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THE CONCEPT OF PREDICTIVE PROBABILITY AND
A SIMPLE TEST FOR GEOSTATISTICAL
MODEL VALIDATION

Peter K. Kitanidis

Civil Engineering
Stanford @:?oa_q
Stanford, CA 94305

Abstract

The concept of predictive probability is discussed as a unified way fo develop <.u=nn:o=
tests. The predictive probability for the model used in lincar geostauisucs 1§ derived and
is used to derive onc validation test.

1. Introduction
Deduction Versus Induction

“Deduction. based on the temporary pretcnse that the current model s true, is
attractive because it invoives the staustidan mn ‘exact’ esumation calculations
which he alone controls. By contrast. induction testing on the idea that the
current model may not be lrue is messy and the siaustican is much less in
control. His role is now 1o present analyses in such a form, both numencal and
graphical, as will accuraiely portray the current ation 10 the invesugators
mind, and appropriately stimulate his colleagues’s imagination, leading to the next
step. Although this inductive jump is the only creative part of the cycle and hence
scientifically the most imponant, the stausugan’s role in it may appear inexact
and indirect.”

G.E.P. Box |1980. page 425)

The emphasis of statistical methods in the water scicnces has been on paramcter
estimation and prediction, i.e., deduction, with litte atention paid 10 modet validation,
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Le., inductive testing. Indeed, at the carlicr stages of siochastic hydrology it was
common for a model to be justified on littie more than its ability 10 preserve ccriain
characteristics of the historical record. such as mean values, vanances, skewnesses, and
correlation coefficients. In groundwater modeling, a groundwater flow model would be
considered calibrated when it reproduced some measurements (usually pressure head).
Parameter estimatnion methods would then focus on the purely algorithmic problem of how
t0 minimize some fiting critenion.

Oi course, the approach of "preserving observed features of the sysiem” is periectly
reasonable if the underlying mode} is accepted as true and the data are reliable and
relevant. However, onc may wonder how the predictive capability of a model may be
improved by preserving measurement erfor or spatial vanability at scales much smaller
than the model could reasonably reproduce. For example. a regional groundwater flow
mode), discretized on a scale of kilometers cannot account for random measurement error
or for variability at a scale of, say, meters, even though such variability is evideat in
the daia Do we achieve anything by adjusting parameters in the regional model to
reproduce this type of varnability? Also, a model with many parameters may reproduce
every available measurement, particularly if there are few measurements and many
parameiers. as is often the case in hydrogeology. What does this el about the predictive
capability of the model?

There have. of course. been cxceptions. A case in point is geostatistical anaivsis,
which has developed somewhat separaiely. If anvthing, the geostatisucal literature. which
is practical and pragmatic. has gone to the other extreme by deemphasizing the algonthmic
problem of parameter esumauon and relying heavily on “validauon™ in model development.
Also, stochastic hydrology now makes wide use of ARIMA techniques {Box and Jenkins,
1976), which emphasize parsimonious modcling and validation rather than moment
preservation.

The need 10 shift some of the emphasis from modcling and parameter estimation (0
validation becomes gradually accepted in the hydrologic commumity. For example, according
0 Klemes {1986, page 16}

".Simulation (with models which cannot be direcily tested) has been a safe game
for the modelier but a precarious one for the user. The mussing corrective potential
of companng simulation resulis with the actuality has encouraged prolifcration of
both deterministic and stochastic simulation models and exaggerated claims of their
performance. which has led 10 their uninhibited application to problems far beyond
their capabilities.”

This work deals with model validation for spatial processes. particularly in conjunction
with linear geostatistics, i.c.. linear minimum-vanance unbiascd estimation methods.
These methods are well known for their application to simple intcrpolation problems, such
as kriging to from measu values on a regular grid for purposes of
contour mapping. A better kept secret is that the applicability of estimation methods is
much wider than interpolation or curve fitiing. In the author's opinion, these methods
provide the environment in which data, our description of the physics of hvdrologic
processes, and probability theorv come together to improve understanding of complex
hydrologic processes or sysiems.

Model Validation

Model is defined as the assembly of all assumption which allow 10 make predictions. For
example, in groundwater modeling they inciude assumptions about

(i) The physics of the process. such as continuity equation, Darcy’s law, two or
three-dimeasional flow.
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(i)  The input or boundary conditions. They include leakage, pumping, fixed head or
discharge, and eftect of streams.

(iii)  The spatial vanability of parameters. For example, the transmissivity may be
. assumed constant 0 zones OF Vaning in a way which can be represented using
geostatisiical methods.

(iv)  The structure of uncertainty or error. It may be reasonablc to hypothesize that

all head nLs are o d with at ervors which arce
uncorrelaied random variabies with zero mean and constani vanance. Processes
that are negleaed or simplified. such as representing threc-dimensional flow by
a two-dimensional one, introduce an error whosc statistical structurc mav be

part of the model

(i) and (ii) arc often considered the object of physics-based mathematcal modeling
while (iii) and (iv) are the onen considered the object of statistics. Whale the misconcep-
tion that the onc precludes the other still persists, the idea that the most frutful
approach may be the comoination of the rwo gradually gans wider acceptance.

The objective of every validanon test is the uncovening of inconsisicncies berween
the assumed model and the dats. (1t is assumed, of course, that the model nsclf is free
of logical inconsistenaes.) Discrepances, if their presence is asccriained, must be
resolved by modifying either the model or some of the data. For exampie, the iniually
contemplated model of a remonal aquifer turned out 10 be incompatibic with the data in
the case examined by Hoeksema and Kiranidis | 1984]. prompung a revision which resulied
in introducing previously negiected leakage.

A fundamental and widely accepied pninciple is that the data used for validation must
not have been taken into account in the process of model calibration or even model
selection. Sphit-sample validanon proccdures divide the data base into two sepments, the
one used in model development and calibration and the other only in modcl validauon.
The model is judged acceplable when it reproduces that data atmost cqually well in both
segments. Split-sample tests appear (o simulate the actuat prediction process in a realistic
way and are the ones pracutioners respect the most. However, in the case of small
samples, the verdict mav be owverly dependant on the way the data were divided.
Residual-testing is another commonly used method, {see Belsley et al., 1980},

2. A Briefl Review of Validation Methods Used in the Estimation of
Spatial Processes

Geostatistical estimation methods have long recognized the importance of testing the
validity of the fitted model tefore it is accepied and used for predictions. Such tests
become particularly imponant in complicaied cases, such as those with variable dnft or
the joint analysis of logtr ivity and head. In such cases, simple graphical methods
of model calibration and validation, such as plotiing of raw or expcrimental variograms,
asre not adegquate. In practice. the model & “validated™ by focusing on specific cases and
asceriaining that the observed behavior is consistent with the expecied one.

In applied geostatistics, an important problem is to test the validity of the (usually
fitied) variogram or generalized covariance function. The following method is ofien used.
Assume that we have a sample BEE_:« of n point measurements Yoo Yo Drop
measurement y;. Then, using the and the variogram, estimate
through kriging the value of y at the location of the dropped measurement and its
estimation variance, ¥ and o;* respectively. If the model is correct, the actual standardized
errar (or “residual”)

oYY
e =20 21
o (1)
is the sampled value of a random variable with an average value of 0 and a mean square
valuc of 1. Sincc we have at our disposal n such values, each obtained by dropping onc
measurement al a lime, we can test whether this is the case. Thus, calculate

.0
m_n.n.Mn. (2)
=1
IPM .2 3
=c X (3)

The first number must be near zero while the sccond must be near one. I this is not
the case, the modcler may reject the model.
In the applicauon of this test the key question is: How large must the difference

"between the actual values (calculaied from Equations 2 and 3) and the “theoreucal

values” (0 and 1. respectively) be before it becomes a good reason o reject a particular
model? Or, 1o put it another way, when is this difference significant rother than the
result of random sampling error? Before answering this question in an objective way, onc
must denve a more complete probabilistic description of the statisues S. and S- used for
testing. It is desirable 10 obtain the sampling distribution (or at least s vanance) given
that the right mode! is used. Unfortunaticly, the distributions of S, and S., are not known
a prion and this difficulty himits the usefulness of these stausiics. despite their intuitive
appcal. The sampling distributions of S, and S, can be denived for Gaussian daa fsee
Kitanidis, 1988} but the procedure is compuianionally intensive and is seldom used in
apphications.

An inwitively appealing way 1o compare different models is the following [Delfiner,
1976. Kafritsas and Bras, 1981}. For each measurement location usc kriging to predict the
value using other measurements. This is donc for all modcls. The model which gives the
smallest absolute kriging crror is given s grade of 1; the second best is given a grade of
2, and so on. The grade of each modet may then be averaged over all points kriged and
the model with the lowest average gradc may be picked as the onc which performs the
best among the compared modcis.

In addition 1o looking a1 overall swauistics, onc may siudy the cmpirical frequency
curve or histogram of the standardized residuals. Outhers. excessive skewness, or bimodal
distributions may be dctected by visual inspection. In curtent peostatistical praclice the
ith observation is considered an outhier when ¢ is larger than 3. Another uscful approach
is plotting on normal probability paper. Of course, such criteria rely on a Gaussian
assumption.

A limitation of the standardized residuals is that they are not independent so that one
cannot apply the usual goodness-of-fit 1ests. Kitanidis and Vomvoris |1983] recommended
using normalized rather than standardized residuals. These arc linear combinations of the

ements which, ing that the truc model is used. do not ancﬁ_n on the drift
coefficients, have zero mean “and unit variance. Thus, theit average is approximately
normally distributed, with zevo mean and variance 1/(n-p) and their sum of squares is
approximaicly chi-squared disiributed with n-p degrees of freedom, where n is number of
measurements and p is number of drift cocfficients. Standurd checks for verifying
normality or detecting outliers may be applicd.

This paper has two objectives: First, 1o review the rudiments of a gencral approach
for development of validation tests. Second. to apply this approach 1o justify theorencally
and to generalize tests previously used in Kitanidis and Vomvoris |1983]. Hoeksema and
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Kitanidis 1984 and 1985). and others.

3. The General Problems of Parameter Estimation, Validation and
Prediction

at points, of weighted averages over given areas. or of gradients of these funcrions.
Following the notation of Kitanidis [1986). let y,, be the mx] vector of unknown quantities,
i.e., quantities to be predicted from the measurements. Let M stand for the model, iLC.,
the assembly of all assumptions which allow us 10 make predictions on the basis of
measurements and prior information. Consider aiso OM as the vector of model (or
“structural”) parameters which are not periectly known a priori but are 10 be estimated
from the data. Examples of paramcters are the mean, vanance, and mntegral scale
(corrclation length) of a statonary process with exponcntial variogram. Thesc parameiers
are incidental, ic., they are of nterest only to the extent that they afiect the nference
about the unknown y,. Gnen the model and its parameters 6)f one can calculate the
joint probabiliry density funcuon (pdf) of y and y,,. denoted by (y, yo | M. 60). Indecd,
if onc takes the viewpoint that the raison d'€tre of the model is to make predictions,
onc may implicitly define the model as the set of assumptions which aliow the calculation
of this pdf

Parameter Estimation

Let p’ (6p1]M) be the prior pdf of model parameters assuming that model M is valid.
This pdf summarizes all availabic information about the parameters which is “prior” to

measurements y. The pdf which combines prior and dawa information is the posterior,
P"(6p1 | M), which can be caiculated through application of Bayes® theorem

P(OMIM) = cp(y | MO\P'(EM | M) (3)

where p(y | MB)) is the likelihood of the data given 6)pq. and ¢ is a positive constant
such that p"(6pg|M) is a proper pdf.

Prediction
The joint pdf of the unknowns. Yo. and the structural parameters, 6. given the model,
and data may be factored into the product of a conditional times a marginal, always
given M and y:

POo- OMIM. y) = plso|M. 6. y)p(Bp | M) (6
The pdf of the unknowns is the marginal

PUoIMy) = fOMp(yo| MOMyIP (©OM | M)d8y

M
= fop POSIM. 6p)
POTM. By P(OMIM)doy
where multiple integrals are represented in vector notation
Ixi(x) dx = IxSxp Jxpfa, X v Xp) dxx,.. dxp (8)

18-

It is importani 10 point out that the essence of the integration in Equation (7) is that
UNCETaiNty in structural parameters is taken into account. Equation (5) through (7) are
the basis of the analysis of Kitanidis 11986).

Model Validation

In the problems of parameter estimation and prediction, the mode! is assumed given, a
fact which has been emphasized by making all distributions conditional on M. In model
validation, however, it is the validity of thc model itself which is questioned. The means
to perform our critique is 10 test whether the actual data was likely 10 be penerated
from the model and the parameters which are plausible given prior information. The joint
pdf of y and M may be factored into a conditional pdf times a marginal pdf,

P(y. BMIM) = p(y|M. 6))p'(6) | M) )

Integration over all possible vaiues of the parameters we obtain the pdf of the measure-
ments given only the model.

PYIM) = J ply | M. Bpp)p'(Bpy | M6y | (10)

The expression of Eq. (10) is known as the predictive probabitity density function [Box,
1980). On the basis of the predictive distribunion, one could devise tests 10 evaluaic the
likelihood of the actual data, Y. gven the model and prior information about the
parameters.

The General Linear Model

From the perspective of probability theory Equations (5) through (10) represent the
compleic solutions 1o the problems of parameter estimation, prediction. model validation,
and seiccuon. In practice, of course, these equations are only a theoretically sound
foundation on which onc can build practical mcthods to solve actual problems. The
difficulties associated with the direct application of these equations are:

a) These equations gencrally cannot be integrated analyucally and the numerical
quadrature of multiple integrals may be prohibitively expensive, especially when
there arc hundreds of measurements and unknowns and several structural parame-
ters; and

b) In some of the most important problems, especially in groundwater modcling, the
vectors of measurements and unknowns involve quantities which are related
through parual differential equations. A casc in point is head and logpermeability
which are related through continuity and Darcy's law. Evaluating P(y.yo | M. 6))
means solving nonlinears siochastic differential cquations. In practice, only a few

The most imporiant special case, which is the subject of linear geostatistics, is known
as the general linear model. In ry, the are modeled as a realization
of a vector stochastic process whose mean is proportional to some parameters and whose
covariance model has a given form but depends on some parameters which must be
determined from data. That is,

<ﬂ§+n ::

where X is a known nxp matrix which may depend on the spatial coordinaies of the
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measurcment locations; 8 is a pxl vector of structural paramcters 10 be referred as “drify 4r .
cocfhcients™, and € is zero-mean random vector with known covaniance matnx Q... - 2 AR A2 R
v p(yIM) = (2m) 1Quy I |P 1™ P}

Note that wsually Qyy is 2 known function of the covanance structural parameters’ § (15)
which must be estmaied from data. However, in the next section we will concentrate opn )
the case of known covanance functions. That is, the covariance is treated as part of the 1, T -1 WTou T..
model whose validity is tested. This case can be treated analytically and the results are nu—._;w &y Qp y-b" Pb" +b Pb)) (15)
useful in more complicated cases. ) )
Furthermore, it is assumed that y given 8 is normally distributed where we have defined P”, b", and - through the cquations
P(YIM. B) = (212 Qpy | VPespl-12(y - XB)TQyy Uy - XB) (12) P = xTQu Ix + P 06)
where | | indicates matrix determinant. Also p'(8 [ M) is assumed Gaussian with mean b’ Pb = XTQ,,ly + PV (17)
and covanance matrix V. Note that while Equation (11) can be found at the foundation v
of linear geostatistics, the applicability of the Gaussian assumption is not umversally " = rank(P") (18)
accepted. However, Kitanidis {1986) has argued that linear EEOSIaLisHcS 15 most appropriate
for cases which can be treated as Gaussian. Thus, we will consider the Gaussian assumption Equation (15) gives the predictive pdf of the data given the modet and prior information
as part of the lincar model o about the drift cocfficients. Notc that this_expression gnes not d d_on fitted values
The paramcer estimation and prediction problems for the general hinear model have of the drift_cocfficients. Consequently, it can be used 1o devise validation tests which
been addressed in Knanidis [1986), with numerical examples and comparisons to be avoid doubie-accounting of the data. (That is, first fiung the modet 10 the data and
reported in a forthcoming paper. The present work deals with modei validation starung then attempting to validate the modet by comparnng the fitied model 10 the same data.)
with an analytical denvation of the predictive distribution and proceeding 10 the For the common case of P" invertible (r" = p). onc can verify that
development of some simple tests.
- n+r - R
Lo . . . 2 12 p2 pr-12
4. Model Validation for Given Covariance Function Parameters P(iy|M) = (2m) 1Qyuy 7 [P [P
Predictive Distribution 1 T ) . T .
expl-5 {(y - Xb") (Qypy "-Qyy ' X(X T Q1 X (19)
The predictive distribution p(y |M) can be calculated from (10) and (12): 2 LA 4 b
§ Y IXTQ. - lyy - Xb*
Py |M) ng P(yIM. B)p'(8| M)iB *PYIXIQyy Ty - Xb) + o)
where ¢ does not depend on data
+n2 -1 T, -1
- v\. @)™ 1y | ap Ly - x8) Tyt v - x8)) (13) ¢ = bTIxTqy, Ix(xTqy, 1 x + PyIxTay, ix - xTay, 1x
(20)

T -1 nelpe e
..D.D To. , PX'Qp X + Pylp + pp
@2 P Vet g bTree - bap ”

With the excepiion of Bavesian geostauistics [Kitanidis, 1986]. the assumption of
interest is that the drift coefiicients arc a priori completely unknown. In this special

] ]

In thi tion, Il as throughout this work, Qy is assumed invertibic. This
ly can be aopens Well a throughout this wor 4 case, b’ = 0 and P’ = Lo~ where o3~ » ® and Equation (19) reduces to:

usually can be achieved through prescreening of the data and removal of redundant
measurements, if they are present. We have aiso defined

. 1 -1 ELEVPVY RS RS B R |
M) o - - X(X X) X 2
r = rank (V) (14.2) vQ_ ) o exp| 2 v‘.mos. 05. ( 05. ) 05. ) (21)

P = —..-.2.<—..J._—. (14b) Note that a rather peculiar property of this distribution is that

where L is any rxp matrix of rank r' so that LV'LT is invertible. Note that if r* = p.V Ply + Xb|M) = p(y|M) (22)
is invertible. One can then set L equal 10 the pxp indentity matrix and P’ is the inverse
of V. However, if ' < p, onc cannot write the pdf of B in the usual sense. One can only
write the pdf of LB which is the vecior of r' combinations of the parameiers whose
covariance matrix, LVLT, js nvertible. This yields the result shown on Equation (13).

The integration of (13) may be achieved analytically by taking advantage of the
properties of the Gaussian distribution

where b is any arbitrary p-dimensional vector. One may easily verify this relation by
substituting y by y + Xb and noting that b drops out. That is, in the case of a priori
unknown drift coefficients, the predictive pdf depends only on authorized increments (or
“contrasts”) of the daw. For example, consider the case that we measure logtransmis-
sivity at various locations and the model is that logtransmissivity is a realization of an
intrinsic random field with given variogram. In this case, P=1. X" ={1,..1] and b stands
for the logtransmissivity mean. The expression of Equation (21) depends only on the
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n
vailue of authorized increments of the daw, ic., linear function of the data v.f..w.. which
=1

do not depend on the vaiue of the mean because 2 4 = 0. Since this predictive
1=]

distribution has no wav of distinguishing berween y and y * XB. it cannot be used 1o
caladate the probability of. say, y: > 0. By the same oken, p(y | M) cannot be used o
check the consistency of a single actual observarion ¥i with the model. This is a direct
consequence of assuming complete ignorance about the mean of y. However, since the
covariance matrix is assumsd known, one can calaulate the probability of lincar combination
of data which do not aspend on the values of the unknown drift cocfficients. For
example, one can check waether Y - y> seems (0 be consistent with the model.

The predictive distribunion can be ased to develop a host of usefu! validation tests.
We will focus on only ons case which is similar to the S. test (Equation 3) which is
often used in applied geostatistics.

A General Test

A useful test of the overall goodness of fit of the assumed model can be developed as
follows. It can be proved tnat

£0) = yTQuly - b TP + bTpp 23)

is always nonnegative. A plot of piy|M) v g(y) is shown in Figurc 1. Now, let Y be the
vector of actual m which, accordi g 1o the model, is a sample of random
vector y. If the model is comreat, it s unlikely that g(Y) would be at the tails of the
distribution. With this in mund, caiculate the probability.

et = Prlg(y) > g(Y)) (29)

It may be uscful 10 remind that Yy is a vector of random variables, while Y is the
vector of the numerical values of the acual daa. g(y) is a quadratic function of
Gaussian random variabies. Consequently, it follows a chi-squared distribution,

In the special case of most interest in geostatistics, for a priori perfectly unknown
drift parameters, g(y) foliows the well-known (central) chi-squared distribution with n-p
degrees of freedom. Thus, performing the test is facilitated because

ar = Pr(x’(n-p) > g(Y)) (25)

can be calculated from widely available tables.

If g(Y) is very large so tnat o is small, such as aT = 001, then “the measurements
arc at the il of the predictve distribution™ and this can be interpreted as evidence
against the assumption that Y was gencrated from p(y | M). Similarly, g(Y) ncar zero is
unlikely given the model, so that if a is near | onc may conclude that the model is not
consistent with the data. This point can be illustrated with the following example.
Assume that we lyze logtransmissivities of a given aquifer and we entertain the model
that they are a realization of an intrinsic field with lincar variogram. In this case, p = 1
and X is an nx! vector of 1's and AOS.V:. = 2:. where € is minus the slope of the
vatiogram and djj is the di e between” m ments. A . however, that when the
measurements are obtained they are the same everywhere so that g(Y) = 0. It is obvious
that the data, which indicate lack of spatial wvariability, discredit the model which
presumes that measurements vary from point to point. More generally, whenever the
degree of spatial variability is overestimated by the model, g(Y) is near zero.

-186-

[’

0.60

P (y/M)
(=
8

0.20

0.10

aly)

Figure 1. Predictive probability function.
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5. Example
Consider the 29 measurements of Kafritsas and Bras {1981, page 92} also analyzed in
Kitanidis |1983]. We consider the following models:
Model 1: Intrinsic random field with linear variogram with nugget. In this case, p=1
XWnB_caagnoq_.rniOwa.ﬁss
Qpy =6,1+6,D (26)
where 1 is the identity matrix and D is the symmetric matrix with Dj; the distance
berween the locations of measurements i and i- In this case, 6, is the nugget and 6, s
the ncgative slope of the vanogram. It is given that ’
6 =0
6, = 00015
We estimate g(Y) = 461
at = Probjx?(28) > 46.1) = 0.017
The small value of aT indicates that the data are an unlikely sample given the model.
The test thus shows that the data are not very consistent with this model.
z_“xl_ Z Same as model one except for the numerical values of 8, and 8, In this
6, = 0.00427
6, = 000116
We calculate g(Y) = 28
ar = Probfx?(28) > 28] = 0.46
Modcl 3: Intrinsic model of order ] with linear generalized covariance function. In
this Gase, p = 3; the first column of X consists of ones, the second of the first spatial
8035-.0. of the data, and the second of the second spatial coordinates of the data.
The covariance matrix has the same form as before and we are given
8; = 0.00286
6 = 000174
The data yield g(Y) = 24.7 with tait probability
ar = Probfx*(26) > 247 = 046

Thus, models 2 and 3 pass the overall validation test

6. Discussion

Oﬁouﬁ.ﬁ:ﬂ .w No exception in that one should always start with the simplest model
which is consistent with Past expericnce and the objectives of modelling. Mode! sclection
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is preceded by an exploratory analysis in which data are organized and presented in ways
which bring out important features of variability and interdcpendence. Last but perhaps
most important, it is always guided by common sensc and the understanding of the
physical processes which are involved.

Nevertheless, before using the model to make predictions. the model’s consistency with
the data must be double-checked. This is where "mode) validation comes in. Unfortunatcly,
there is no singie test which can be used to prove or disprove a mode! (assuming that
thc data are trusted) or to identify “"peculiar” ments. | d. one proceeds
cautiously by developing tests which compare the behavior of the actual data with the
behavior expected assuming that the model is correct. Each one may check against one
pussible model inadequacy, such as whether the mean square error calcuiated using the
model is a good measure of the actual square error of estimation. Of particular interest
are tests which check the model’s performance under conditions as similar as: possible to
those under which the model will be asked to perform.

There is no complete set of tests which check against all eventualities. However, the
concept of predictive probability presents a unified way (o develop such tests. The idea
is to calculate the probabiliry density function of the data given only the model and
prior information about the paramciers. Next, to cvaiuate the pdf of a statistic of
interest (function of the data). Then, one may judge whether the actually measured
statistic is likely 1o have been generated from this pdf. One may develop formal statistical
tests on the basis of which the model is rejected if a statistic falls outside of a given
range of values. Instead, most engineers may prefer a less rigid approach in which the
results of each test may strengthen or weaken our confidence in the model. At the end
of the exercise, the modelier should have a better understanding of the strengths and
weaknesses of his modcl, which in itself is not a minor achievement. To paraphrase Box:
“Put your models 1o the test - then use judgement” After all, no hydrogeological model
is a perfect representation of reality.

In this paper, we discussed the concept of prediciive probability which was derived
for the model used in linear geostatistics (kriging. universal kriging, cokriging, ctc.)
when the covariance is known. Then, we used the predictive probability to derive the pdf
of a statistic which can be used to check against overestimation or underestimation of
the mean square error. Unlike the S, statistic (Equation 3), which is widely used for the
samc purposc, its distribution is known a priori. Consequently, one can judge whether the
sampled value is too small or too large for the model (o be consistent with data.
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