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A method for the interpolation of nonnegative functions
with an application to contaminant load estimation

Abstract The objective of this work is to extend kriging,
a geostatistical interpolation method, to honor param-
eter nonnegativity. The new method uses a prior prob-
ability distribution based on reflected Brownian motion
that enforces this constraint. The work presented in this
paper focuses on interpolation problems where the un-
known is a function of a single variable (e.g. time), and is
developed both for the case with and without measure-
ment error in the available data. The algorithms pre-
sented for conditional simulations are computationally
efficient, particularly in the case with no measurement
error. We present an application to the interpolation of
dissolved arsenic concentration data from the North
Fork of the Humboldt River, Nevada.
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1 Introduction

Interpolation and inverse modeling techniques are
gaining increased exposure as researchers and practi-
tioners strive to make optimal use of limited data (see,
for example, Silverman 1985; Yakowitz and Szidarovsky
1985; Eubank 1988; Hardle 1990; Handcock and Stein
1993; Schimek 2000). In stochastic approaches to inter-
polation, the unknown parameters are described
through statistical distributions, and meaningful confi-

dence intervals can often be identified. Kriging (see, e.g.,
Cressie 1991; Kitanidis 1997) is a geostatistical mini-
mum-mean-squared error method of spatial or temporal
prediction that usually depends on the second-order
properties of the modeled process and that has been used
extensively for interpolation in environmental applica-
tions.

One of the challenges of stochastic approaches is the
need to select a statistical model for each application
that is consistent with our physical understanding of the
problem. In most environmental applications, data are
limited and any information available about an un-
known parameter or function should be used to improve
the analysis. One useful piece of information is that, in
many cases, the unknown parameter is nonnegative.
Examples of such parameters from environmental
applications include chemical concentration, hydraulic
conductivity, porosity and storage coefficients. However,
traditional kriging methods (e.g. simple and ordinary
kriging) cannot enforce such a constraint, allowing
confidence intervals about the best estimate as well as
conditional realizations of the unknown function to
have negative values. Nonnegativity-enforcing methods
used in the past present certain limitations, as will be
discussed in the next section. This paper presents a
mathematically rigorous and computationally efficient
methodology for enforcing parameter nonnegativity that
extends ordinary kriging, thereby leading to physically
reasonable estimates of parameter values.

2 Background

Many of the methods traditionally available for
enforcing parameter nonnegativity in interpolation and
inverse problems were derived for deterministic prob-
lems, and are not easily transferable to a stochastic
setting. Although little literature on this topic is avail-
able for environmental applications, this matter has
been explored in other fields such as image deblurring,
investment portfolio optimization, and emission
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tomography, to name a few (see Vardi and Lee 1993 for
a partial review of these methods).

The popularization of Markov chain Monte Carlo
(MCMC) methods has allowed for stochastic methods
for modeling positive functions. Applications in areas
such as image restoration (Besag et al. 1995; Weir 1997),
spatial modeling (Diggle et al. 1998) and disease map-
ping (Besag et al. 1991; Waller et al. 1997), for example,
are becoming common. The developed methods involve
computationally expensive numerical algorithms, but
allow for the use of constrained probability density
functions. Poisson or binomial distributions are often
used to enforce nonnegativity constraints, for example.
MCMC-based methods have also been applied in a
kriging context in a few instances, such as, for example,
in Diggle et al. (1998). In this work, spatially indexed
Poisson counts and binomial counts were used instead of
Gaussian distributions, thereby enforcing nonnegativity.
Although the MCMC-based methods allow for model-
ing positive functions in many instances, they do not
benefit from the computational efficiency associated
with working in a multi-Gaussian setting. Partly as a
result of this limitation, their application in practical
settings has been relatively limited.

In environmental and geostatistical applications,
methods for dealing with nonnegativity have been almost
exclusively limited to (a) the transformation of the origi-
nal variable, yielding a variable that is defined over an
infinite domain but that corresponds to the original var-
iable defined in the nonnegative domain only; and (b) the
use of Lagrange multipliers to obtain nonnegative best
estimates from probability density functions that would
otherwise allow the function estimates to become nega-
tive.

Data transformations are the classical method for
dealing with nonnegativity in statistics, and involve
using a link function to transform the original variable.
Such methods have been applied in geostatistical inter-
polation and inverse problems in, for example, Kitanidis
and Shen (1996), Kitanidis (1997, p. 70) and Saito and
Goovaerts (2000). The most common of these is the
power transformation, which is defined as

~s ¼ ðsj � 1Þ=j j > 0
lnðsÞ j ¼ 0

�
ð1Þ

where s is the vector of values in the original domain, es is
the transformed data vector, and j is a constant selected
based on the application. The commonly used logarith-
mic transformation is included as a special case of the
power transformation, obtained at the limit of j tending
to zero. For example, it is common in hydrogeologic
analysis to use the logarithm of the hydraulic conduc-
tivity field (see, for example, Hoeksema and Kitanidis
1985). A few alternate data transformation methods have
also been proposed for environmental optimization
problems (see, e.g., Kauffmann and Kinzelbach 1989).

In general, however, data transformations lead to
highly non-symmetric probability density functions for
the unknown function values in the untransformed

space, which is unrealistic for certain physical systems.
Such difficulties have been documented, among others,
by Snodgrass and Kitanidis (1997). For example, for
systems where the uncertainty is not expected to be a
function of the magnitude of the modeled parameter, the
confidence intervals obtained using a power transfor-
mation tend to be unreasonably narrow for low values
of the parameter and wide for high values. In addition,
some data transformation methods, such as the loga-
rithmic transformation, have problems dealing with
measurements of zero.

The other popular method is the use of Lagrange
multipliers for obtaining nonnegative best estimates of
unknown functions. Lagrange multipliers have been
applied to bounded geostatistical interpolation in, for
example, Barnes and You (1992). This method amounts
to restricting a common Gaussian process by adding, a
posteriori, a constraint that the process is greater than or
equal to zero everywhere. The method consists of
replacing the original objective function f sð Þ by the
Lagrange function

h s; kð Þ ¼ f sð Þ �
Xk

i¼1
ki gi sð Þ � bi½ � ð2Þ

where s must satisfy the constraints gi sð Þ ¼ bi or
gi sð Þ � bi, k is the total number of active constraints, and
k ¼ k1; k2; . . . ; kkð Þ are Lagrange multipliers. The solu-
tion method involves setting the derivative of the Lag-
range function with respect to sj and ki equal to zero. For
inequality constraints, the Lagrange multipliers of the
points corresponding to active constraints must be
positive (see, e.g., Gill et al. 1986). If all that is required is
a single estimate of the unknown function, then the use of
Lagrange multipliers can be justified as a means to make
this estimate nonnegative. When confidence intervals or
conditional realizations are needed, however, the appli-
cability of this method is not always clear. Specifically, if
confidence intervals are specified using only a variance,
this tends to imply a Gaussian distribution and the
confidence intervals will therefore not honor the con-
straints. Furthermore, if Lagrange multipliers are used to
constrain conditional realizations, the form of the pos-
terior distribution from which these realizations are
sampled, and whether they are equiprobable, is not clear.
Finally, the conditional realizations will tend to have a
relatively large number of ‘‘zero’’ values (at locations
where the constraint is active), which is unrealistic for
some applications. For example, in the case of geosta-
tistical kriging where a multigaussian model is assumed
a priori, the probability of occurrence of several zero
values is very low, and the conditional realizations will
therefore not have the spatial covariance structure
specified by the underlying model.

In short, data transformations and Lagrange multi-
pliers have the advantage of preserving some of the
computational efficiency associated with kriging, but
they have inevitable disadvantages relative to the use of
a non-transformed Gaussian model.
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Contrary to data transformations and the use of
Lagrange multipliers, the method presented in this paper
is based on a prior probability density function that has a
non-zero value only in the nonnegative parameter range.
This pdf is derived based on the method of images applied
to reflected Brownian motion. For negligible measure-
ment error, an exact solution is presented that has
computational costs comparable to those associated with
generating conditional realizations using ordinary kri-
ging. In addition, even if there is somemeasurement error,
this method is empirically shown to be a good approxi-
mation to the exact solution. The exact solution in the case
where measurement error is taken into account does rely
on an MCMC approach to obtain an exact estimate, but
the algorithm is only applied at measurement locations,
thereby maximizing computational efficiency.

3 Objective

The objective of this work is to develop a methodology
based on kriging for enforcing parameter nonnegativity
in interpolation problems. The proposed method is to
behave similarly to a Gaussian process with a linear
variogram (or Brownian motion) for parameter values
significantly greater than zero. The properties of the
linear variogram make it amenable to the development
of the method presented here. In addition, the linear
variogram imposes the least number of assumptions on
the function being estimated, making it one of the most
commonly used models in kriging and inverse modeling.
Furthermore, as a Markov process, Brownian motion
has convenient properties that are useful, for example, in
the development of efficient methods for the generation
of conditional realizations. Therefore, the method pre-
serves much of the computational efficiency associated
with ordinary kriging, while at the same time enforcing
the nonnegativity constraint.

The work presented in this paper focuses on inter-
polation problems where the unknown is a function of a
single variable (e.g. time). The main practical contribu-
tion of this work is the ability to efficiently generate
realizations of unknown nonnegative functions, condi-
tional on available measurements. Ensemble properties
of these conditional realizations can then be used to
determine statistical properties of the unknown func-
tion, such as a best estimate and confidence intervals.

The remainder of the paper is organized as follows.
Section 4 presents the development of the statistical
model. Section 5 presents the interpolation methodology
for the case where measurement error is not considered.
Specifically, Sect. 5.2 presents an algorithm for optimiz-
ing the structural parameter D which represents the vari-
ance of the process being modeled, and Sect. 5.3 presents
an algorithm for generating conditional realizations of the
unknown function. Section 6 presents the interpolation
methodology for the case where measurement error is
considered. Specifically, Sect. 6.2 presents an algorithm
for optimizing the structural parameter D, and Sect. 6.3

presents the algorithm for generating conditional real-
izations. In Sect. 7, the method is applied to the interpo-
lation of dissolved arsenic concentration data from the
North Fork of the Humboldt River, Nevada. Finally,
Sect. 8 presents conclusions and future directions. In a
second paper, we have developed the tools necessary for
the application of the method to geostatistical inverse
modeling (Michalak and Kitanidis 2003).

4 Model Development

This section covers the development of the probability
density function that is used for the stochastic interpo-
lation application.

4.1 Governing partial differential equation

Brownian motion is a continuous time, continuous state
space, simple Markov process. The probability law
governing the transitions is stationary in time and the
probability density function describing a parameter s at
time t does not depend on the initial time (Karlin and
Taylor 1975, p. 340). The partial differential equation
satisfied by the probability density function of the
location of a particle undergoing Brownian motion with
no drift can be derived by starting from a random walk
perspective (see Zauderer 1989 for a derivation). The
limiting partial differential equation is:

op
ot
� D

o2p
os2
¼ 0 ð3Þ

where p is the probability density function of a particle
location, and D is the variance of the process. For the
application that we are interested in, the probability
density function will describe the distribution of con-
centration values s, as a function of time t. Note that the
derivation and method presented in this work would be
identical for a process varying in space rather than time.

4.2 Selection of probability density function

The PDE defined in Eq. 3, subject to the boundary and
initial conditions

p s; Tið Þ ¼ d s� sið Þ p s! �1; toð Þ ¼ 0 ð4Þ
where Ti is initial time, to is a later time and d s� sið Þ is
the Dirac function, is satisfied by the probability density
function:

p so; toð Þ

¼ p sojsið Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD to � Tið Þ

p exp � so � sið Þ2

4D to � Tið Þ

 !
ð5Þ

where so is located at a point to, the parameter value si at
time Ti is known, and the vertical bar means ‘‘given’’; for
example p sojsið Þ represents the probability of so given si.
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This pdf is plotted in Fig. 1a for the case of
D ¼ 1; to � Tið Þ ¼ 1; and si ¼ 2. This pdf represents
unrestricted Brownian motion, and is the one assumed
when using kriging with a linear variogram model. A
sample unconditional realization obtained using a
Markov chain following this probability density func-
tion is presented in Fig. 2a. Note that, throughout this
paper, T will be used to denote points in time at which
observations are available, whereas t will denote other
points in the discretized unknown function.

We now change the boundary conditions to:

op
os

����
s¼0;to
¼ 0 p s!1; toð Þ ¼ 0 p s < 0; toð Þ ¼ 0 ð6Þ

The solution is obtained by adding an image pdf, with a
mean located at �si, and setting the probability of s < 0
equal to zero (Karlin and Taylor 1975, p. 352–354):

p sojsið Þ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD to�Tið Þ

p exp � so� sið Þ2

4D to�Tið Þ

 !"

þexp � soþ sið Þ2

4D to�Tið Þ

 !#
for so� 0

0 for so < 0

8>>>>>>>>><
>>>>>>>>>:

ð7Þ

This pdf is plotted in Fig. 1b for the case of
D ¼ 1; to � Tið Þ ¼ 1; and si ¼ 2. This pdf represents
reflected Brownian motion about the boundary s ¼ 0,
and is the one that is used in the current work.

A sample unconditional realization obtained using
this distribution is presented in Fig. 2b. Equation 7
suggests that, in order to generate a realization of so
given si, one can simply generate a Gaussian variate
with mean si and variance 2D to � Tið Þ, and take its
absolute value. Therefore, an unconditional realization
can be obtained by generating an unconditional reali-
zation of a simple Brownian motion according to Eq. 3
and reflecting any negative values about the s ¼ 0 axis.
Note that the realization in Fig. 2b has the same ran-
dom number seed as the realization presented in
Fig. 2a.

5 Interpolation Equations – Error-free Observations

We are interested in the interpolation of a function to
a certain set of points, given sparse but exact mea-
surements at other points. Because we are working
within a Brownian motion framework, only measure-
ments at points immediately adjacent to the point at
which we wish to estimate the function are relevant, if
we assume that available measurements are error-free.
For example, given measurements si and siþ1 at times

Fig. 1 Probability density functions for unrestricted and
reflected Brownian motion with si ¼ 2, variance D ¼ 1,
and separation distance to � Tið Þ ¼ 1. a Gaussian probability
density function (unrestricted Brownian motion); b Method of
images derived probability density function (reflected Brown-
ian motion)

Fig. 2 Sample unconditional realizations with variance D ¼ 1.
a Realization generated using linear variogram model;
b Realization generated using nonnegativity enforcing proba-
bility density function

11



Ti and Tiþ1, respectively, we are interested in the best
estimate of, and confidence intervals about, the
parameter value so at point to, or, more generally, in
the probability density function of so at time to, where
Ti � to � Tiþ1.

5.1 Derivation of probability density function

The probability density function of so given si and siþ1
can be defined in terms of the joint probability of so; si;
and siþ1, and the joint probability of si and siþ1:

p sojsi; siþ1ð Þ ¼ p so; si; siþ1ð Þ
p si; siþ1ð Þ ð8Þ

Using standard manipulations and the assumption of
conditional independence (i.e. p siþ1jso; sið Þ ¼ p siþ1jsoð Þ),
this expression becomes:

p sojsi; siþ1ð Þ ¼ p siþ1jsoð Þp sojsið Þ
p siþ1jsið Þ ð9Þ

Expressed in terms of the measurements and their
locations as described in Eq. 7, this pdf becomes:

p sojsi;siþ1ð Þ¼

C exp � siþ1�soÞ2
4D Tiþ1�toð Þ�

so�sið Þ2

4D to�Tið Þ

 ! 

þexp � siþ1�soð Þ2

4D Tiþ1�toð Þ�
soþsið Þ2

4D to�Tið Þ

 !

þexp � siþ1þsoð Þ2

4D Tiþ1�toð Þ�
so�sið Þ2

4D to�Tið Þ

 !

þexp � siþ1þsoð Þ2

4D Tiþ1�toð Þ�
soþsið Þ2

4D to�Tið Þ

 !!

for so�0
0 for so<0

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

ð10Þ

where the constant C is:

C ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tiþ1 � Tið Þ

4pD Tiþ1 � toð Þ to � Tið Þ

r

exp � siþ1 � sið Þ2

4D Tiþ1 � Tið Þ

 !
þ exp � siþ1 þ sið Þ2

4D Tiþ1 � Tið Þ

 !

ð11Þ

5.2 Determination of parameter D

In some applications, D is known. Otherwise, it can be
estimated from the available data. We have shown that
the probability density function of parameter value siþ1
at observation time Tiþ1 given the value of D and the
value of the parameter at an adjacent observation point
si is:

p siþ1jsi;Dð Þ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD Tiþ1�Tið Þ

p exp � siþ1� sið Þ2

4D Tiþ1�Tið Þ

 !"

þexp � siþ1þ sið Þ2

4D Tiþ1�Tið Þ

 !#
for siþ1� 0

0 for siþ1< 0

8>>>>>>><
>>>>>>>:

ð12Þ

In this case, i ¼ 1; . . . ; n� 1, where n is the total number
of observations.

Based on this pdf and the observation data, we can
identify the maximum likelihood estimate for D, again
assuming conditional independence (which is dictated by
the Brownian motion model). In other words, we seek
the value of D that maximizes:

p sjDð Þ ¼
Yn�1
i¼1

p siþ1jsi;Dð Þ ð13Þ

A search algorithm such as the Newton-Raphson or
Secant method (see, for example, Gill et al. 1986) can be
implemented to identify the mode of this pdf, corre-
sponding to the maximum likelihood estimate of D.
Although the uncertainty in parameter D could be taken
into account by using a fully Bayesian approach, gen-
erating conditional realizations of the unknown function
would then be significantly more computationally
expensive relative to the algorithm that will be presented
in the following section. Moreover, uncertainty in
hyperparameters such as D has been shown to have a
relatively minor effect in geostatistical interpolation (see,
for example, Kitanidis 1986) for applications with
sample sizes that warrant the use of geostatistical
interpolation methods. As a result, a single value of
hyperparameters is typically used in practical kriging
applications, estimated using either an experimental
variogram or statistical approaches such as the maxi-
mum likelihood approach described here.

5.3 Conditional realizations

The method developed for the generation of conditional
realizations takes advantage of the Markovian proper-
ties of reflected Brownian motion, and is an exact
method with computational time requirements that are
comparable to those of generating conditional realiza-
tions using kriging with an unknown mean. The method
does not require numerical integration of the pdf, nor
does it rely on computationally expensive numerical
methods such as MCMC methods for sampling the pdf.

The method involves using Bernoulli trials to gener-
ate a realization of observations composed of a combi-
nation of the actual observations and their reflections
about the axis s ¼ 0, as will be described in this section.
Figure 3 shows measurements, as well as a sample
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realization of the observations, as used for the condi-
tional realization generation. A conditional uncon-
strained realization scu;l reproducing this modified set of
observations is then generated using the linear vario-
gram kriging model, where l denotes the l-th realization.
A review of linear variogram kriging with an unknown
mean is presented in the Appendix. The dotted line in
Fig. 3 shows a conditional realization satisfying the
observation realization. Finally, because Brownian
motion is a Markov process, the probability of a given
path is exactly equal to the probability of that path
reflected against a boundary. Using this property, it is
possible to reflect all negative components of the con-
ditional realizations about the boundary s ¼ 0, thereby
generating a nonnegative realization scc;l that reproduces
the original nonnegative set of observations. The solid
line in Fig. 3 shows the final constrained conditional
realization, satisfying the original set of observations.

We will now show that this algorithm is consistent
with the statistical model presented in Eq. 10, and deal
with the remaining question of how to generate a reali-
zation of observations (that are either positive, negative,
or a combination thereof) in a manner consistent with
the assumed statistical model.

The probability density function for the parameter
value so at point to, defined in Eq. 10, can be rewritten as
follows for so � 0:

p sojsi; siþ1ð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
2pr2

so

q P1 exp �
so � lP ;1

� �2
2r2

P

 !"(

þ exp �
so þ lP ;1

� �2
2r2

P

 !#

þP2 exp �
so � lP ;2

� �2
2r2

P

 !"

þ exp �
so þ lP ;2

� �2
2r2

P

 !#)
ð14Þ

where

P1 ¼
exp � siþ1� sið Þ2

4D Tiþ1� Tið Þ

 !

exp � siþ1� sið Þ2

4D Tiþ1� Tið Þ

 !
þ exp � siþ1þ sið Þ2

4D Tiþ1� Tið Þ

 ! ð15Þ

P2 ¼ 1� P1 ð16Þ

lP ;1 ¼
siþ1 to � Tið Þ þ si Tiþ1 � toð Þ

Tiþ1 � Ti
ð17Þ

lP ;2 ¼
siþ1 to � Tið Þ � si Tiþ1 � toð Þ

Tiþ1 � Ti
ð18Þ

r2
P ¼ 2D

to � Tið Þ Tiþ1 � toð Þ
Tiþ1 � Ti

� �
ð19Þ

By looking at the values of lP ;1 and lP ;2, the four
terms in this probability density function can be

interpreted as follows. If there was no constraint on s,
there would be four possible scenarios for successive
observations (siþ1 and si). The first possibility corre-
sponds to both observations having positive values.
The second possibility is the mirror image of the first,
i.e., both observations have negative signs. From
Eq. (14), the joint probability of these two possibilities
is P1. The third possibility is for the first observation to
be negative and the second positive. The fourth is the
mirror image of the third, with the first observation
being negative and the second positive. The joint
probability of these two possibilities is P2.

Thus, for each conditional realization to be gener-
ated, where l denotes the l-th realization, the algorithm
proceeds as follows:

1. Generate a realization of the observations, keeping
magnitude constant, but randomly selecting a sign for
each observation. Start with the original set of
observations si; i ¼ 1; . . . ; n (all nonnegative). Keep
the sign of the first observation positive. For
i ¼ 2; . . . ; n:

(a) Generate a uniformly distributed random number
a in the range 0; 1½ �:

(b) If a � P1, si;l has the same sign as si�1;l. Other-
wise, si;l has the opposite sign of si�1;l.

2. Generate an unconditional unconstrained realization
suu;l, and condition it on the modified observations
according to the ordinary kriging algorithm with a
linear variogram (see Appendix) yielding a condi-
tional, unconstrained realization, scu;l.

3. Take the absolute value of the realization to obtain
a conditional constrained realization, scc;l, of the
unknown function.

Fig. 3 Efficient conditional realization generated using non-
negativity enforcing method. Markers indicate actual obser-
vations and observation realization as used for conditional
realization generation with nonnegativity enforcing method.
Dotted and solid lines represent conditional realization before
and after enforcement of nonnegativity
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6 Interpolation Equations – with Effect
of Measurement Error

As in the previous case, we are interested in the inter-
polation of a given parameter to a certain set of points,
given sparse measurements at other points. However, we
are now taking into account the effect of imperfect
measurements at the observation locations. Unlike in
the previous case, the value of the function s at each
point will depend on its value at every other point, not
simply at adjacent points.

6.1 Derivation of probability density function

Assuming a random, normally distributed, additive
error, the model becomes:

yi ¼ si þ ei ð20Þ

where si is the actual parameter value at the measure-
ment time Ti, ei is a normally distributed random mea-
surement error with mean 0 and variance r2

e , and yi is the
observed measurement at time Ti. The errors ei are
independent of one-another and of the s values.

We are interested in deriving the probability density
function of the function s at times tj where j ¼ 1; . . . ;m,
given imperfect measurements yi at times Ti, where
i ¼ 1; . . . ; n, which can be expressed as p sjyð Þ. If we
discretize the function s on a grid that includes the
observation points, using standard manipulations and
assuming conditional independence (i.e. p s ~yð Þjs yð Þ; y

� �
¼ p s ~yð Þjs yð Þ� �

), it can be shown that

p sjyð Þ ¼ p s yð Þ; s ~yð Þjy
� 	

¼ p s ~yð Þjs yð Þ
� 	

p s yð Þjy
� 	

ð21Þ

where s yð Þ are function values at discretization points
that correspond to observation locations, and s ~yð Þ are all
other discretization points. Thus, the problem of finding
the posterior of the complete s is naturally broken into
two parts: (i) find the posterior pdf of s yð Þ, and (ii) find

the pdf of s ~yð Þ given s yð Þ. This expression can be further
manipulated to yield:

p sjyð Þ / p s ~yð Þjs yð Þ
� 	

p yjs yð Þ
� 	

p s yð Þ
� 	

/ p yjs yð Þ
� 	

p sð Þ ð22Þ

Therefore, the posterior distribution for the full vector s is:

p sjyð Þ /
Yn

i¼1
exp � 1

2

yi � s yð Þ
i

� 	T
yi � s yð Þ

i

� 	
r2

e

0
B@

1
CA

�
Ym�1
j¼1

exp �
sjþ1 � sj
� �2
4D tjþ1 � tj
� �

 !"

þ exp �
sjþ1 þ sj
� �2
4D tjþ1 � tj
� �

 !#
ð23Þ

6.2 Determination of parameter D

We must modify the method used to determine the
optimal value of parameter D because the available
measurements no longer correspond to exact values of
function s. We now want to find the maximum likeli-
hood estimate of D given the measurement vector y.
Estimating D directly would require an n-dimensional
integration, which is not practical, especially when a
large number of measurements is available. Therefore,
an iterative Expectation-Maximization (EM) scheme is
implemented to identify the optimal value of parameter
D.

The EM approach is a general iterative method for
computing the mode of the marginal pdf of a parameter
D from the joint pdf of D and s (Dempster et al. 1977;
McLachlan and Krishnan 1997). The method proceeds
by starting with an initial guess of D, and generating a
large number N of conditional realizations of s at the
observation locations using the algorithm in Sect. 6.3.
The kth estimate of D; DðkÞ, is then updated to D kþ1ð Þ by
finding the value of D that maximizes:

u D;D kþ1ð Þ
� 	

¼ 1

N

XN

l¼1
ln f scc;l;Djy

� �
ð24Þ

where f scc;l;Djy
� �

is the posterior pdf of the l-th con-
ditional realization up to a normalizing constant, as
defined in Eq. 23. The procedure continues until the
iterations converge on the maximum likelihood estimate
of D. Note that only realizations at the observation
locations are needed for the iterations of the EM algo-
rithm because these are the points that define the vari-
ance of the process.

6.3 Conditional realizations

Unlike in the case with no measurement error, the value
of the unknown function at each point is dependent on
the values at all other points, and the method derived in
Sect. 5.3 will not be directly applicable. However, a very
efficient approximate approach as well as an efficient
MCMC-based exact approach are possible. Ensemble
properties of conditional realizations can then be used to
define best estimates and confidence intervals.

Reflected Brownian motion approach

In this approximate approach, conditional realizations
are generated in a method analogous to the reflected
Brownian motion method used for generating conditional
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realizations in the measurement-error-free case. A real-
ization of the observations is generated identically as
in the no-measurement-error case (see Sect. 5.3). An
unconstrained conditional realization scu;l is generated
using kriging with a linear variogram (with measurement
error), as described in the Appendix. Finally, we reflect
all negative components of the conditional realizations
about the boundary s ¼ 0 , thereby generating nonneg-
ative conditional realizations, scc;l.

For the example presented in the application that
follows, the best estimates and confidence intervals
obtained from conditional realizations generated using
this approximate approach were indistinguishable to the
naked eye from those obtained using the MCMC
approach which will be presented next. For very large
measurement error variances (when the standard devi-
ation of the error approaches the magnitude of the
measurement values themselves), however, slight devia-
tions in the confidence intervals can be observed.
Therefore, for practical applications, the method devel-
oped in Sect. 5.3 can also be applied in cases where the
observations have measurement error, taking care to
incorporate the measurement error in the kriging
approach when generating the conditional realizations.

MCMC approach

A Gibbs sampling algorithm (see, for example, Casella
and George 1992) was implemented to obtain exact
conditional realizations of the unknown function. The
Gibbs algorithm samples the marginal posterior pdf’s at
successive discretization points of an unknown function.
In order to improve on the efficiency of this technique,
we take explicit advantage of the property derived in
Sect. 6.1, namely the fact that the problem of finding the
posterior of the complete s is naturally broken into two
parts: (i) find the posterior pdf of s yð Þ, and (ii) find the
pdf of s ~yð Þ given s yð Þ. We therefore use the Gibbs algo-
rithm to obtain realizations at the observation locations,
according to the posterior:

p s yð Þjy
� 	

/
Yn

i¼1
exp �

yi � s yð Þ
i

� 	T
yi�s yð Þ

i

� 	
2r2

e
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Once realizations at observation points have been
obtained, a conditional realization at all discretization
points is generated using the Reflected Brownian
Motion approach outlined in Sect. 5.3. Because the
conditional realization at the measurement points

already takes into account measurement error, mea-
surement error need not be incorporated a second time,
and the error-free implementation in Sect. 5.3 is there-
fore appropriate.

The marginal posterior of a single point s yð Þ
i in the

nonnegative range ðsðyÞi � 0Þ can be rewritten as the sum
of four Gaussian distributions:

p s yð Þ
i js yð Þ; y

� 	
/
X4
j¼1

Kjffiffiffiffiffiffiffiffiffiffi
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0
B@

1
CA

ð26Þ
where,

r2 ¼ r2
P r2

e

r2
P þ r2

e

ð27Þ
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where P1, P2, lP ;1, lP ;2, and r2

P are as defined in (15)–(19).
This formulation suggests an efficient method for

generating realizations from the marginal distribution of
s yð Þ

i . We know that the realization will be drawn from the
nonnegative portion of one of these four Gaussian dis-
tributions. If there were no constraints, the probability
of drawing from each Gaussian would be proportional
to the value of its Kj. Therefore, a uniformly distributed
random number a in the range 0; 1½ � can be generated to
choose a distribution, based on each Gaussian dis-
tribution’s Kj value, normalized by the sum

P4
j¼1 Kj. We

are still only interested in sampling the nonnegative
portion of this chosen Gaussian distribution. Therefore,
we draw a number from this distribution, and, if it is
nonnegative, we keep it. Otherwise, we draw another
random number a, and select one of the Gaussian dis-
tributions anew. Once we obtain a nonnegative sample,
this realization of s yð Þ

i is used as the next conditional
constrained realization at point ti, denoted scc;l tið Þ.

The overall algorithm proceeds as follows. We define
the l-th conditional constrained realization as scc;l. The
chain can be initialized with any realization that has a
non-zero posterior probability, scc;0.

1. Initialize the iteration counter of the chain l ¼ 1.
2. Obtain a new value scc;l Tð Þ ¼ scc;l T1ð Þ; scc;l T2ð Þ; . . . ;

�
scc;l Tnð ÞÞ0 at the observation locations from scc;l�1
through successive generation of values from the
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marginal pdf at each observation point, using the
most recent realization available at each other point.
For example, noting the use of counter values l and
l� 1:
p scc;l T1ð Þ
� �

¼ p scc;l T1ð Þjscc;l�1 T2ð Þ; . . . ; scc;l�1 Tnð Þ
� �

p scc;l Tið Þ
� �

¼ p scc;l Tið Þjscc;l T1ð Þ; . . . ;
�

scc;l Ti�1ð Þ; scc;l�1
Tiþ1ð Þ; . . . ; scc;l�1 Tnð ÞÞ

p scc;l Tnð Þ
� �

¼ p scc;l Tnð Þjscc;l T1ð Þ; . . . ; scc;l Tn�1ð Þ
� �

This step proceeds as follows:
(a) Generate a uniformly distributed random

number a in the range 0; 1½ �.
If a

P4
j¼1 Kj < K1, l ¼ l1;

If K1 < a
P4

j¼1 Kj < K1 þ K2ð Þ, l ¼ l2;
If K1 þ K2ð Þ < a

P4
j¼1 Kj < K1 þ K2 þ K3ð Þ,

l ¼ l3;
Otherwise, l ¼ l4.

(b) Generate a normally distributed random
number c with mean l and variance s (Eq. 27).

(c) If c < 0, return to Step 2a. Otherwise,
scc;l Tið Þ ¼ c.

(d) Repeat this process for each observation point,
i ¼ 1; . . . ; n.

3. Generate an unconditional realization suu;l at all dis-
cretizations points t, and condition it on the values
scc;l Tð Þ using the error-free Reflected Brownian
Motion method described in Sect. 5.3 to obtain a full
conditional constrained realization scc;l.

4. Change counter l to lþ 1 and return to step 2.

Because the chain is started with an arbitrary reali-
zation that is not necessarily representative of the
intended pdf (Eq. 23), a block of the first generated
realizations will need to be discarded before the reali-
zations become equally likely samples from Eq. 23.
Once convergence is reached, however, the resulting
realization scc;l and all subsequent realizations are
equally likely samples from the full posterior pdf.

7 Example of Interpolation Application

A sample application of the developed methodology is
now presented. The Humboldt River basin is located in
North-Eastern Nevada, and its water resources are cru-
cial to a variety of recreational and agricultural uses. The
concentration history of dissolved arsenic in the North
Fork of the Humboldt river and the total dissolved ar-
senic load supplied to downstream locations are derived
based on sparse concentration measurements. The sta-
tistical confidence intervals about the best estimate of the
concentration history and cumulative contaminant load
are also obtained. Arsenic in the Humboldt River basin
results in large part from mining operations in the area.
Arsenic and other contaminants are released during
normal mining practices when mineralized rock is cru-
shed and exposed to oxygen and water.

The new methodology is compared with results
obtained using kriging with a linear variogram, because
the partial differential equation governing the prob-

ability density is the same for these two models, as de-
scribed in Eq. 3. The concentration data were obtained
from the EPA STORET database and are plotted in
Fig. 4 (Wilson, E. EPA Region 9. Dissolved arsenic data
for North Fork Humboldt @ North Fork Ranch
21NEV-1. Personal communication. 2001.). In order to
obtain total load estimates, flowrate data were also
needed. River flow data for the equivalent time period,
however, were not available. Therefore, flows for Jan-
uary 1, 1971, through December 31, 1981, were averaged
to obtain a representative hydrograph for the stream
(USGS 2001). These daily average flows were used to
estimate the flowrate history for the period of April 21,
1999, through October 17, 2000, by assigning to each
day a flowrate equivalent to the average flow for that
calendar day. These flows are presented in Fig. 5.

Fig. 4 Concentration measurements for North Fork of Hum-
boldt River at North Fork Ranch, Elko county, Nevada

Fig. 5 Averaged flow data at one-day intervals for North Fork
of Humboldt River, Elko county, Nevada
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We discretize the concentration history into one-day
intervals, with time zero starting on the day of the first
measurement, April 21, 1999. Therefore, tj ¼ j� 1 days,
where j ¼ 1; . . . ;m, and m ¼ 546.

Three examples are presented. In the first example,
all available data are used, starting at time T1 ¼ 0 and
ending at Tn ¼ 546 days, yielding n ¼ 10 observations.
For this example, it is assumed that there is no mea-
surement error in the sampled dissolved arsenic con-
centrations. In the second example, we assume that
data for two sampling times (Ti ¼ 238; 308ð Þ corre-
sponding to December 15, 1999, and February 23,
2000) are not available to illustrate the effect of data
that is more sparse and irregular on the confidence
intervals associated with estimates (see Fig. 4). Finally,
the third example uses all the measurements but it is
assumed that the measurements include a random,
normally distributed sampling error with a known
variance of r2

e ¼ 10�6 mg/L2. This last example de-
monstrates the applicability of the method when ob-
servations are known not to be error-free, and
illustrates the effect of this additional uncertainty on
the analysis.

7.1 Example 1 results – Regular sampling
with no measurement error

For the application of the nonnegativity enforcing
methodology, the coefficient D that maximizes the like-
lihood of the observations was determined according to
Eq. 13 to be 2:4� 10�7 (mg/L)2/day. The likelihood of
the observations is plotted as a function of parameter D
in Fig. 6. A similar method was used to determine the
optimal D for the linear variogram, substituting the pdf
described in Eq. 5 for Eq. 7 in Eq. 13:

p sjDð Þ¼
Yn�1
i¼1

p siþ1jsi;Dð Þ ð29Þ

p siþ1jsi;Dð Þ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD Tiþ1�Tið Þ

p exp � siþ1� sið Þ2

4D Tiþ1�Tið Þ

 !
ð30Þ

Using this method, the optimal D for the kriging model
with linear variogram was found to be 2:0� 10�7

(mg/L)2/day.
For these examples, the median of the probability

density function of the concentration at each time was
selected to represent the best estimate. For the new
method, the median and 95% confidence intervals of the
probability density functions of concentration values at
one day intervals were determined based on ensemble
properties of conditional realizations generated using
the method described in Sect. 5.3. These values are
plotted in Fig. 7a. The equivalent plot for the linear
kriging estimation is presented in Fig. 7b. As can be seen
in Fig. 7, the nonnegativity enforcing method behaves
essentially like a linear interpolator for high concentra-
tion values (i.e. behaves similarly to linear variogram
kriging), but the best estimate in low concentration re-
gions tends to be deflected away from s ¼ 0.

The estimate for the total load was based on 1000
conditional realizations of possible concentration his-
tories. The cumulative integrals of these realizations,

Fig. 6 Likelihood of measurements for nonnegativity enforc-
ing method for Example 1 as a function of parameter D

Fig. 7 Best estimate and 95% confidence intervals for con-
centration as a function of time for Example 1. aNonnegativity
enforcing method; b Linear variogram kriging method
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weighted by the daily flowrate, were analyzed in order to
determine the load best estimate (defined as the median
of the distribution) and the 95% confidence intervals.
For the nonnegativity enforcing method, conditional
realizations were generated according to the Reflected
Brownian Motion approach presented in Sect. 5.3. One
such realization is plotted in Fig. 8a along with the ob-
servation points. As can be seen in this figure, the con-
ditional realization honors the observations and is
everywhere nonnegative. For the linear variogram kri-
ging, the methodology outlined in the Appendix was
followed, and a sample conditional realization is pre-
sented in Fig. 8b. Note that the two conditional reali-
zations presented in Fig. 8 were generated using the
same random number seed. The total contaminant load
best estimate and 95% confidence intervals based on
1000 Monte Carlo simulations are presented in Fig. 9
for both the nonnegativity enforcing method and the
linear variogram kriging method.

7.2 Example 2 results – Irregular sampling
with no measurement error

The elimination of certain measurement times affects not
only the calculation of the best estimates and their as-
sociated confidence intervals, but can also affect the
optimal value of the parameter D. For this case, the

optimal D value was found to be 2:7� 10�7 (mg/L)2/day
for the nonnegativity enforcing method, and
2:4� 10�7 (mg/L)2/day for the kriging method. For the
new method, the resulting median and 95% confidence
intervals of the probability distribution functions of
concentration values at one day time intervals are plot-
ted in Fig. 10a. The equivalent plot for the linear kriging

Fig. 8 Sample conditional realizations for concentration his-
tory for Example 1. a Nonnegativity enforcing method; b
Linear variogram kriging method

Fig. 9 Cumulative arsenic load best estimate and 95% confi-
dence intervals for Example 1 using nonnegativity enforcing
method and linear variogram kriging method

Fig. 10 Best estimate and 95% confidence intervals for con-
centration as a function of time for Example 2. a Nonneg-
ativity enforcing method; b Linear variogram kriging method
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estimation is presented in Fig. 10b. The total con-
taminant load best estimate and 95% confidence inter-
vals based on 1000 Monte Carlo simulations are
presented in Fig. 11 for both the nonnegativity enfor-
cing method and the linear variogram kriging method.

7.3 Example 3 results – Regular sampling with
measurement error

To determine the effect of measurement error, the
measurements were assumed to contain error with a
variance of r2

e ¼ 1� 10�6 (mg/L)2. The optimal values
for D, obtained using the EM algorithm, were
2:1� 10�7 (mg/L)2/day and 1:7� 10�7 (mg/L)2/day for
the nonnegativity enforcing method and linear kriging,
respectively. For the new method, the resulting median
and 95% confidence intervals of the probability dis-
tribution functions of concentrations values at one day
time intervals are plotted in Fig. 12a. The equivalent
plot for the linear kriging estimation is presented in
Fig. 12b. The total contaminant load best estimate and
95% confidence intervals based on 2000 Monte Carlo
simulations are presented in Fig. 13 for both the non-
negativity enforcing method and the linear variogram
kriging method.

7.4 Discussion

As can be seen from Figs. 7a and 8a, for example, the
new methodology is effective at enforcing parameter
nonnegativity for all points. The new methodology
behaves similarly to linear variogram kriging in high
concentration regions, which it is designed to do. Tra-
ditional kriging, on the other hand, leads to conditional
realizations and confidence intervals reaching into the
negative parameter range. These negative values have no

physical significance, and can be misleading. Further-
more, even the total load estimate confidence intervals
reach into the negative range. Such results are not
physical, and can undermine the credibility of the ana-
lysis as a whole.

As expected, the removal of certain data points leads
to wider confidence intervals about best estimates of the
concentration history. This effect is more pronounced

Fig. 11 Cumulative arsenic load best estimate and 95% con-
fidence intervals for Example 2 using nonnegativity enforcing
method and linear variogram kriging method

Fig. 12 Best estimate and 95% confidence intervals for con-
centration as a function of time for Example 3. a Nonneg-
ativity enforcing method; b Linear variogram kriging method

Fig. 13 Cumulative arsenic load best estimate and 95% con-
fidence intervals for Example 3 using nonnegativity enforcing
method and linear variogram kriging method
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for traditional kriging, because the additional informa-
tion provided by the nonnegativity constraint is not
available.

The addition of measurement error results in wider
confidence intervals close to measurement locations for
both methods, but slightly narrower confidence intervals
away from observations. This is due to the fact that
some of the variability between the observation values is
attributed to measurement error, resulting in a lower
estimate for the variance parameter D.

The application of the new methodology has greatest
impact in periods of low concentration because, by de-
sign, the method behaves similarly to linear kriging with
a linear variogram for concentrations far from the
constraint boundary. In the examples presented, periods
of high concentration happen to correspond to high flow
periods. Therefore, although the effect of the new
method can be clearly seen in the figures illustrating the
best estimates and statistical confidence intervals for the
dissolved arsenic concentration history, the effect on the
estimated total load is relatively minor. This can be seen
in Figs. 9, 11 and 13, where the total loads are similar
for the two methods. This is due to the fact that, when
the concentration history is integrated over time,
weighted by the daily flows, the effect of the lower-
concentration periods is diminished, because they are
weighted by lower flows. This indicates that the effect of
the proposed algorithm on load calculations will be re-
latively minor for applications where high function va-
lues receive higher weights. The effect on the function
values themselves (Figs. 7, 10 and 12), however, is
strong.

In order to illustrate the effect of the new metho-
dology in a case where there is no direct correlation
between the function values and their assigned weights,
the analysis performed in Example 3 was repeated
using a constant flowrate for the entire sampling per-
iod. This flowrate was set equal to the mean flowrate
over the sampling period, or 3338m3/day. The change
in assumed flowrate does not affect concentration
history estimates that were presented in Fig. 12 for
Example 3. Figure 14 presents the estimated total
dissolved arsenic loads for the sampling period, based
on the use of a constant flowrate. As can be seen from
this figure, the total load estimated using linear geos-
tatistical inverse modeling is significantly lower than
that estimated using the new methodology. The same
applies to the upper and lower 95% confidence inter-
vals. A similar effect would have been observed had
the analyses performed in Examples 1 and 2 been re-
peated using the constant flowrate. In fact, if one ex-
amines the total load results obtained using the
variable flowrate in Figs. 9, 11 and 13, one can see
that the total load estimate is consistently slightly
lower using kriging relative to the new method.

The higher total load, as estimated using the new
methodology, is more representative of the possible
concentration history scenarios, and therefore possible
total contaminant loads being delivered to downstream

locations. The conditional realizations, or concentration
history scenarios, generated using the new methodology
are designed to have equivalent characteristics to those
generated using the linear geostatistical approach with a
linear variogram, in the sense that the temporal varia-
bility of the unknown function is described by a Brow-
nian motion. However, the realizations generated using
the new methodology incorporate the additional in-
formation that concentrations cannot be negative.

The significant difference observed between the load
predictions resulting from the kriging approach relative
to the new methodology are critical when evaluating
environmental risk based on interpolated load estimates.
Using a linear kriging methodology that does not in-
corporate nonnegativity would consistently lead to un-
derestimates of total loads, whether these are
represented by the best estimate or by the corresponding
confidence intervals. Such inaccuracy could have sig-
nificant detrimental effects on management decisions
made on the basis of interpolated estimates.

8 Conclusions

The method developed in this work provides an effective
and statistically rigorous kriging-based stochastic inter-
polation tool for nonnegative functions. The main ad-
vantage of this method is that it preserves much of the
computational efficiency associated with working in a
multi-Gaussian setting (such as is the case with linear
geostatistical approaches), while at the same time of-
fering a method for enforcing nonnegativity that does
not impose undesirable characteristics on the solution.
The method is particularly applicable to situations
where a Gaussian model would be deemed appropriate
except for the fact that a nonnegativity constraint needs

Fig. 14 Cumulative arsenic load best estimate and 95% con-
fidence intervals for Example 3 with constant flowrate using
nonnegativity enforcing method and linear variogram kriging
method
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to be enforced. The interpolation of chemical con-
centrations is one such application.

The method allows for the generation of conditional
realizations of the unknown function, which can then be
used to identify a best estimate of, as well as statistical
confidence intervals about, the unknown function. The
effect of measurement error can be incorporated without
a significant increase in computational requirements.
The effectiveness of the method was demonstrated for
the case of sparse dissolved arsenic concentration mea-
surements being used to estimate the total contaminant
load over a given time interval.

The method offers several advantages relative to un-
constrained kriging:

� Confidence intervals about the best estimates remain
in the nonnegative range, by defining these intervals
using a pdf that is non-zero only in the nonnegative
range;

� The method allows for the generation of physically
reasonable conditional realizations;

� The method allows for the incorporation of additional
information, resulting in narrower confidence inter-
vals relative to kriging, especially in areas close to the
constraint boundary;

� Because the method incorporates additional in-
formation, it results in better estimates of total loads,
as defined by the weighted integral of the estimated
unknown function.

The computational cost associated with the new
methodology is very manageable. For example, the
generation of the 1000 nonnegative conditional realiza-
tions used for Fig. 9 took slightly over a minute on a
2.0GHz machine, including the estimation of parameter
D, and weighted integration and sorting of the realiza-
tions. The Reflected Brownian Motion method used for
generating conditional realizations (which is exact when
measurement error is not considered and a good ap-
proximation otherwise) avoids numerical integration
and computationally expensive numerical sampling
techniques. When the exact Gibbs sampling algorithm is
used in the case where measurement error is taken into
account, the computational cost is minimized by only
applying this algorithm at observation locations, and
obtaining conditional realizations at other discretization
points using the Reflection Brownian Motion approach.
In addition, the iterative EM algorithm used for esti-
mating the parameter D can be implemented using a
relatively small number of realizations per iteration.
Therefore, for the examples presented here, the compu-
tational cost of the proposed methods was not sig-
nificantly greater than that of generating the equivalent
number of realizations following an unconstrained lin-
ear variogram model. Also, the proposed methods all
involve generating a conditional realization first at the
observation locations, then filling in the remaining
points using an unconstrained linear variogram realiza-
tion, and finally reflecting the resulting realizations
about the constraint boundary. Therefore, the cost of

the proposed methods relative to that of generating
unconstrained realizations will increase only with the
number of observations, not the number of nodes at
which the function is to be estimated.

The methods presented in this paper are based on the
property that, in one dimension, the value of a function
represented by Brownian is only dependent on its values
at adjacent points. As such, these methods are currently
only applicable to cases where the modeled parameters
are a function of a single variable (e.g. time). Also, the
Brownian motion formulation means that the method
corresponds to a linear variogram in the case where
nonnegativity is not enforced. The linear variogram
makes a minimum of assumptions regarding the spatial
structure of the unknown function (for example, it does
not assume any large scale correlations) and is applicable
to a wide range of problems. A method directly applic-
able in multiple dimensions and with a variety of cov-
ariance structures will be the topic of upcoming work.

Finally, there are various possible extensions to the
method presented in this paper:

� The method of images could just as easily be applied
to other inequality constraints, such as arbitrary
minimum or maximum values on the parameter to be
identified. Such minimum or maximum values could
be identified based on prior information available
from other sources (such as, for example, solubility
limits of compounds).

� The method of images could be used to develop
probability density functions for parameters with both
a lower and an upper bound. Such an application
would require the consideration of multiple images.
However, only a manageably small number of these
would have a physically significant effect on the so-
lution (see, for example, Bostock 1971).

� The method could be applied in a case where mea-
surement error does not follow a Gaussian distribu-
tion. The MCMC approach for generating
conditional realizations may have to be modified,
however, if the measurement error pdf results in a
marginal posterior pdf from which it is not easy to
sample directly.

Appendix

Review of Kriging Methodology

Kriging with a linear variogram and a constant, un-
known mean is used as a component of the method
developed in this work for generating conditional reali-
zations of interpolated data. Kriging is also compared to
the newly developed methodology for the presented
application. Where used, linear variogram kriging is
performed according to a standard procedure which is
briefly described herein. The reader is referred to stan-
dard texts on geostatistics (e.g. Kitanidis 1997) for ad-
ditional details and background.

21



The general system of equations that is solved to
obtain a best estimate and variance is:

Xn

j¼1
kj �DjTi � Tjj � r2

e 1� dij
� �
 �

þ m

¼ �DjTi � toj � r2
e ; i ¼ 1; . . . ; n ðA1Þ

Xn

j¼1
kj ¼ 1 ðA2Þ

where n is the number of observations, T are points at
which measurements are available, to is the point at
which an estimate is sought, r2

e is the variance of the
measurement error, and the k and m coefficients are
found from the system. If we are not considering mea-
surement error, r2

e ¼ 0.
Once the system of equations has been solved, the

best estimate of the function at points to is defined as:

bso ¼
Xn

j¼1
kjyj ðA3Þ

where y are the observation values, the mean squared
error of this estimate is:

r2
so
¼ �mþ

Xn

j¼1
kjDjTi � toj ðA4Þ

and the 95% confidence intervals about the best estimate
are bso � 2rso .

The general system of equations that is solved to
obtain conditional realizations is:

Xn

j¼1
�D Ti � Tj

�� ��� r2
e 1� dij
� �
 �

nj þ bb
¼ s Tið Þ þ gre � suu;l Tið Þ; i ¼ 1; . . . ; n ðA5Þ

Xn

j¼1
nj ¼ 0 ðA6Þ

where l denotes that we are dealing with the l-th con-
ditional realization, g is a n� 1 vector of normally dis-
tributed random numbers with zero mean and unit
variance, suu;l Tið Þ is an unconditional unconstrained
realization of a Brownian motion with generalized
covariance function �D ti � tj

�� �� (see Gutjahr et al. 1994;
Kitanidis 1995), and the n and bb coefficients are found
from the system. If we are not considering measurement
error, re ¼ 0 and g is not needed.

Once the system of equations has been solved, the
conditional realization is defined as:

scu;l toð Þ ¼ �
Xn

j¼1
D to � Tj

�� ��nj þ bbþ suu;l toð Þ : ðA7Þ
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