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ABSTRACT: Several works have pointed out that local dispersion plays a crucia role in determining the be-

havior of the concentration variance and doéént of variation over time for conservative tracers. Numerical
investigations aimed at evaluating the effect of the local dispersivity on dilution time scales are performed using
a random-walk particle-tracking method model applied to transport of conservative solutes in representation<
of random media. The computed one- and two-particle covariances are used to characterize solute mixing b
approximating the dilution time scales and the reactor ratios of the pIumes The effect of the microdispersivity
on these time scales is found to be sigrant, with the time scales varying in an inverse fashion to the local
dispersion codicients. Dilution is found to vary with the diffusion time, with the dilution time scales being on
the order of tens to thousands of diffusion times.

1 INTRODUCTION are smooth, whereas, in reality, the shape of plumes

Subsurf i tion b q .is highly irregular, and peak concentrations are much

ud sur acg condark?lnablon %/horgartl)lc (;orr;poun S reater than those which would have been predicted
widespread, and has been th€ Subject of NUMErOYy,, 3 Gaussian model. The degree to which pre-
studies. The prediction of the location and extent oTDI

tarminant ol bined with th dicti ictions made using such an approach differ from
contaminant pilumes, combined with the prediction Ol,,caeq conservative transport is the subject of this

the rate at which the peaks of the concentration dlsStudy

tribution attenuate over time, are issues of fundamen

tal importance in hydrogeology. However, these pre-  gqara) works (Vomvoris & Gelhar 1990, Kapoor
dictive capabilities are limited, since the iddigation Gelhar 1994a, b, Kapoor & Kitanidis 199’6 1998

of field-scale mixing rates currently requires detaile annone & Kitanidis 1999) have pointed out that local
field characterization. dispersion plays a crucial role in determining the be-
The problem ofield-scale spreading has been stud-havior of the concentration variance and dm#ént of

led, particularly for the case where the velocity isvariation over time for conservative tracers. In partic-
a stationary randorfield (Dagan 1982, 1984, 1987, ular, the time dependence of the concentration vari-
1989, Gelhar & Axness 1983, Neuman et al. 1987)ance and dilution are functions of the ratio between
It has been demonstrated that the mean concentratidhe two-particle and one-particle covariances, where
In a stationary velocityfield at large times saties the two-particle covariance is the covariance tensor
an advection-dispersion equation with constant coefef the locations of two particles that start from the
ficients: the mean velocity and a constant macrodissame point but follow different paths due to Brownian
persion tensor that dwarfs the local dispersion tenmotion (Pannone & Kitanidis 1999). It has also been
sor. The behavior of the mean concentration has beeshown that the covariance of the centroid location is
studied extensively and is still receiving considerabledirectly related to the two-particle covariance (Pan-
attention. However, the mean concentratiohis a none & Kitanidis, in review). Therefore, the one- and
smoothed version of the more variable concentrationiwo-particle covariances are important measures of
c. The concentration variane€, which is the mean mixing in a system. This paper examines the behav-
square difference between the actual and the meaor of the one- and two-particle covariance as a func-
concentration, indicates how close the smooth meation of time, in order to identify dilution time scales
concentration is to the more erratic actual one. Manyn heterogeneous formations. These time scales can
upscaling methods assume that contaminant plumebken be used to model a plume’s asymptotic approach
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to the Gaussian shape. Specificaly, thiswork focuses  a constant. Pannone & Kitanidis (in review) showed
on the effect of the local dispersion coefficient ondi-  that, for periodic media, the two-particle covariance

lution time scales. tends to a constant, and that the ensemble second spa-
tial moment can be expressed as the difference be-
2 BACKGROUND tween the one- and two-particle covariances. Since

Consider transport of a conservative nonsorbing sothe ensemble second spatial moment is positive and
lute in a porous medium, described by the advectionincreasing, it is clear that the one-particle covariance

dispersion equation, increases faster than the two-particle covariance. The
larger the local dispersivities, the shorter the transient
dc and the smaller the asymptotic two-particle covari-

ot +U-Ve—V-(DVe) =0 (21 ance. However, the value of the macrodispersion co-
_ ) ) efficient remains practically the same, given the well-
wherec(x,?) is the concentration at locationand  known insensitivity of macrodispersion céiefents to

time ¢, u = u(x,?) is the advective velocity vector, the value of local dispersion for large&lét cases.
andD is the local dispersion tensor. Geologic for-

mations being heterogeneous, the advective velocity 3 To-particle correlation
is nonuniform in space. The variability in velocity
u, in conjunction with local dispersion, is primarily
responsible for the spreading of solutes in geologi
formations.

At large times the correlation between the displace-
ments in direction of two particles that initially start
Gt a single point gradually becomes proportional to
1/t because:

2.1 One and two-particle covariances —
' i i (XiY7) Oii 1
The one-particle covariance is the tensor of the mean p; (t) = < 3D 3% 7 (2.4)
square deviation of the location of a single particle (XX mii
from its mean:

provided tha®,; tends to become constant.
'y Therefore, an important time scale is the time after
Xi-=<X,X.>= XoX,) — (X) (X)) (2.2 . , an imj .
J L (XiX;) = (Xa) () (2:2) which the two-particle correlations;, becomes pro-

) i _ ) . portional to%. At this time,0;; has become relatively
whereX; is thei'" coordinate of the particle position constant, and,, has also stabilized. This time scale
vector the angle brackets indicate ensemble averaggyij| pe referred to as the two-particle correlation time
and X, = X; — (X;). The two-particle covariance is scale,r,.

the covariance tensor of the locations of two parti-
cles that start from the same point but follow different 4 Coefficient of variation

paths due to Brownian motion: At large time, when the covariance is equabkm,,t

. and the cross covariance betweéandY is time in-
0i; = <X¢Yj> = (X3Y) — (Xi) (Y)) (2.3)  variant, the codicient of variation at the plume cen-
troid (x = U,,t, whereU,, is the mean seepage ve-
where X indicates the coordinates of one particle andocity) is proportional tot~! at the lowest order ap-
Y of the other. proximation, and goes as (Kapoor & Gelhar 1994a, b,
Pannone & Kitanidis 1999):
2.2 Behavior of one- and two-particle covariances

The Lagrangian theory of Dagan (1984, 1989), tested Oy~ T4 (2.5)

é (2.6)

through a series of numerical experiments by Bellin t
et a. (1992) and extended by Fiori (1996) to finite- . .
Péclet cases, as well as the Eulerian theory of Gelha#nere, ifD,, and®;; are diagonal,
& Axness (1983), predicts that the one-particle co-
variances increase linearly in time, at large times and 0, \? Oy \ 2
in stationary formations. Td= (D ) + (D )

Regarding the two-particle covariance, Pannone & mll m22
Kitanidis (1999) suggested th&;; should increase
more slowly thanX,;, and may tend to become con- for a 2-dimensional domain. The larger the doef
stant. Fiori & Dagan (pers. comm.) used small perturcient of variation time scale,;, the longer it takes for
bation analysis to show th&),; increases logarith- small-scalefluctuations to attenuate and for a plume
mically in 3-dimensionafields and with the square in a given realization to approach the mean concentra-
root of time in 2-dimensiondlelds. For parallefiow, tion. Therefores, controls the rate at which a plume
Pannone & Kitanidis (1999) showed thay; tends to  tends to become Gaussian.



If the microdispersivity is increased, the longi- We see that there is a characteristic time associated
tudinal macrodispersion cdefient will remain un-  with dilution,
changed. However, according to Kapoor & Gelhar
(19944, b) and Pannone & Kitanidis (1999), the value K = lTr (6D, (2.13)
of 7, should decrease when the microdispersivity is 4 mn
increased. The effect of the increase in the microdis: : L
persivity on the transverse macrodispersion toef Lnoagingg%lecgsc%thi?’é 's diagonal and the only
cient can also affect,, in cases where the magnitude " 11,
of ©45 IS nonzero. 1 04

P
2.5 Dilution index and reactor ratio 4 Dy
The dilution index is a measure of the volume occu-Thus the ratio of the time-invaria®,; to macrodis-
pied by the solute (Kitanidis 1994). Assuming thatpersion codfcients controls the rate of dilution.
the concentration is normalized to unit mass, the diluHowever, it is worth noting thatxp (—rk/t) converges
tion index is expressed by: toward 1 slowly, and it is required thats>  for the
plume to approach a Gaussian distribution. As with

E(t)=exp {_ /C (x,t)In (¢ (x,t)) dx 2.7) T a change in the microdispersivity should resultin a
decrease ir (Pannone & Kitanidis 1999, in review).

(2.14)

where the integral is over the whole domain. The e NUMERICAL METHOD
actor ratio, a dimensionless measure of degree of d

lution that takes values between 0 and 1, iSrd=dl as The following section is broken up into the three steps

involved in the performed simulationdield genera-

(Kitanidis 1994): tion, flow solution, and conservative transport.
E(t)
M= 0 (2.8) 3.1 Field generation
The two-dimensional conductivitfield used in this
where work was generated using a numerical spectral ap-

proach. The numerical method yields a periodic cell
Erax = €Xp {_/E(XJ) Inc(x,t) dx (2.9) of speciied dimensions and heterogeneity statistics.

A Gaussian covariance function was used for the do-
. . . o main. The method used for generating these domains
wherec¢ is a spatial concentration distribution that is based on the work of Van Lent & Kitanidis (1989),

maximizes E (t) for a given domain and time. In L
many cases, the distribution that maximizes the diIu-V an Lent (1992), and Dykaar & Kitanidis (1992a).

tion index is a Gaussian concentrationfiie In this The effective conductivity and log-conductivity vari-

case, the reactor ratio measures how close to a Gau%pecfngzggg éeesslél;[:ggglﬁl agek(;%r?guéigrﬁgicso[%ngzg
sian the actual plume;ishe plume tends to become y :

Gaussian whet/ (¢) tends to become 1.

At large time(t > 7,), the geometric mean of the 3.2 Flowsolution

reactor ratio is (Kapoor & Kitanidis 1996, 1998): 1 he flow solution is obtained by solving an elliptic
partial differential equation with non-constant coef-
M, (t) = exp[(InM (t))] ficients and forcing function. A hydraulic head gra-

dient is imposed over a periodic cell, with periodic
1 [ o2 boundary conditions in both directions. The method
~ exp {—5 / <—c"’>d:c] (2.10) is described in detail in Dykaar & Kitanidis (1992a,
b).
where, it can be shown (Pannone & Kitanidis 1999) The method is extended for this application since

that, wherD,, and®,; have reached their time invari- using this velocity solution directly would not ensure
ant values, mass conservation at the grid scale. Therefore, the

stream function solution is needed, which allows for
o? 1 1 the calculation of exadtuxes normal to the element
/@dm - §TT (@Dm ) boundaries, thereby ensuring local mass conservation.
The streamfunction solution is obtained as described
Thus: in Michalak & Kitanidis (in prep.).
1} Using the velocity solution obtained from the

(2.11)

| =

- (2.12) stream function solution by linear interpolation re-

1
M, (t) ~exp |:—ZT7“ (@D;l) m _ _
sults in ideal mass conservation for each grid element.



Therefore, linear interpolation is performed in the z; - Table 1: Domain spefications
direction foru,, and in thery-direction forus.

Parameter Symbol Value
3.3 Conservative transport Periodic cell length Lx, 20m
A random-walk particle tracking scheme is used for L, Lm
transport simulations. The scheme uses a constaniNumber of nodes Nz, 1024
local dispersion coétient, and a semi-analytical Nz, 1024
method for advection. The random-walk particle Integral scale lzy 0.125m
tracking routine is implemented using the stream Iy 0.00625 m.
function solution. The semi-analytical computation Porosity n 0.3
of path lines developed by Pollock (1988) is then ap- Hydraulic conductivity i 0.0001m /s
plied. This method allows for the analytical deter- - : )
mination of particle positions within grid cells when Log-conductivity variance oy 0.32

linear interpolation is used for the velocities within Mean head gradient ¢ 1.00e — 3
each grid cell. This scheme, combined with using the
stream function solution, allows for stream functiong RESULTS AND DISCUSSION

value conservation for each patrticle, in the absence ofh imulati ‘ £ thi K
local dispersion. In other words, particles remain on! "€ Simulations performed as part of this work are

their initial streamlines exactly, unless dispersive pro2imed at investigating the effect of the local disper-
cesses are applied. In short, numerical dispersion givity on the dilution time scales. The resulting rate

entirely eliminated. of approach to a gaussian plume, as measured by the
The microdispersion step was performed as fol/€2CtOr ratio, is also determined. The domain speci
lows: cations used for the simulations are presented in Table
' 1, and the microdispersivity used ranges from01
X (t+Af) = X (1) +Z (2DAt)1/2 (3.4) to 0.005m. For simplicity, the microdispersivity was

kept isotropic for all simulations. This is juSgd
since the value of the longitudinal microdispersivity is

the time step, and is a vector of normally distributed not expected to have a major effect on the macrodis-

: : ersion parameters. Furthermore, microdispersivities
rlandom numbers with a mean of 0, and a variance oEsed are on the order of molecular diffusion, which

acts evenly in all directions. These parameter val-

ues were selected based on previous work, which de-

riodic cell, with two particles starting from each posi- termined domain size and dlscre_tlzatlon requirements
’ for proper representation of stationary heterogeneous

tlon._ Such an initial condltlor_1 allows one to obtain a¢ormations using a periodic approach (Michalak &
spatial average of the evolution of the one- and two-

article covariance while performing a single sim Ia_Kitanidis, in prep.). All simulations were performed
Fion P 9 9 u using 100,000 particles starting at 50,000 distinct ini-

. . . ._tial positions.
The one-particle covariance is calculated according P

to:

whereX is a vector of a particle’s coordinate&t is

The initial condition for the transport simulations is
a uniform distribution of particles within a single pe-

4.1 Two-particle correlation time scale

X, (t) = 1 ZN” [Xi — Xoi = Upit - 35 A typical plot of the longitudinal two-particle corre-
N, =1 Xj— Xoj— Unmit] lation as a function of diffusion time is presented in
cartesian coordinates in Figure 1, and in logarithmic
where X, indicates the initial position of each par- coordinates in Figure 2 for the case= 0.001m. The
ticle, and N, is the total number of particles. The transverse cross-covarianés, was found to be es-
two-particle covariance is calculated according to:  sentially zero for all cases examined, and, therefore,
only longitudinal results are presented herein. The
0, (1) = 2 ZM/? [(Xi — Xoi — Unit) - (3.6) plots are presented with time non-dimensionalized by
i N, £ (Y; — Yo; — Unyt)] ' the transverse diffusion timi?/ (U,.1a), since this
time has been suggested to be an important parame-
whereX; andY; indicate the coordinates of two par- ter in quantifying subsurface mixing (Kitanidis 1992,
ticles that started at the same location, and, thereforésapoor & Kitanidis 1996). As can be seen from Fig-
Xo: = Y. These formulations were selected to mini-ures 1 and 2, the behavior of the two-particle corre-
mize numerical error. For the simulations performedation is fairly smooth, even at small times. At early
X;; and®;; are diagonal, since the coordinate systenfimes, the two-particle correlation, decreases with
Is aligned with the principal axes of anisotropy. t=1/2, The two-particle correlation becomes propor-



Table 2: Dilution time scales as a function of mi-
crodispersivity

Q_H o [ ] OéUml OéUml CVUml
m T T K
S C oy ly?
g 0.001 2100 44 31
5 0.002 1300 32 23
o 0.003 1000 41 29
2 0.004 1000 34 24
8 0.005 1000 37 26
@
[a)
10*
% 100 200 300 400 500
Dimensionless Diffusion Time th(Uml/I2
y
Figure 1: Two-particle correlation as a function of
transverse diffusion time =107
tional to% when the slope of the two-patrticle correla-
tion as a function of time becomesl in logarithmic
coordinates. This time scale, termed two-particle col
relation time scaler,, is the time scale after which the
large time approximations for the céefent of varia- 10°— - - - -
tion time scales,, and the reactor ratidy/,, become 0.001 0.002 ~ 0.003 0.0040.005

valid. The required diffusion time for the two-patrticle Microdispersivity a [m]

correlation to become proportional gofor the case
presented in Figures 1 and 2 is about 2100. If shoulgk; e 3. Tyo-particle correlation time scale as a
be noted that, for the case examined, this time scaIF i f microdi it

corresponds to a travel time of over 7 years. unction ot microdispersivity

chﬁable Zinptr:rsrﬁg tgf tg}%}ggfﬁggﬁ?&ﬁﬁgggnt'g]!eeffect of the local dispersion cdgfient onr, is pre-
o sented in Figure 3. As seen in tHigure, the two-

microdispersivity. As seen in Table 2, this time SCam':‘particle correlation time scale varies inversely with

is on the order of a thousand diffusion times. Thethe local dispersivity. The time scate goes as:

10° : : 1
Tp ~ F (41)

1

Although some dependence on the local dispersiv-
ity had been predicted (Pannone & Kitanidis, in re-
view), the results of this study show that this depen-
dence is very strong, with more than a proportional
decrease i, for an increase inv. It would be ex-
pected that, for large values of log-conductivity vari-
ance, the decrease in, as a function ofa may be
even more pronounced, since high heterogeneity may
contribute to a nonlinear increase in the rate of mix-
ing, and, therefore, a decrease in the time required to
. . achieve a two-particle correlation proportionakto
1 102 10° ) 10* Therefore, the local d.isp.ersion .is an extreme]y im-

Dimensionless Diffusion Time taU /17 portant parameter for dilution estimation, despite the
fact that it has no effect on the longitudinal macrodis-
persion codicient. This fact clearly demonstrates

Figure 2: Two-particle correlation as a function of that, although macrodispersion theories give good in-
transverse diffusion time dications of the rate of spread of plumes, actual dilu-
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H
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Figure 4. Coefficient of variationtimescaleasafunc-  Figure 5: Large time geometric mean of reactor ratio
tion of microdispersivity as a function of transverse diffusion time

tion is controlled by a different set of parameters, andnicrodispersivity, which is contrary to results pre-

can require sigtiicantly longer time scales. dicted by linear theory. This type of effect is not
observed when smaller microdispersivities or larger
4.2 Coefficient of variation time scale integral scales are used. If this variation had been ig-

nored, and a constant value usedfyy;,, the inverse
relation between,; anda would have been even more
pronounced, withr, varying proportionally tax=!°.

After time 7,, ©,; andD,, are essentially constant.
Therefore, the coétient of variation time scaler,,
can be determined as:

V2 04 4.3 Reactor ratio

Td = T-Dmll (4.2)  Once ©,; and D,,, have stabilized to time invariant
values, the geometric mean of the reactor ratio be-

Table 2 presents the cdefent of variation time scale, comes:
T4, INn terms of diffusion times as a function of mi- K
crodispersivity. As seen in Table 2, this time scale M, (t) ~ exp [—ﬂ (4.4)
is on the order of tens of diffusion times. The effect o i
of the local dispersion coéient on this time scale 1aPle 2 presents the reactor ratio time scaigjn
is also presented in Figure 4. As seen in tigsire, term_s_of diffusion times as a func_t|on of microdis-
this time scale also varies in an inverse fashion wittP€'Sivity. The reactor ratio for various values of the
the local dispersion, as predicted by Kapoor & Gel-0cal dispersion coétient is presented in Figure 5
har (1994a, b) and Pannone & Kitanidis (1999). The2S & function of the time non-dimensionalized by the

coeficient of variation time scale goes as: transverse diffusion time. It is important to note that
this relation is only valid at large times, and will there-

1 fore apply starting at a nonzero reactor ratio and time.

Td= 11 (4.3)  However, since the actual time and corresponding re-

actor ratio at which this relation begins to be applica-

Furthermore, as withr,, large log-conductivity ble is realization and initial plume shape dependent,
variance values could contribute to an even strongesuch results are not presented. Figure 5 should be in-
dependence on the local dispersion, due to the nonlirterpreted as an indication of the large-time behavior
early enhanced mixing due to heterogeneity. of the reactor ratio, and not as a strict correspondence

It should be noted that, for the domain setup usedetween a given time and reactor ratio value.
for these simulations, the longitudinal macrodisper- As can be seen from Figure 5, although the time
sion coeficient is, in some cases, of the same ordescalex for the reactor ratio’s approach to unity is rel-
of magnitude as the microdispersivity. This is due toatively small, the convergence of the reactor ratio to
the small integral scales used in the domain. Thereunity takes thousands of diffusion times. Therefore,
fore, for the larger microdispersivities, the longitudi- for the vast majority of contaminant plumes, a Gaus-
nal macrodispersion was affected by changes in theian assumption is unjufied.



5 CONCLUSIONS tions to transport in anisotropic heterogeneous forma-

The time scale required for the two-particle correla- tions.Water Resources Research, 32(1): 193-198.

tion to become inversely proportional to time,, is ~ Gelhar, L.W. and Axness, C.L., 1983. Three-Dimensional

on the order of a thousand transverse diffusion times. Stochastic Analysis of Macrodispersion in Aquifers.

This time scale is strongly affected by local disper- Water Resources Research, 19(1): 161-180.

sion, and varies inversely with the microdispersivity. Kapoor, V. and Gelhar, L.W., 1994a. Transport in three-
The time scale associated with the decay of the dimensionally heterogeneous aquifers: 1. Dynamics of

coeficient of variation at the plume centroidy, is concentrationfluctuations.Water Resources Research,

on the order of tens of transverse diffusion times. 30(6): 1775-1788.

However, despite this relatively short time scale, &apoor, V. and Gelhar, L.W., 1994b. Transport in three-

plume’s approach to a Gaussian shape, as representedjimensionally heterogeneous aquifers: 2. Predictions
using the reactor ratio, requires thousands of diffusion 4n4 observations of concentratidiuctuations.\ater

times. This time scale also varies inversely with the  ragyrces Research 30(6): 1789-1801.

'OCar'] disfperSiorr‘]- o disoers . Kapoor, V. and Kitanidis, PK., 1996. Concentratiuc-
Therefore, the ensemble macrodispersion ftoe tuations and dilution in two-dimensionally periodic het-

cient may reach its asymptotic value well before the erogeneous porous mediEansport in Porous Media,
concentration variance decays, demonstrating that di- 21(1): 91-119

lution in subsurface environments is extremely slow ' L .
relative to dispersion. Therefore, for the majority of Kzitpo?r,r?ﬁ azg 5.';[6‘?'?1'5?;19}(".](1?3\2 CoF?cen:ratrﬂxlgn-
practical applications, the assumption of a Gaussian 1a1ons and diiution in aquitersAater RESUrces e-

plume is a gross oversimfitation. _search 34(5): 1181-1193. _ ,
Kitanidis, P.K., 1992. Analysis of macrodispersion through
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