Variables'

Peter K. Kitanidis®

The paramcters of covariance functioms {or varingrams} of regionehzed variahles must be
derrmined before tincar unddased cscimation can be applivd. This work examines the prob-
lemr of minimmm-varianee wnbiased quadratic cstimation of the parameters af ondinary or
zencralized covarionee functions of regionalized variobles. Attention Is limited (¢ coven-
ance functions that are lincar in the parammciers and the normality assimption is invoked
when fourth momenis of the data need to be calewdated, The main contribu tions o) thiv
work are (1) it shaws when and in what sense panimnni-varianee unbiased guadratic csi-
mation ca be achivved, and {2} i yiclds @ well-founded, practicable, and casy-io-automaiv
methadology for the estimation of parameters of covarignce functions, Kesalis of simala-
riom studies are very enconraging,
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INTRODUCTION

Lincar nunimum-variance unbiased e.\‘tiumliuu. also knowa as kriging, fas foumd
many applications in geology, hydrogeotogy, wud siniag ex plraton. T i be
used 1o obtain the best (according 10 quadratic eriteria) unbiased estinates of
point values, areal averages, or any other bucar function of the regionalized vari-
able, Kriging is also used in cartography Tor inteepolation from nonunifoninly
disirtbuicd data onto the nodes of a segular grid 10 obtain contouy maps. Theo-
retical and applied aspects of kriging have been extensively discussed in books
such as Matheron (1971) and Journel and Huijhregts (1978) and in papers ton

A ous (o ienlon,
By compmuison, less atiention las heen given 1o the important problem of

opinat estimiation of parameters of the covariance Tunction o variogeam and
(1f needed) the drift. Pant of the season is that haear geastatistics is dstribuion-
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free, involving ouly 1he first two moments ol regionalized variables, wheyeas upr
timal estingition of covariance Tunctions generally involves greates momenis,
The problem of estimation of struciural parameters has been examined i the
warks of Matheron (1971), Oles (1975). Delfines (1976), Davis and David
(1978), Journel and iluijbregts (1978), Cressic and llawkins (1980), Kulritsas
and Bras {1981), Starks and Fang (1982), Kitaunidis and Vomvoris (1983),
Kitanidis (1983), and others.

The objective of this paper is Lo investigate 1the problem of estimation of
parameters of covariance functions as quadiatic functions of the daty in such o
wity thal estinutes are unbiased and have mininaum vasiance, Biased estimation
of variograms or covariance functivns las been one of the difficulties in appli-
cation of universal kriging. Futthermore, interesi in estimation of covariance
functions is not limited (o applications of best linear unbiased estimation. A case
in point is the covariance (unction uf hydrawlic conductivity which is required
i evaduation of solute macrodispersion in aquifers (Getlar and Axness, 1483},
The analysis presented here provides useful insight into problems of parinetcs
estimation of covariance functions ur variograms and, at the same time, yields
a wseful and practicable estimation methad. Analysis is limited to the uselul
class of onlimary or gencralized covariance Tunctions whic are linear in the pa.
rapeters. The madel is assumed known and 1he norality assumption is in-
voked wheaever fourth mosments of the data need to be calentated. The o
posed methudolegy is an exlension and peneaalization of work seported in
Kitanidis (1983) and is related to Rao’s {1971) merbad for estimsation of vari.
ANCe CoOmpancils.

THE GENERAL MODEL

The regionalized variable at point 7 is assumed to be the realization of the
general linear model

ri=xbte (n

where x; is a 1 X p vector of knawn variables whicl depend on the spatial coor-
dimates of v, bois o p X ) vector of coelficieats and € is a sero-mean indom
tern. The term x;b represents the prioe expected vabue (or drift) and the s
€; 1epresents the random part of p,.

Ty is the s X | vector consisting of all available observations, the general
lincar model can be written, following standard notstiom, as

y=Xbte (2)

where X is an » X p knows matrix, having X, a5 Ms il row, and € is an o X |
vector of rnudom terms with coviniance matix K(#) where 8 is a vectos of un.
known coctTivients.

The general estination problem is (o detenmine from available dats the
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utknown drift coefficients b amd the covariance function pargmeters 8. Simul.
tancous estivation of daft and covariance function parameters from spatiad
data is pussible, fur example, through maximum likelihood estimation (see dis-
cussion in Kilanidis and Vomvaris, 1983). However, this approach is known
(Matheron, 1971) 10 yield biased estinates of variograms or covariance-function
parameters. For the linear model given by eq. (2), estimation of parsincters of
dreift may be bypassed so that uabiased estimates of variogrins or covariance
functions can be obtained. This approach is particularly appropriste when the
purpose of parameter identification is application of linear unbissed minimun
variance estimalion (kriging, universal kriging, or kriging with istrinsic ramdom
functions) which do not use dvift coelficients {*universality” condition, see
Matlierom, 1971). This approach is itlustrated in the nexdt section,

This paper presents a unified methodology for estimation of parameters of
ordinary us well as generalized covariance functions (Matheron, 1973, Delfiner,
1976). The {vrdinary or generalized) covariance matrix A of the measwrement
vector (see Kitanidis, 1983) is assumed in this work 1o be a linesr function of
the parameters :

"
A=Y A4, (1)

i
wheee K are knuwn synwnetric # X it wiatrices and 8; are unknown parameters
10 be estimated from svailable data. Not unty is the assumption of linear (in the
parameters) covariance functions apprapriste as a stacting point but also, in the
author’s opinion, such models are uselul in practice. Examples of such covani-
ance functions include the nupget effect; the polynomial generalized covariance
function (Mathcion, 1973); the interpolating spline (Dubrule, FYR3): covariance
functious with known correlation structure but unknown variznce, sech as the
spherical with known range; and polygonal and other representations of covari-
ance functions, Exiensions to estimation of noalinear (in the paramelers) co-
variance functions are possible but will not be pursued hee.

MINIMUM-VARIANCE UNBIASED QUADRATIC FSTIMATION
Consider that parameters must be estimated as quadeatic Ganctions of
the data
6,»= y‘rf-'_,y =t ... m (9
where Fiof= 1.0 mwe o X madtrices 1o be selected aceording 1o the fallow

ing specificalions:

(a) Parameter estimates should be invariant 10 the addition (o the ogginal
duta of any trend of the assumed form with arbiteey cocllicients. That is

198 Kitaniiliy
0=y Fy=(y + Y6)" F,(y + Xb) (5)

For this condition to hold, it is required
15X=0 izl . ..m (6a)
FIX=0  j=t .. .. m (6h)

Such estimators have been relerred to as universal guadratic estimators
(Matheron, 1971, P 191). The anotivation fur condition {6} is to avoid esti-
mation of drift coefficients. In the case of gencralized covariance functions, this
condition insures that only authorized increments are involved in cafeulstion off
0;. Consequenily, E(0) = TriFK).

(b} Parameter estimates must be unbiased

~ |11
O = E(0;) = E|Tr(Fvy 7)) = Y ERN0,  j=1.....m M

i
For this condition to hold, if is required thai
. l ir i=j
Tr(F;k)) = L (H)
0 ir i#]j
for every 7 and §. Note that sl ihag the universsality and unbiasedness condituns
feguire are the models of the drift and the covariance function,
(c) Variance of the estimation error for parameter &; muost be minimum.
The vatiance is
E(O - 0) =E(y"Fy - 0)' = E(DEyy ") TriFyy )l -0} (9)
where the vabiasedness condition was tuken into aceount. The variance involyves
the Tourth moments of the data. An assimplion of norality is often appropri-
ate or, i practice, may be invoked for fack of 3 betier attermative. Ganssisn ma.
meat fuctonng and the unbiasedness conditinas pive
E(8; - 6) = 2Tr(F K1 K) (10)

This variance must be minimized sithject to the equality constiaints (6) aml (8),
The Lagrangian of the minimization problen is

”n
STHEKFK) - 3 A Tr(FK) - 461 Tr (K, 1)

i}
i
n I . wo" )
: 2; kz' do (X)), ‘L 2 A, (1K), (1)
is) k= =t hew)

where Ay, Ay, ... A, aie Lageange nudtiplicrs associated with the unbiiasedness
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consteamts and v and vy =1, o o f= 0,00 poare Lagrauge nmiltiplicrs
associated with the universality conditivn, The coetficient 4 is used anly for con:
venience. Note that because A is a function of the weknown pacaaeters the op-
tinnzation probleas is not guadratic with respect o £, One may proceed by
assuming that a prion estimate of X, denoted by A, is available. Then, £, vl
culated by taking derivatives of the Lagrangian with respect to matnix N O
Athans sud Schweppe, 1965)

K,FiK, 3" NK - vXT - xUT =0 (1?2
i=

where Vs i X p amatein whose ifth element is vij amd U is X p matrix whose
fith clement is ;. Taking derivatives with respect (o the Eagrange snnltiplicss
redurns the constraings

D (FK)=)

Tr(F;,K)=0 =1, ..., mi#j
(13)
FX=0 and
Kfx=o0
Solving eq. {12) with respect 1o I
F;= fl: MK R + KVXTR » KIXUTK! (td)

f=1
Postmultiplying by X and taking inso acconnt condition (6a) and premultiply-
ing by X7 und taking into account condition (6b), the following two equrations
arc oblained

2_', MK RN CRPYTRAY + KXUTR 'Y =00 (150)
I=1

ek - o
SOMATKK K + XTRVETK G + XTR\XUTK Y = {15h)
i=t

These equations can be sobved with sespect to ¥ and U7, under the condiion
that (XK ;' X ) is inventible, yielding

[l o
V=3 M- XCXTR ) D XTR )V KK (TR Y (1t
inj
UT= S NOTK) XK, an

u LYTFTITOITS
Substituting in eq. (14)

Fi= 30 MIKSY - KSXOOTKGAX) XTRG

Iy

KRG - KXY QTR ) AT {18)
Finally uwsing the unbissed condition, ¢y. (B)
"
2 THIKEY KXK' ) X7k,
I=

CKAKSY - KSIXOTRSX) T XTRG KN =6,

where

i=h ... ,m (19

5 i i i=j
= _ (20)
Yoo it iy

Coefficiemts X, ..., N, are determined by solving this system ol 11 equa-
tinns. Then I is caleulated from eq. (18). The solution is piven explicitly as 1o}
lows. Let M be the m X m symmetric matrix whose kMh clemend is

My = Tr([K;) - KX(XTK;' X)) XTKY)
K lKG" - KPXXOTRX) T XTRY K {21)
IT the inverse of M exists
C=m" (22)

then the Lagrange coefTicients A, . . ., A, can be uniquely determiined s Fiis
given exgheitly below

mooo o et
Fi= 3 CulKs' KX(XTK XY XTR
i=t
TR KGN XK X)) X TR (23
One nuay readity verily that the solution satisfies the universality gud wn.
busedness conditions, eqs. (6) and (8), 1espectively. Matrix £ is obviowsly syin-
mettic. dn the case of generalized covariance Tunctions, it is usefol 1o consider
the transfonmation

r=[1 X(XTK,'X) " XTN;Y y (24)
Vector z consists of autharized increments because

I X(XTR\y'XTR )X =0
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(sce Kitanidis, 1983). Then
"y - Ty -t '
0"= Z Cﬁl ’L" A’K" 4 (25’
=
Consespuently, the calculation of §; involves only suthosized increments.
The ifth element of the covariance matrix of the pacameter estimates alle
asccawirting for the unbiasedness condition, is

EN8, - 0)(8; - 0)) = EITr(Fiyy") TriFyyy ™l 6.0, (26)

Theough Gavssian moment factoring for the calculation of fousrth moments and
accounting for the unbissedness condition

EY, - 0)(0; - 8)] = YT (F,KF,K) (7

In the applications, these variances and covariances may be calculated by substi-
luting K = T, K,8; Thus, the developed methodology yields nicasures of pre-
cision of parameter estinalies,

The solution becomes simpler in the special case when only one parametes
8 is 10 be cstimzted, all other pasameters being Tixed 10 sero. In this case, no

assumptions abvut K, are made and
0, = yTK7 T - XQXTK ' X) " XTKS )yl - XOXTR ') XTKSY] (28
with variance of estimation
Var (6;) = 20}Te[1 X(XTK;'X)' XTK ) (29)
Nute that the trace appearing in the denominator is equal to n - p, where » i
the number of data and p is the number of diift coefficients. Ths
Var (6,) = 203 /(n - p) (30)
A particular case is thwe familiae problem of estimating the variance of the sesid-
wals 1 ordinavy hear regression, Thea K, =/, for uncorrelied homoscedastic
residuals, and the estinete given by eq. (28) is simply the sum of the squanes of
the Titted residuals divided by the degrees of freedom (member of data niinns (e
nimber of fitted regression coefficients). This estimator is widely used {Diaper

and Smith, 1966) in least-squares theory regardless of the normality of the data
(sce also discussion in Rao, 1973, p. 228).

AN ALTERNATE INTERPRETATION OF MVUQ ESTIMATION
Consider a lincar transformation of the dat
z=lvy {31)

where W is a given # X« transformation matrix. One can ahways Find a 8 st

pL1)
2 | NTPUITH

st that (he driftas concelled ont or 2 is a vecton of amthotized imcrements, Ae-
cording 10 the model the covaence matrix of z, the average of Wyy! W i
cqusl 1o WAWY, A reasonable approach is 1o fit the coetficients so that the i
ference between Wyy "W and is expected value WKW is mmimun in some
sense. The criterion which minimizes 1he som ol the squares ol bl the elements
of the nuirix

wyyTw"  wkw? (32)
is
min £ = Tr[W(K - yy') WwTi(x  yy?7) ")

=5 3 -y v (33)

it 1
The criterien may be written as

min L = Tr[WTWK  yy") wwk - yy™)) (14)
0

Given eq. (3), the necessary conditions for the oplittimm are « Yinear system ol
mequations with s unknowns

"
> MWWEWIWK) 0,=y"WWK Wy =i ..m  (35)
i=i

If Wis selected so that

Wiw= K" K;O0(XTKRX) YT (36}
where K, is an estimate of K (muhiiplicd by an arhitrary constant), the sulution
is ilentical to the AIVHQ estimation s, (21) through (O5) However, evenil o
goml estimate of K is not available, the selution would still be a pood estimale
hecause it is based on the minimization of a yeasonghle Ntting criterion. Koy ex.
ample, in the absence of better information, one may ahways set X, =/, the
identity matrix. This solution, although generatly suboptinal, is computationably
appealing because it avoids inversion of 11 X o satrices.

Also, even il the data are not Gaussian, the solution is still aptimat i the
semse ol minimizing the quadratic fitting criterion of cq. (33). The estinutes may
nol have misimum variance ot are unaffected by fitted deift coelficients and
are generaly unbiased.

DISCUSSION

The analysis provides valuable isight into the problem of guadetic estin.
tionw of covariance parameters. Ia particular, it itlushiates Bt for finite samples
minimuim-variance and unbiased quadiatic estimation can seadity be achieved in
the single-parameter case. Tt can also be achieved in the muftiple parameier case
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il the m | rattos of the parameters over one ol them are known, Thea A, (-
tiplicd by an arbitrary constant} can be determined and £, can he sclected indv-
pendently of the observations from the solution of 3 quadratic progranning
problem. In practice, however, K,, can be selected only as an approximation to
the actual covariance matrix K. The oblained paraimceter estimates are nnbiased
but only approximately minknun varianee (unless, of course, K, is equal (i the
aclual covarkance nirix). These results can be called locally minimum-variance
unbiased quadeatic estimates. Simulition indicates that they are not sensitive
to values of the assumed rativs (in the sense that dilTerences in resnlts are well
within the ssmpling error).

In the case of univessal kriging, the most comsmon method for estimation
of the variogeam (or the corresponding covariance Tunction) apparestly is through
analysis of residuals obtained from the data by subtracting the fied diift, How.
ever, as Matheron (1971) and others have pointed out, such estinutorn may be
seriously hiased. This has been considered to be @ major drawbuck of univessal
Kriging. ‘The presented methodology shows how uabiased estimates of the vario-
grnn can bie ohtained cven in the presence of unknown drift paanreters. In the
aunthor’s opinion, this approach removes an obyection o the application of uni-
versal kriging. After unbiased estimates of the variogram parameters have been
obtained, drift pacaneters may be estimaled, if appropriste, using weighted least-
sequares o kriging.

A pactical sohdtion to the problem of unknown K, is to apply the proce-
dure iteratively by upditing at the ead of each iteration the estinate of K, hased
un the new vadues of the parameters. This procedure makes the weighting ma-
trives F; functions of {he data so that, stricily speaking, the unbiasedness condi-
tionw {¢q. 7) may not nccessarily hpld. The paranieter estimales may thus be
slightly biased. Hlowever, this bias should not be confused with the bias caused
by the nse ol litted trift paramicters ta estingite the covariance Tanction, as com-
mun peactice in applications of usiversal kegiog, Nevertheless, it can be shanvn
that the anbissedness solution shonkd Hold for Lirge samples Gsviptotically
cven without extending the arca over which measurements e tahen,

Asiotlier important issue is the requirenwnt Hiat parameter estiniates salisly
cerlain constrainls so that the covariance function be pusitive deFante o coudy-
Homally positive definite. The most conmion constraint type is hneas. Fiom the
viewpoint ol oplimizstion, no ddticulty is encountered v sccounting b these
constraiis. However, (he consteaints nake #; depeadent oo the data aml may
interfere with the wabiasedness condition. Nevertheless, as the sample size in-

creases this bias dininishies m magoiude as these constzaints become hinding

less [requently.

SIMULATION RESULTS

The propused methodadipy has been tested extensively theough computey
situlations and applied to e estimatiun of covarance parmeters of qeuldag

M Kitanuhs

with encomaging resulis, lee ouly some mudicative simekation resnlts are
presented.

Consider a one-dimensional intrinsic randonr function of zero order with
generalized covariance Tunction.

K;,--‘-a,ﬁ(ih,‘l) ozlh.."l
where h,j is the distance between points i and fand § is Kronecker's deita
il Ih"i =0

(1) = »
0 il ) >0

Filty diftereat qealizations of the aforementioned intrinsic 1andom fickl wilh
parameters

0, =1 E
0,=5

were generaled. Incremeats of each realization were generated using Ganssian
variates. Lach realization of the randons function is sampled at 30 points, the
cuordinates of which were selected randomly from a unifonm distribution [0, 1]
For each realization, e 30 measwrements were employed 10 determine the
value of 8, and 8,. For purpuses of comparison fowr Jifferent methods were
cmployed

(1) Minimum-variance unbiased quadratic estimation with assumed 0,/0, = §.

(2) berative minimim-vatiance unbiased quadiatic where K, was adjusted hascd
un the most recent estimates of the paramicters and the procedure was
repeated.

(3} As in (1), but seiting K, = 1, the ideatity matrix. This approach corresponds
to the extreme case of assiming 0,10, = 0.

(4) lerative regression, based on Delfiner’s (1976) approach as applicd by
Katritsas and Bras (1981).

For all four methods the constraints 5. 20 and 5, 2 0 were enforced using
quadratic programming to minimize the expression of eq. (33) or (34). li the
suther's expericnce, this method s preferable 1o simply setling U =0 the
algorithm pives 0,<0 The lirst constraimt became binding in five realizations
tar method (3). The second constraint became binding in 3, 1, 4, and 30 realiza-
tions fur methods (1), (2), (3}, and (4), respectively. Enforcing the consteaints
reduced the spread of the estinules, in addition, of cowrse, 10 yielding accept-
able 1esults.

A sunmuiry ol the SO estimates of cacly parameter with cacly method can be
piven through five numbers. The simaliest and the Lagest value, the quaetiles, and
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Fig. ). Median, quartiles, aml extreme values of estimates ¢ obtaincd frnn 50
realizations vsing cach of the fuus estimation methads.

the median. Schenatic plots of the five-numwber summaries of the resulis are
given in Figs. 1 and 2. The vertical scafe is that of paramicter estimates. The solid
bars joined 1o fonn a box are a1 the quartiles. The positions of the extrenme values
are indicated throngh solid crosshars ticd 1o the box with dashed whiskers. The
hinhied crosshan inside the bux epresents the median value. The mean, vagiee
andd mean squared error are given in Tahle |,

The MVUQ estinwtion and the iterative MVUQ estimation (methols |
and 2) presented in this paper performed markedly better than the other two
methods, Althouph the order with which cach imethod perfornned varied (rom
realizistion (o realization, the mean square error of estimation was about 3 and
5 tmes smaller for 8, and 8,, respectively, for methods (1) and (2) as compared
to methads (3) and (4). In fact, (3) and (4) may have given slipghtly hiased esti:
mates of @, as a result of the nonnegativity constraints (sce Table 1), When con
straints were not enforced, estimates were unbiased bul hiad a larger varianee

The peeformance of the iterative MVUQ estimalion is particnlarly encows
aging. This method does not rely an prion estimates of ,/0,. Fven thauph 1he
nwthod dues not gaarantee small-sample unhiasedness, no bigs is apparent tuun
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Fig. 2. Median, guartiles, and extecme values of estimates o obained from $
scalizations using cach of the Four estismation methods.,

the simnfations, and the method performs as well as the AVUQ estimition with
the actual value of 8,/0,.

The results did not change qualitatively when the simulations were repeited
first with @, = 2 and then with realizations generated with non-Gaussian variales,
although the dilTerences in perfunmance became slightly less pronounced. Pre.
liwinary resubts indicate that the proposed MU estinmation method which en-

Tahie
Herative licrative
MVYUQ MVUQ AN TCEICAS I
@y oy 0, ", ) Ny y 1,
Actual value | 5 | 5 | 5 { 5
Muvan estimate 1.03 519 104 497 1.3 512 1.24 4 b4
Variance 0.147 78 0146 159 N469 961 .38 9B

Mean squared crror 0142 178 0148 1589 11,522 961 N4IR 9K 4
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ploys the Gaussian assmmption gives reasonable resubts with sion-Caussizay Tields
Simulanian studies are wmlerway o evaluate fully the proposed methodolopy.

CONCLUDING REMARKS

Despite some simlarities in the funmulation, minimum-variance wabiased
quadratic estumstion of the parameters of ordinary or generalized covarianee
functions is considerably more dilfficult than best linesr unbiased estimation,
Uniike BLU estimation, MVUQ estimation requires that cerlain assminptions be
wade about the third and fourth moment of the data sand, except in special cases,
depends on some prior esthoates of the parametees. I the susple 1s simall and
more than ane parameter must he estimated, only locally mminwine-varance un-
biused quadhatic estimation is possible. Howeves, uidnased estimation of covan-
ance function or variogram parameters is always pussible,

Nevertheless, simodation resulls indicate that for practical pwpuoses the
proposed guadratic estimation procedure can achieve both nugimum variane
and unbiasedness Tar amoderately Lrge samples. Preliminary results also imndicate
that results e insensitive 10 mild violstions of the normality assumplion. After
all, neither the waiversality sor the unbiasedness comditions depend on the valid-
ity of the normality assumption, and resolts are always optimal in the sense of
minimizing a icasonable filting criterion,
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