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Abstract. Using a Lagrangian approach, the authors have previously shown that the kinetics of
concentration variance and dilution of passive solutes in heterogeneous aquifers depend on the ratio
between two- and one-particle covariances. Extending this approach, it is here demonstrated that,
for point injections, the two-particle covariance coincides with the variance of the centroid location.
Then, based on an Eulerian formulation, analytical first-order approximations are obtained for the
two-particle covariance, for two types of log-conductivity covariance. For Gaussian covariance func-
tions, whereas the transverse moments are asymptotically constant, the longitudinal moment tends to
increase logarithmically over time. For hole—Gaussian covariances, both transverse and longitudinal
moments tend to constant values. In both cases, the longitudinal two-particle correlation, which plays
a crucial role in determining the dynamics of the concentration fluctuations, is controlled by the mag-
nitude of the local dispersivity. The theoretical predictions are compared to the data collected at the
Cape Cod site in terms of time derivative of the longitudinal two-particle moment, for Gaussian log-
conductivity covariance and resorting to maximum likelihood estimates. Generally, good agreement
is there, between experimental data and analytical expressions.

Key words: two- and one-particle covariances, characteristic dilution times, analytical derivation,
concentration spatial structure, maximum likelihood estimates, comparison with field measurements.

1. Introduction

It is well understood that the pronounced nonuniformity of groundwater velocity,
due to the heterogeneity of the geologic formations, is primarily responsible in the
long term for the spreading of solutes in aquifers. There has been considerable
research on field-scale transport in porous media characterized by translational
invariance, such as stratified, periodic, and stationary media. Field-scale transport
is described through a mean concentration that satisfies the advection—dispersion
equation with constant mean velocity U and large-time macrodispersion tensor Dy,
(Gelhar and Axness, 1983; Dagan, 1984, 1989; Giiven et al., 1984; Neuman et al.,
1987; Rubin, 1990; Kitanidis, 1992). However, the mean concentration, viewed
as an ensemble mean or as a spatial average, is a smoothed version of the actual
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one. In many groundwater pollution problems, one needs to determine whether
the concentration of dissolved chemicals meets a quality standard and must thus
evaluate the difference between the actual and the mean distributions.

A suitable measure of the expected deviation is the concentration variance. Sev-
eral works (Vomvoris and Gelhar, 1990; Kapoor and Gelhar, 1994a, b; Kapoor and
Kitanidis, 1998; Pannone and Kitanidis, 1999) have pointed out that local disper-
sion plays a crucial role in determining the behavior over time of concentration
variance and coefficient of variation. In particular, Pannone and Kitanidis (1999)
have used a large-time Lagrangian approach to show that the kinetics of concen-
tration variance and dilution depend on the ratio between two- and one-particle
covariances. The smaller the ratio, the more diluted the plume. The one-particle
covariance is the tensor of the mean square deviation of the location of a single
particle from its mean:

X = (X;X}) = (XiX;) — (X; (X)) (D

where X; is the ith component of the particle position vector; the angle brackets
indicate the ensemble average, and X = X; — (X;). The two-particle covariance is
the covariance tensor of the locations of two particles that, started from the same
point, follow different paths due to the Brownian motion:

O = (X;Y})) = (X;Y;) — (X;)(Y) 2

In the above expression, Y indicates the coordinates of the second particle.

The Lagrangian theory of Dagan (1984) extended by Fiori (1996) to finite-
Peclet cases, as well as the numerical experiments by Bellin et al. (1992) and the
Eulerian theory of Gelhar and Axness (1983), predict that the one-particle covari-
ances increase linearly in time, at large times and in stationary formations. On the
other hand, Pannone and Kitanidis (1999) suggest that ®;; should increase more
slowly than X;; and may tend to become constant; they also demonstrate that the
large-time ©;; goes to constant for confined stratified formations. Some interesting
theoretical analyses of the two-particle correlation in turbulent fluid fields have
been presented by Batchelor (1952) and by Fisher et al. (1979). More recently, Fiori
and Dagan (2000) have studied the two-particle moments for generally nonpoint
solute sources and exponential log-conductivity through a first-order Lagrangian
approach.

Here, the time behavior of ®;; is analyzed in the case of porous formations char-
acterized by classic stationary and hole-type log-conductivity covariance functions.
First, the two-particle moments are expressed in terms of hierarchical ensemble
averages leading to an important relation between the two-particle covariance and
the variance of the centroid of the ‘single-realization’ plume. This relation is im-
portant not only because it gives valuable insights on how two seemingly different
quantities are related, but also because many interesting conclusions can be drawn.
Next, an Eulerian—-Lagrangian approach is developed for the determination of ®;
in transient and asymptotic conditions, and the general differential equations are
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solved for Gaussian and first type hole-Gaussian log-conductivity covariances. Fi-
nally, the longitudinal two-particle moments are derived as maximum likelihood
estimates from the concentration data collected during the late sampling rounds of
the Cape Cod tracer test, and are compared to the analytical predictions in terms of
rates of change over time.

2. Hierarchical Ensemble Averaging

The ensemble mean operation indicated by angle brackets in Equations (1) and (2)
can be broken up into two hierarchical operations: the first operation, E1, is to take
the ensemble mean over all the possible realizations of the Brownian displacements
conditional on a realization of the velocity field; the second operation, E>, is to take
the ensemble mean over all the realizations of the random velocity field. Note that
E1[X;] is the ith component of the centroid position vector for a unit normalized
mass of solute instantaneously injected at a point of a single realization of the
velocity field.

Using a well-known relation from probability theory, also used in Kitanidis
(1988) and Dagan (1990), we can write:

X = (X;X}) = E{E\[(X; — Ex(X)(X; — E1(X;)]} +
+ Ex{(E1(X;) — (Xi) (B (X)) — (X; )} 3)

Considering an ensemble of plumes, one for each realization of the velocity
field, the first term on the right-hand side is the average second spatial moment of
the plumes, denoted by S;;, and the second term is the covariance of the centroids,
denoted by Uj;. The average second spatial moment has been studied as a measure
of spreading by Dagan (1991, 1994), Rajaram and Gelhar (1993), Dentz et al.
(2000a, b); they used its time rate of increase to define a macrodispersivity that is
dependent on the plume scale.

The same formulation can be used for the two-particle covariance:

0, = (X;Y)) = EE\[(X; — Ex(X))(Y; — Ex(¥))]} +
+ EX{(E1(X;) — (Xi))(E(Y;) —(Y; )} “4)

In a given realization, the trajectories of two particles started at the same time
from the same point have the same probability distribution, which means that
the second term on the right-hand side is {{;;; knowledge of the location of one
particle does not change the pdf of the other particle, which means that the single-
realization displacements of the two particles are independent and thus the first
term on the right-hand side vanishes. Thus we obtain a useful relation:

O = Uj; &)

That is, for the case of instantaneous point injection and unit total mass, the
two-particle covariance is identical to the centroid covariance.
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Combining (5) and (3), we obtain:
(Sy) = (X X)) — (X]Y) ©6)

Thus, the ensemble second spatial moment can be expressed as the difference
between the one- and two-particle covariances. Since the ensemble second spatial
moment is positive and increasing, it is clear that the one-particle covariance always
increases faster than the two-particle covariance.

3. Analytical Formulation

The starting basis for the derivation of the two-particle moments is represented by
the advection—dispersion equation in its simplest multi-dimensional form:

dc
at

Here, c is the aqueous-phase concentration due to instantaneous point injection
of a solute in x=0 at t =0, u=u(x) is the solenoidal velocity field, and D is
the local dispersion tensor. We are primarily interested at time-rates of change at
large times, when the diffusion length, of order ~/Dr (with D representative local
dispersion coefficient), has become much larger than the heterogeneity correlation
length Iy and the plume has lost the ‘memory’ of the initial conditions. Hence, the
initial condition is only a simplification that involves no loss of generality. Also,
we focus on purely local approaches and on cases of mild heterogeneity envisioned
in the methods of Dagan (1989), Gelhar (1997), Rubin (2003). The study of large-
time transport processes is practically useful because of the large times involved
in transport of chemicals in groundwater and the need for predictive models over
large time scales.

Because of (5), the determination of the two-particle covariance is equivalent to
the determination of the centroid covariance in case of instantaneous point injection
and unit total mass. Thus, as a first step, we multiply each term of (7) by x; and we
integrate over the whole unbounded flow domain in order to obtain the governing
equation of the time-dependent centroid position vector. As in Kitanidis (1988),
Dagan (1990) and others, we obtain:

dR; d(R;) dR!

?—T—I—?:Uﬁ-/ui(x)c(xﬁ)dx ®)

+u-Ve—-V-(DVe)=0 @)

Here, R;(t) = f x;c(x, t)dx is the ith component of the centroid position vector,
U; = (u;(x)) is the ith component of the mean velocity, and u; =u; — U;. We
assumed that ¢ and its spatial derivatives vanish at the edges of the very large
domain.

In a reference frame whose axes are aligned with the plume isotropy—anisotropy
principal directions, the two-particle covariance is given by

@i=U;=(R* i=1,....,n 9)
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where n is the dimensionality of the flow domain. It can be shown that, at leading
order in terms of log-K or velocity variation, the expected value of f u;(x)c(x, t) dx
is zero. For illustration, we will employ the well-known local Eulerian relation
(Gelhar and Axness, 1983) that gives, at lowest order:

, d{c(x,1))

(u;X)c(x, 1)) = _Daii(t)T (10)
where D,;(t) indicates the advection-controlled portion of the macrodispersion
coefficient (Dp;; = D,; + D;;). Because of the concentration—mean boundary con-
ditions ({c(x, t)) — 0 when x; — &+ 00), one obtains:

, , d{c(x, 1))
</ui(x)c(x, 1) dx> = /(ui(x)c(x, t))dx = —Da,-,-(t)/ de =0

(11)
Thus,
d(R;
u =U; or (R))=Ut (12)
dr
and
dR/ / / ! /
dtl = fui(x)c(x, t)dx or R;(t) :/ /ui(x)c(x, 7)dxdr (13)
0
Now, since
dR? dR!
L — 2R —! (14)
dt dt

the two-particle covariance will be computed from

40, (AR
= 2(R: L

dr bdr

= 2</ //uﬁ(x)ug(y)c(x, te(y, 1) dxdydf> (15)
0

The early Lagrangian approaches (e.g. Dagan, 1984) dealt with the transport
problem for Pe = oo, that is, negligible local dispersion; furthermore, assuming that
the stationary log-conductivity field was only weakly heterogeneous, and in order
to solve the trajectory integro-differential equation, they considered the advective
fluctuation very small as compared to the mean displacement and therefore negli-
gible. In that case, the solute concentration due to a unit normalized mass injected
into a small cube of volume Vj, centered at the origin of the reference frame is given

by

c(x, 1) = / Co(a)d(x—a—Ur)da (16)
Vo
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where the initial distribution is Cy(a) — §(a) and & (e) indicates, as usual, the Dirac
delta function. By substituting (16) into (15), we obtain:
de;

—_— = 2/ (u:(Ut)u;(Ur))dr = 2/ C.;lU —1)]dr (17)
dr 0 0

which is exactly the same differential equation holding for the derivative of the
one-particle covariance (Dagan, 1984). Note that, in (17) and in what follows,
Cuii(x —y) = (u;(x)u;(y)) represents the covariance function of the stationary
Eulerian velocity field. However, such an assumption, which dramatically simpli-
fies the formulation and the corresponding solution, is unsuitable except at very
short times, when the scattering of particles is still very limited.

A definite improvement is represented by the assumption that the particles move
along the mean trajectory perturbed by Brownian displacements only (e.g. Fiori,
1996; Fiori and Dagan, 2000). In this case, the particle sampling domain is cor-
rectly multi-dimensional and increasing over time, although at a rate that does not
match the macrodispersive contribution. The corresponding concentration is given

by
c(x,1) :/ Co(a)d[x —a—Ur — Xp(t)]da (18)
Vo

where, again, Cy(a) — §(a) and Xp is the normally distributed local-dispersive
displacement. Thus,

de;;
dr

t
= 2</ //MZ(X)MQ(Y)S[X—Ut—XB(t)]S[y—Ut —YB(‘L')]dXdydr>
0

t
= 2/0 //<u§(X)u§(y)>(8[x—Ut—XB(z)JS[y—Ur — Y3(1)]) dxdydr

t
_ 2f0 /ff/w;(x)u;(y))a[x—w—XB(r)]a[y—Ur—YB(r)]-

- fxzY; XB,Yp; t, T, Pe) dxdy dXp dYp dr (19)

where fx,v,(Xp, Yg; t, T, Pe) is the joint probability density function of two dif-
ferent Brownian trajectories. Note that, in the third line of the above equation, the
statistical independence of advective velocity and diffusive displacements allows
for subdiving the global ensemble mean into two nonsequential averaging opera-
tions. Moreover, since the Brownian displacements of two different particles are
uncorrelated at any time by definition, we have:

fxpv; (Xp, Ypit, 7, Pe) = fx,(Xp;t, Pe)fy,(Yg; T, Pe)

= : [ X}, ]
= exp| — )
r=1 \/47TDrrl‘ \/47TDrr7: P 4Drrt

Vi,
-exp| — 4D’ . (20)
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where [ [ indicates the product over the different components.
From (19), by performing the integrations over X and Yp:

de; !
pm =2/ //Cmi(x—y)-fXBYB(X—Ut,y—Uf;t, 7, Pe) dxdydr
0
2D
or
t t
Q) = / / //Cm'i(X—Y)'
0o Jo
: fXBYB(X _Utlay - Ut27 I, t2vPe) dXdydtl dtz (22)

It is worth noting that, following the present Eulerian approach, there is no need
for introducing specific hypotheses about the characteristics of the two-particle
Lagrangian velocity correlation (which is nonstationary, as pointed out by Pannone
and Kitanidis, 1999).

In the Fourier domain, the expression of the velocity covariance is:

Cur(x —y) = / Sur() explj27k - (x — y)] dk 23)
k

where S,; indicates the velocity spectral density, K is the vector of wave numbers
and j =+/—1. The substitution of (23) into (22) yields:

;) = // / //Suii(k)exp[jznk'(x_y)]'
kJo Jo

. fXBYB (X — Ull, y — Ulz; f, 1, Pe) dx dydll dlz dk (24)

Finally, from (24) and (20), the integrations over x and y and the double inte-
gration over time lead to:

- Suii ()W (K, 1)
Ou(t) = /k GrU R 1 2. DT dk (25)

where the space—time-dependent kernel W (K, ¢) has the following expression:
Wk, 1) = 14exp [ - 8712(Z Drrkr2>t:| —
— 2cos(27U - kr) exp [ — 472 ( > D,,kf)t:| (26)

Ideally, one should solve (15) for

c(x,t) = / Co(a)d[x —a—Ur — X'(¢,a)] da 27)
Vo
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where X'(z, a) is the total trajectory fluctuation, expression of the synergy of ad-
vection and local dispersion, which can be not negligible at large time even for
weak heterogeneity (Pannone and Kitanidis, 1999). However, in this case it would
not be possible to separate (c(x, t)c(y, t)) from the Eulerian velocity covariance
in Equation (15) and to obtain an analytical solution without additional assump-
tions (X'(¢, a) does depend on the advective velocity fluctuations in an intrinsically
nonlinear fashion). A quasi-linear analytical solution for the one-particle moments
based on the Corrsin’s conjecture was proposed by Neuman et al. (1987).

The two-particle moments have a simple interpretation in terms of large-time
concentration variance.

Let us rewrite the analytical expression of the concentration variance derived
by Pannone and Kitanidis (1999) through an asymptotic Lagrangian approach as a
function of the correlation coefficients p; = ®;;/ X;;, where X;; — 2Dyt

1 { (x; — Uit)*[1 — p;(1)] }
expy — )
471w Dpyiit 4Dp;it[1 4 pi ()]

||:|

[1 — pF(D)]

(xi — Uit)? - 1 (xi — Uit)?
. - | - - 28
5P |: 4Dmiit llj! 4 Dmiit °xP 2Dmiit ( )

We are interested in what happens when ®; is so small compared to X;; that p; — 0.
Thus, we will expand 0’2 about p = (py, ..., p,) =0:

ol (p) ~ ol(0) + Z [ ”

From (28), it is easy to show that acz (0) = 0. Additionally,

} pite (29)
0i=0

2 o T7.4)\2
[86 ] = (e &G (30)
apl 0= 2Dmiit
Thus,
o2(p) = (¢ Z L Z(x’ U0 6 (31)

Dyt (2szz )2

On the other hand, the square of the derivative of the ensemble mean concen-
tration is given by

[@T_ 2 i = Uit)?
axi ] (2Dmiit)?

Then, at very large times we can write:

?) > Z @..@[@T (33)
i1 Bx,-

(32)
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It turns out that the two-particle moments are generally time-dependent coeffi-
cients that bring forth the concentration variance just by re-scaling the square of
the derivative of the ensemble mean concentration: they are important constitutive
parameters that relate the large-scale variability represented by the derivatives of
the ensemble mean concentration with a measure of the microscale fluctuation
(see also Kapoor and Gelhar, 1994b). Given the two-particle covariances, Equa-
tion (33) is a convenient formula for the approximate estimation of the large-time
concentration variance.

It is interesting to note the similarity between (33) and the expression of the
turbulent velocity correlation as derived through Prandtl’s theory. For instance, in
case of steady 2D flow with mean velocity directed along x;, one has:

!’ d 2
(Vjvy) l«%)

where [ is the mixing length. Thus, in terms of concentration variance, the square
root of the two-particle moments plays the same role that the mixing length plays
in terms of turbulent velocity correlation.

4. Isotropic Gaussian and Hole-Gaussian Log-Conductivity Covariance
Functions

The analytical derivation of the two-particle moments for isotropic Gaussian and
Hole—Gaussian log-conductivity covariance functions, and isotropic local disper-
sion, is relegated in Appendices A and B, respectively. See Zhang and Di Federico
(1998) for the evaluation of the one-particle moments tensor in case of Gaussian
covariance and Pe — oo.

For the Gaussian case, represented by the following covariance function:

2 Ir|?
Cy(r)r=pr| =0yexp| — — (34)

where Iy =21y //7 is the range of the distribution, Iy is the integral scale, o}
the variance, and r the vector distance between two generic points, the short-time
limits in case of large Peclet numbers are:

O11(1) = oy U, O (1) = O33(t) = oy U (35)

with U= (U, 0, 0). Note that they are the same limits found under identical condi-
tions for the one-particle moments with exponential log-conductivity covariance
(Dagan, 1984). Indeed, at short times the effect of a weak local dispersion is
still negligible, and the two particles are close to each other within a very small
heterogeneity sampling volume.
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At large times (t/Pe = (tU/ly)/(Uly/D) = Dt/I} — 00), we obtain:

8Pe , , tU
O = ﬁJYIY In 7 + const, ®,, = const, ®33 = const
s Y

(36)

The result is in qualitative agreement with the one predicted by Fiori and Dagan
(2000) in case of exponential log-conductivity fields. Finally, for large Peclet
numbers,

Oy =0 —30212 (37)
22 — 33—37_[ Yty

The first-type hole—-Gaussian log-conductivity covariance is (Vomvoris and Gelhar,
1990):

Cr(r) oy Ir|? Ir? r|? (38)
e = —exp| — — | — —oyexp| — —
P = P\ T ) T e TP T
where / indicates the heterogeneity characteristic length.
In case of large Peclet numbers, at short times we obtain:

On@) = 03U, On(1) = O33(t) = 350,U°1 (39)
while the asymptotic values are given by

7T Pe ol?
O = \/——6312, Oy = B33 = 2~ (40)

642 18

where Pe =Ul/D =1/a, with « local dispersivity. Thus, the main difference be-
tween the two-particle covariances obtained for Gaussian log-conductivity and
the two-particle covariances obtained for hole-Gaussian log-conductivity is repre-
sented by the large-time behavior of the longitudinal moment. In the first case,
it is increasing without bound over time even for finite Peclet (note that we have
obtained (36) for 7/Pe — 00); in the second case, it goes to a constant propor-
tional to the Peclet number. It is then clear that, unlike the one-particle case, the
two-particle correlation is critically controlled by the low-wave number tail of the
Eulerian velocity spectrum, and a right characterization of the log-conductivity
spatial distribution is extremely important in order to model the evolution of the
concentration field.

For the sake of completeness, we have computed the asymptotic longitudinal,
transverse and vertical macrodispersion coefficients for the hole—Gaussian log K
covariance and, therefore, the asymptotic correlation coefficients (see Appendix
C). For large Peclet the results are:

kY, 2 2 @11 12

D = —o.;Ul, = = —,
mil 6 Y P 2Dt 4Dt
oiD 022,33 I?
Dypr = Dy = 42—, =03 = ’ = 41
m22 m33 ¢ P2 = P3 2Dum st 6D (41D
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Thus, the correlation coefficients increase with the log-conductivity correlation
distance and decrease with local dispersion. It is worth noting that they turn out to
be proportional to the ratio between the square of the heterogeneity characteristic
length and the square of the diffusion length (which is proportional to /Dr). This
specific rate of decay of the correlation coefficients would lead to a rate of decay of
the concentration coefficient of variation at the plume center (Kapoor and Gelhar,
1994a, b; Pannone and Kitanidis, 1999) that is qualitatively similar to the one
obtained by Pannone and Kitanidis (1999) for a confined stratified formation. In
particular:

[ O¢ ] T4
<C> center t
where 74, the dilution time,
1 O\’ ©n \° O3\’
g = = + +
8 D Do D33
is here given by

l2
= 48—D\/ﬁ (42)

Td

5. Gaussian Anisotropic Formations: Comparison with the Cape Cod
Experimental Data

The asymptotic solution (36) is here extended to the case of anisotropic formations
and anisotropic local dispersion in order to compare it with the large-time two-
particle moments estimated from the Cape Cod concentration data through a max-
imum likelihood estimate procedure. We have chosen to base the whole analysis on
Gaussian-like log-conductivity covariance functions and not on their exponential
counterparts due to the singular behavior of the latter near the origin and to the
obvious sensitivity of the concentration fluctuations dynamics to the microscale
heterogeneous structure modeling (see also Kapoor and Gelhar, 1994a, b). The
starting basis for that comparison is represented by the following concentration
variance—covariance function, derived through a large-time Lagrangian formula-
tion under the hypothesis of instantaneous point injection and particle trajectories
jointly normally distributed (Pannone and Kitanidis, 2001):

QC(Xa y. t) = <C(Xa f)C(y’ t)) - (C(X7 t))<c(ya t))

M 2
= <_> fX’Y’(X_a_Utvy_a_Ut;Z7®)_
n

M2
- <7> fxx—a—-UZ) fx(y—a—-UsZ) (43)
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where
fx(x—a—-Un2Z) = Qm)"?Z|I7'? x
X exp [ - %(x —a-Un"Z'(x—a— Ut)} (44)
and
fxyx—a—-Ut,y—a—U;Z,0) = 2a)™"

1 Z 0\ '[x—a—
- exp _E[(X—a—Ul)T(y_a_Ut)T](@T Z) [E;—:—Egj”

(45)

are single- and two-particle trajectory probability density functions, respectively.
In the above expressions, a indicates the coordinate of the injection point, M the
total mass and 7 the porosity; Z is the tensor of the one-particle covariances and @
is the tensor of the two-particle covariances; (-)7 indicates vector/matrix transpose.
Assuming that the concentration values are normally distributed in space, and ac-
counting for an additional random variability due to the experimental error, one can
write the logarithm of the concentration probability density function, except for a
constant term, as follows:

F=—3In]Q.+ Q| — 5z — ()" (Qc + Q) ' (z — (c)) (46)
with

Qe =[Qcj] = [Qc(xi.X;. 1)]

Qe = [Qeji] = [Qe(Xi. X, D] Qe(X;, X, 1) = [uz(X;, 1) + v]*5;

In (46), z and (c) indicate vector of observations and vector of corresponding
unconditional Gaussian means, respectively; Q. is the theoretical covariance tensor
at the observation points; Q. is the tensor of the measurement error variance and u
and v are two constants. Some accurate consistency tests have shown that the best
fit between experimental observations and a posteriori estimates is achieved for
©w=0.07 and v =0.1 mg/l (Pannone and Kitanidis, 2001). That is, above a lower
threshold — which represents the limit of sensitivity of the measurement devices —
the error increases to 7% of the measured value. Note that plausible values of u
are 0.05-0.07 (Martin Reinhart and Gary Hopkins (Stanford University), pers.
comm.).

For each sampling round, total mass, centroid position vector R(¢) and principal
inertia moments S;;(¢) had already been computed by Garabedian et al. (1991). We
have used them in the large-time approximation (43) assuming that

R(t) ~a+ Uz,
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Spu@ 0 0 Xnu@ 0 0
S@) = 0 S (1) 0 ~7Z(t) = 0 X (1) 0
0 0  S3(0) 0 0 X33()

The original reference frame has been transformed into a principal reference
frame, with the origin located on the sea level and in correspondence of the hori-
zontal coordinates of the center of the injection volume. Finally, the values of ®;,
viewed as the unknowns of the problem, have been derived through the Gauss—
Newton maximization of (46). With reference to four of the late sampling rounds
of the Cape Cod tracer test, and to the longitudinal second-order moments, we have
obtained:

t=273days a+Ur=[115 —21 6.6]"m X;; =196m?> O = 157m?

t=384days a+Ur=[163 —149 8.1"m X;; =327m? O, =248m’

t =461 days a+Ur =[197 —23.5 46]"m X;; =372m? ©;; =258 m’

t=511days a+Ur=[214 —338 4"m X;; =405m? O, =288m>
47)

The Cape Cod aquifer is located in a mildly heterogeneous sand and gravel
formation whose structural-hydrogeological parameters, as derived by Garabedian
et al. (1991), Hess et al. (1991) and Leblanc et al. (1991), are here summarized:

Log-conductivity variance o = 0.24

Horizontal integral scale Iy, = 2.6m

Vertical integral scale Iy, =0.19m

Mean velocity |U| = U; = 0.42 m/day

The extension of (36) to anisotropic formations and generally anisotropic local
dispersion is straightforward and based on the same steps shown in Appendix A.
From (25), and a log-conductivity covariance given by

2 2 2
2 "1 " "3
Cy(r) = oy eXp<_lz__lz__lz_>
vh  tyn v
we obtain the following linearized solution at limit for t/Pe;, — oo:

o1 8ePerozl?,  (tU + const o .

= —" — const, = const,

®33 = const (48)
where

JT JT tU
Iy, = —ly,, Iy, = —ly,, T=—),
Yh 5 lvn Y 5 by Ton
Iy, Dr Uar or Uly,
e= = — = = —, Pe; =

= —, £ = = =
IYh DL UO{L g DL
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In terms of longitudinal two-particle moment derivative,

d®ll _ 8€P€L0’511%h1 (49)
dr 3m2e3/2 ¢

Thus, for given Iy, and o, the larger the local dispersion anisotropy ratio ¢, the
slower the logarithmic increment of ®;; on the other hand, the larger the structural
anisotropy ratio e, the faster the increment. This type of behavior makes physically
sense: indeed, a large local dispersion anisotropy ratio would mean a considerable
dilution along the vertical coordinate and, therefore, a faster loss of Lagrangian
velocity correlation; conversely, a large value of e would correspond to a persistent
‘determinism’ of the velocity field along x5 and, therefore, to a slower tendency
towards the complete mixing.

The asymptotic values of ®,, and ©33, here shown for the sake of completeness,
have been computed for large Peclet numbers. At the leading order:

©n _ e{[ 2 ! sin' (V1= e?) + —° } (50)

o212, 2t |Vi—e2 (1—e2)32] 1 —e?

D

O e [sin'(V1—¢€?) e
o2, w { (1 —e?)32 1 —e?
As we would expect, the horizontal transverse and the vertical two-particle covari-
ances turn out to be usually very small and decreasing for decreasing e. At the limit
fore — 1, Oy 33/021z — 2/37 (Eq. 37)).

Despite the simplicity of equations like (50) and (51), the time needed in order
to reach a stable constant behavior for the transverse covariances is very large.
Thus, the comparison between analytical predictions and experimental estimates
will be attempted for the longitudinal moment only.

Based on (47), and resorting to the least squares interpolation method, we can
approximate the experimental behavior of ®; through the following logarithmic
law:

Of =198.571n t — 950.2 (52)
or, in terms of longitudinal two-particle moment derivative,

de¥, 19857
—i (53)
dr t

In Figure (1) we have shown the fitted curve (52) and the two-particle moments
derived from the experimental data. All the ®;-points fall within a 92% confid-
ence interval. In Figure (2) we have plotted (49) for ¢y =0.001 m and the effective
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Figure 1. Longitudinal two-particle moment behavior at the Cape-Cod site. The markers

indicate the experimental ® at 273, 384, 461 and 511 days after injection; the full line
represents the fitted logarithmic curve; the dashed lines represent the 92% confidence interval.

values of Iy, Iy, 03. We have decided to adopt this particular value of transverse
local dispersivity based on the values of longitudinal, horizontal and vertical trans-
verse dispersivity for Cape Cod data estimated by Garabedian et al. (1991). Given
that the estimation of local dispersivity, rigorously decoupled from macroscale ef-
fects, is very complicated in field experiments, we have chosen to refer to the value
of the ‘global’ vertical transverse dispersivity since, acting in a plane perpendicular
to the flow, it should be almost unaffected by advection and then essentially due
to local mechanisms. Garabedian et al. (1991) found a7 =0.0015 m. We slightly
reduced that value in order to approximately account for possible small additional
advection contributions. The local dispersion anisotropy ratio ¢ is allowed to vary
between 0.1 and 0.4. In the same figure, we have plotted (53). As we can see, the
theoretical model seems to be able to capture the effective large time-dependence
of ®,;; furthermore, Equation (53) is well approximated by (49) when ¢ is about
0.18, that is when transverse local dispersivity is about the 18% of longitudinal
local dispersivity. Thus, based on the present Lagrangian model, the large-time
concentration dynamics at the Cape Cod site seems to be correctly interpreted by a
local dispersion process influenced by the combined effect of diffusion and local-
scale advection (which contrasts the isotropy of molecular diffusion because of a
preferential flux direction).
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Figure 2. Longitudinal two-particle moment derivative. The full line corresponds to the fitted
curve; the dashed lines correspond to the theoretical behavior for local dispersion anisotropy
ratio ranging from 0.1 to 0.4.

6. Summary and Conclusions

The prediction of the location and extent of contaminant plumes, combined with
the prediction of the rate with which the peaks of the concentration distribution
attenuate over time, are issues of fundamental importance in hydrogeology. A
previous work (Pannone and Kitanidis, 1999), based on a large-time Lagrangian
approach, had shown that the ratio between the two- and one-particle covariances
controls the dilution rate. The one-particle moments, and the related macrodisper-
sion coefficients, have been the subject of several detailed studies in the recent past.
In the present work, we have derived general equations as well as analytical approx-
imations of the two-particle moments for isotropic Gaussian and hole—Gaussian
log K distributions. For hole—Gaussian log-conductivity fields, it is clear that the
two-particle covariances tend to constant values at large times. Thus, in this case,
the coefficient of variation of the concentration at the center of the plume decreases
like 74/t, where 74 is a characteristic dilution time, as previously expected by
Kapoor and Gelhar (1994a, b) and Pannone and Kitanidis (1999). However, for
the classic Gaussian log-conductivity distributions, the leading-order approxima-
tion predicts that the longitudinal two-particle covariance increases logarithmically
over time, with only its derivative tending toward zero. Nevertheless, although one



ASYMPTOTIC BEHAVIOR OF DILUTION PARAMETERS 273

cannot define a characteristic dilution time in the way it would have been possible if
the two-particle covariance had tended to become constant, this prediction means
that the coefficient of variation at the center of the plume tends to zero as time
tends to infinity. Moreover, the two-particle covariances have been shown to have
a straightforward interpretation in terms of large-time concentration variability;
indeed, they can be viewed as a kind of macro—microscale transfer functions,
which transform the large-scale concentration variability represented by the spa-
tial derivative of the concentration ensemble mean into a measure of local scale
variability. In a practical situation where the transient behavior of ®;; is required in
order to assess the effective plume dilution level, one could resort to the numerical
integration of (25)—(26) for the given time. Note that the needed degree of accuracy
in the discretization of the wave numbers domain does depend on ¢.

Finally, the longitudinal two-particle moments estimated from the Cape Cod
concentration data have been compared to the analytical predictions in terms of
large-time derivative, assuming that the log-conductivity field is represented by an
anisotropic Gaussian covariance function. The results indicate that the theoretical
model fits the experimental estimates reasonably well; in particular, the best agree-
ment is achieved for large-time local dispersion represented by an anisotropy ratio
¢ =0.18, that is, influenced by the combined effect of diffusion and small-scale
advection. For a large-time predictions, knowledge — or estimation — of the con-
centration distribution at a certain ¢* allows for the evaluation of ®(¢*) and, there-
fore, for the use of Equations (48) at r > t*, given the structural-hydrogeological
parameters of the site. For the longitudinal covariance:

8ePe;o2l? tU 8ePe;o2]? t*U
O®(1) = O, (t* TV VR, ) - Y YR,
11(7) 1 (@) + 3720372 T 372632 Iy
8ePe;o2l? t
. * vivh
= Oul)+ 3m2e3/? t_*
Appendix A.

The spectral density corresponding to (34) is:

Sy (Kr=jx = /CY(V)CXP(—jZﬂk'r)dl‘

r

= 80713 exp(—4n [K|*I7) (A.1)

Furthermore, in the context of a linear formulation of the flow problem and for a
3D unbounded flow domain, the spectral density of the velocity is found through

SR kik, kik,
Sur(R) =Y > " U,Uy( 80 — Tk ) B = g ) Sr 0

p=1g=1
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(Gelhar and Axness, 1983), where § is the Kronecker’s Delta. The solution of (25)
will be pursued under the following conditions:

= (U, 0,0), D; =D foranyi

That is, the x;-axis is aligned with the mean flow direction and local dispersion
is isotropic. Then, in dimensionless terms, and after a little algebra, Equation (25)
can be transformed into:

/ / / Fii (A, M2, A3) exp[—4m (3, 17)] .
R A+ (42 Pe) (Y, A2)?
{1 + exp |: — —<Zk2) } —2cos2mAT) X
X exp [ . Pie(zr:xf)r]} dA; dis dis (A2)

where A; = k;Iy,t =tU/ly, Pe = Uly/D and

22 2
Fri,,3)={1——7F+——],
11( 1 2 3) ( )\,%—f—)\,%—'—)\%)

Far(Aq, hyy A3) = ale: i
22 1 2 3) — A%—'—)\,%—I—)\% ’

Az 2
F33(M1, A2, A3) = m

An equivalent form of (A.2) is obtained by switching to cylindric coordinates.
With

A1 = Asiné cos @, Ay = Asin@ sin g, A3 = Acos6
we can write:
2 Fii (A, 0, @) exp(—4mA?) sin 6
- 772/ / f sin® 0 cos? ¢ + (472 /Pe*) A2 '
{1 + exp |: ( ;)T A2> ] — 2cos[(2mw A sinf cos @)T] X

X exp [ - <4Pi/\2> 7::| }dgo do di (A3)
e

Fii(x, 0, ¢) = (1 —sin® 6 cos? ¢)?, Fy (X, 0, ¢) = (sin? 6 sin ¢ cos ¢)?,
Fi3(, 0, ) = (sin6 cos ¢ cos 6)> (A4)

where
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When t — 0, Equation (A.3) yields:

;i 2Pe2 72 / /‘ /2” F;; sin® 0 cos? ¢ exp(—4mw A?) A2
ol2I2 A2 + (Pe?/4m?) sin® 0 cos? ¢

de do da
(A.5)

The integration over A (Gradshteyn and Ryzhik, 1980) and the expansion for
Pe — o0 lead to:

2
12 = 471/ / F;;sin 6 dp d6 (A.6)

It is easy to verify that the final solutions can be written as

O () = GYU2 2 On(t) = O3(t) = oy Ut (A7)

The singular behavior of the integrand function in (A.2) when i = 1 near the
origin of the wavenumbers domain does not allow for a direct integration at large
times. Thus, we will switch to the study of the two-particle moment rate of change.
The time derivative of (A.3) is

d /©; dY 7 0y d® /0y d© /0y
_<22>:—<22)+—<22>+—<22> (A-8)
dt \o;1; dr \oyI; dr \oyI; dr \oyI;
where
dv [ 0
?( 212)
_ 4Pe/ //2” (Fi sin0) exp[—(47 + (87°/Pe)T)1’]
A2 + (Pe?/4m?) sin® 0 cos? ¢

A2 dg d6 da
(A.9)

d® < i )
dr Y
_ 4Pe f f /2” (F;i sin ) exp[— (4 + 472/ Pe)1)A?]
A2 + (Pe?/4m?) sin® 0 cos? ¢

- cos[ (2 A sin O cos (p)r]k de d6 dA (A.10)

4 (O
o ()

2 Pe? f°° /” /2” (F;; sin” 6 cos @) exp[— (4 + (472 / Pe)T)A?]
= X
A2 + (Pe?/4m2) sin” 6 cos? ¢
X sin[(2m A sin 6 cos ¢)T]|A de d6 dA (A.11)
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The integration of (A.9), (A.10) and (A.11) over A (Gradstheyn and Ryzhik
1980) gives

L el )

S LR

(A.12)

where @ =277 sinf cos ¢, B =4n+(4n’t)/Pe, B/ =247,y
27, and @ (-) indicates the Error Function.

At large time, for finite Peclet (/Pe = t' — 00), the expansion of the
integrand function produces

d

O Pe /ﬂfzﬂ(F in6)
—_ = ;isinf) x
dr \ ol 375/2/7

P
X exp|:— (Te cos? ¢ sin 9) :|dg0d9 (A.13)

Furthermore, when v/ — o0,

= (Pesinf cos ¢)/

Pe 2
exp |: — <T cos? @ sin 6) ’] — Zﬁ/(Pe«/?)S(cosgosiné)
Thus,

d (Ou 8 on— 20 (1) 4 const (A.14)
— — —- —o0 n|{— cons .
dr \o}I} 327 t 3g2 VY Iy

d [ Oxn

—\ =53] 0 ©®y — const

dr \oyl;

d [/ O3

—\ =53] 0 33 — const

dr \oyl;

The constant asymptotic values of ®;; and ®33 are found from (A.3):
O; 2 [ [T [ F;; sin 0) exp(—4m A2
22:—2/// ! ) exp( 2) dy do di

oy Iy sin” 0 cos? ¢ + (472 /Pe”)\?

2 (Fysinf —4m A2
_ 4/ f / Wistn0)expl472) 4 dodn (A17)
27 A%+ (Pe” /47?) sin” 6 cos? ¢
For large Peclet numbers (Gradstheyn and Ryzhik, 1980):

/"o exp(—4m?) w?
0 A2+ (Pe*/4m?) sin® 0 cos? ¢

(A.15)

(A.16)

Pé? sin® 0 cos? ¢
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and
2
= ——dpdb A.18
2I2 272 / / sin 6 cos2 ¢ ( )
Finally, the integration over ¢ and 6 leads to
2 5p
@22 = @33 = QO-YIY (A19)
Appendix B.

For the computation of the spectral density of Y in case of isotropic hole—Gaussian
covariances we will refer to (e.g. Dagan, 1989):

2 o0
Sy (K)k=k] = E/ Cy(r)sin(2mkr)r dr (A.20)
0
obtained from
Sy (K)r=jx = fCY(F) exp(—j27k - r)dr

by switching to cylindric coordinates, with cos(2mkr)r? ~ sin(2mkr)/(2mk)r for
r — 0 (that is, for the interval of r-values which give the maximum contribution
in terms of Cy(r)). Thus, from (38), we obtain:

Sy (Ma=p = §n3\/2n0§l3)\2 exp(—2n2)\2) (A.21)
Note that, in this case, the dimensionless groups are A; = k;l, T = tU/l and
Pe=Ul/D.
From (25), (26) and (A.21), for T — 0 we obtain:
®ll
2
4713\/ 7T’ / / /2” Fii ‘si;13 6 cos? ¢ exp(—2n22)\2))\4 dp 6 di
sin” 6 cos? ¢ + (42 /Pe”)\?
(A.22)

In case of large Peclet numbers, the triple integral (Gradshteyn and Ryzhik,
1980) gives, at the leading order

O,(t) = —02U2t2 O (1) = Ox(t) = —02U2 2 (A.23)

In order to derive the large-time longitudinal two-particle moment, we will first
integrate in the wavenumbers rectangular domain:

= )
o2 A2+ 2422

(AZ + )ﬂ + A3) exp[—272 (A + A3 + A3)]
+ (472 /P (A3 + A3 + A3)2

dhydiadhy (A24)
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With vy = X /(2w /Pe) and Pe — oo,

® /2 oo o] oo )\‘2 )\’2 ] 2 )\’2 )\‘2
T —”Pe/ / / (3 +43) expl—2m §22+ N 4o, iz dis
UYI 6 —o00 J—00 J—00 v + ()\2 + )‘3)

(A.25)

The integration over v, is easily performed resorting to the following formula
(Gradstheyn and Ryzhik, 1980):

o 1 b4
2 2 22 dv; = — 2
o V(242D 22+ 22
Then,

@ 2 o o
% _ VN b f / exp[—272 (A5 + A3)1dA, dAs
osl? 6 oo d—

Y o o0

Finally, the integration over A, and A3 is transformed into an integration in the
polar domain (X, ¥):

® 2 o) 2
n_z - ™ pe / / exp(—27222)2 do di
0 0

272
oyl

The result is

P
o = YT Le ap (A.26)
632

Along the transverse direction, in the cylindric reference frame and at leading
order for Pe — oo:

® 2 00 T 2w
TZZZ _ IV / / / sin® @ sin® g exp(—272AHA dp do dr  (A27)
oyl 3 o Jo Jo

The integrations over ¢, 6 and A are easy and independent. The final result is
O = ol (A.28)

The procedure for ®33 is identical and, due to the isotropy of the log-conductivity
field, leads to the same result:

O3 = 1507l (A.29)

Appendix C.

In order to evaluate the asymptotic macrodispersion coefficients for the first-type
hole—Gaussian log-conductivity covariance, we will use the same method applied
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by Gelhar and Axness (1983). Since in the present work the Fourier transforms are
defined as

F(k)=ff(x)exp(—j2nk-x)dx

their expression (22') becomes:

oo oo 0 AZ2D S A2/12)S,ii(A, Aoy A
Dpnii = UAii:/ / / (4m Zr r/ ) (A1, A2, A3) %
o000 oo QEAMU/D? + (42D Y A2/ 1%)?

dry dr, dis
o LA T2 TS
3
Thus, for the log-K spectrum (74):

D 47T3\/E Rl el e
O’}%D - / / /
F,,(,\2 + A3 + A2 exp[—2m2 (A + A% + A3)]
AT+ (A2 Pe?) (AT + A3 4 A3)?

(A.30)

dA; di, das
The longitudinal coefficient will be found through

= S0 ks)
02D A2+ A2+ 22

. (x% + 13 + 252 exp[—272 (A] + A3 + A3)]
AT+ (A2 Pe?) (M + A% 4 A3)?

dridi,drs (A3

The substitution v; = A; /(2w /Pe) when Pe — o0 yields

D11 _ 2n2\/2”pe/m /OO /OO (A3 + 232 exp[—272 (23 + A3)] 5

oD vi4 (A3 +A%)?
X dU] d)\.z d)\.3
and, finally,
D11 = $+/27103UI (A.32)

For the transverse coefficient, switching to cylindric coordinates, and at leading
order for Pe — o0:

Do T o2 . .
aénD = §n3\/2n fooo Is fs sin® @ sin® g exp(—272A2)A% dg dO dA

and

Dy = D33 = %UIED (A.33)
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