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Abstract. Conservative-tracer data are used for the parameterization of mixing-controlled
reactive transport. Temporal moments of the tracer breakthrough curve integrated over
the outflow boundary of the domain yield the average velocity and the path-averaged
macrodispersion coefficient. On the basis of this information alone, no distinction is
possible between spreading and mixing of the tracer. Analyzing the temporal moments of
breakthrough curves locally obtained at single points in the domain gives additional
information about the dilution of the tracer. In an accompanying paper [Cirpka and
Kitanidis, this issue] we derive an apparent Péclet number of mixing Pea from local
temporal moments. Assuming that Pea is constant over the cross section of the outflow
boundary, a corrected probability density function of arrival times is determined. By
interpreting the spatially integrated breakthrough curve as the result of advective-
dispersive transport in independent stream tubes with identical Péclet number but
differing seepage velocity, it is possible to transfer results of conservative transport to the
transport of interacting compounds for cases in which mixing of the compounds is
influenced significantly by local-scale dispersion. This is an improvement to the stochastic-
convective model of Simmons et al. [1995] for the transfer of integrated tracer data to
reactive transport. The approach is applied to the hypothetical case of a bimolecular
reaction in a heterogeneous two-dimensional aquifer.

1. Introduction

In recent years, analytical and numerical investigations on
multicomponent (bio)reactive transport in heterogeneous
aquifers have become an active research field in subsurface
hydrology [MacQuarrie and Sudicky, 1990; Ginn et al., 1995;
Kapoor et al., 1997; Miralles-Wilhelm et al., 1997; Xin and
Zhang, 1998; Oya and Valocchi, 1998; Cirpka et al., 1999a]. A
basic requirement for reactions to take place is the mixing of
the reacting compounds. As long as the degradation process is
not limited by slow reaction kinetics, the rate of mixing of the
interacting compounds controls the rate of transformation. As
pointed out by Kapoor et al. [1997] among others, the rate of
mixing may be much smaller than the one described by the
macrodispersivity. Therefore applying the Fickian macrodis-
persion concept to reactive transport leads to an overestima-
tion of effective reaction rates [Ginn et al., 1995; Miralles-
Wilhelm et al., 1997]. The reactions of compounds mixed at the
intersection of plumes cause the concentration profiles to re-
main sharp. As a consequence, the spatial moments of the
plume are not approximated correctly by the macrodispersivi-
ties derived from conservative transport [MacQuarrie and Su-
dicky, 1990; Miralles-Wilhelm et al., 1997].

The transfer of information from conservative-tracer data to
the transport of interacting compounds is of particular interest
for the design of enhanced bioremediation. Dagan and Bresler
[1979], Simmons [1982], and Simmons et al. [1995] among
others suggested the interpretation of integrated tracer break-
through curves in a strictly advective framework. Neglecting
local-scale dispersion, the tracer breakthrough curve obtained

by integration of the mass flux over an outflow boundary can be
interpreted as the probability density function (pdf) of arrival
times in independent stream tubes [Simmons, 1995]. Calculat-
ing reactive transport for every arrival time, weighting the
results by the probability of the arrival time, and integrating
over the entire pdf is therefore a straightforward way to use
information from conservative-tracer tests in making predic-
tions about reactive transport. This stochastic-convective ap-
proach has been applied to bioreactive model problems by
Ginn et al. [1995] and more recently by Xin and Zhang [1998].
The approach is essentially identical to that of Dagan and
Cvetkovic [1996].

Oya and Valocchi [1998] showed that for the case of en-
hanced oxygen-limited bioremediation in stratified aquifers
differences in the retardation coefficients control the large-
time reaction rates. At the large-time limit hence the stochas-
tic-convective approach may even be applicable in cases with
only minor differences in the retardation coefficients of the
reacting compounds, but the time to reach that point may be
larger than the travel time within the system considered. The
stochastic-convective approach, however, is not applicable if
mixing of the interacting compounds is influenced significantly
by local-scale dispersion, namely, if none of the interacting
compounds sorb [Kapoor et al., 1997, 1998], or if the reaction
is controlled by transverse mixing in steady state flow fields
[Cirpka et al., 1999a].

In an accompanying paper [Cirpka and Kitanidis, this issue],
we evaluate the impact of local-scale dispersion on the dilution
of a tracer in a macroscopically one-dimensional system by
means of temporal moments derived at single points within the
domain. These are the local temporal moments in contrast to
the integrated temporal moments derived from breakthrough
curves obtained after integrating the mass flux crossing a sur-
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face perpendicular to the direction of flow. From the local
temporal moments we derive apparent seepage velocities va,
dispersive mixing coefficients Da, and corresponding apparent
dispersivities aa and Péclet numbers Pea of mixing. These
measures are based on a one-dimensional interpretation of the
locally measured breakthrough curve. That is, although the
temporal spreading of a local breakthrough curve is to a great
extent caused by transverse dispersion equilibrating differ-
ences of advective transport in neighboring stream tubes, it is
treated as if caused by enhanced longitudinal dispersion in
noninteracting stream tubes. The dispersive mixing coefficient,
in contrast to the macrodispersion one, directly reflects dilu-
tion at the point where the local breakthrough curve is ob-
tained.

For most field applications it is unlikely that local measure-
ments are performed at more than a few points. In many cases,
however, spatially integrated breakthrough curves are avail-
able, for example, from interwell tracer tests. The second cen-
tral temporal moment of such a curve reflects both the vari-
ance of advective arrival times and the average of the local
second central moments. If, additionally, local measurements
are available, it is possible to distinguish between these two
effects.

In the present study we focus on the mixing of reacting
compounds in quasi one-dimensional systems and how conser-
vative-tracer data can be utilized to make inferences about the
behavior of reactive solutes. Assuming that the apparent Péclet
number of mixing is constant over the cross section of the
outflow boundary, we can determine the moments of the pdf of
advective arrival times at this cross section. They differ from
those of the original integrated breakthrough curve because
the second central moment is smaller. On the basis of these
moments we parameterize the pdf of advective arrival times
using the inverse Gaussian distribution [Rao et al., 1981]. This
leads to a model of parallel advective-dispersive stream tubes
each characterized by its advective arrival time and a longitu-
dinal dispersive mixing coefficient. Since we assume a constant
apparent Péclet number of mixing for all stream tubes, the
dispersive mixing coefficient is determined by the advective
arrival time. Reactive transport calculations are then carried
out for each stream tube. The results are weighted by the
probability of the advective arrival time and summed up. We
refer to this approach as the advective-dispersive stream tube
model. In contrast to the stochastic-convective approach it is
applicable also when local-scale dispersion plays an important
role in mixing. The model simplifies to a parameterized version
of the stochastic-convective approach in the case of zero local-
scale dispersion where mixing is attributed exclusively to mass
transfer of the solutes.

2. Quasi One-Dimensional Conservative
Transport

We consider advective-dispersive transport of a conservative
tracer with concentration c introduced by a Dirac-pulse type
flux into a quasi one-dimensional aquifer. The transport of this
tracer can be described by the well-known advection-
dispersion equation (ADE)

­c
­t 1

­

­ xi
S v ic 2 Dij

­c
­ xj

D 5 0, (1)

where t is time and xi is the vector of local coordinates, subject
to the following boundary and initial conditions:

niv ic 2 niSDij

­c
­ xj

D 5 nic inv id~t! at G in (2)

niDij

­c
­ xj

5 0 at Gout (3)

c~ xi! 5 0 at t 5 0 (4)

c uGc1
5 c uGc2

(5)

­c
­ xi

U
Gc1

5
­c
­ xi

U
Gc2

, (6)

in which the indices i and j stand for repeated summation.
Here v i and Dij are the seepage velocity vector and the dis-
persion coefficient tensor, respectively. Here c in is the uni-
formly distributed inflow concentration, ni is the normal unit
vector pointing outward of the domain, and the subscripts c1

and c2 refer to the streamlines bounding the domain.
We assume a spatially periodic, two-dimensional domain

that is bounded by streamlines and isopotential lines. For the
ease of computation the flux over the outflow boundary is
restricted to pure advection. We consider the mean solute flux
concentration cf at the outflow boundary:

cf 5
f

Qout E
Gout

niv ic dA , (7)

in which Qout is the total volumetric flux at the outflow bound-
ary, f is the porosity, and dA is a differential of the cross-
sectional area of the outflow boundary Gout. The breakthrough
curves both obtained at points within the domain and inte-
grated over the outflow (equation (7)) are further character-
ized by their temporal moments:

m0~ xi! 5 E
0

`

c~ xi, t! dt (8)

m1~ xi! 5 E
0

`

tc~ xi, t! dt (9)

m2~ xi! 5 E
0

`

t2c~ xi, t! dt (10)

m2c~xi! 5E
0

` St 2
m1~xi!

m0~xi!
D2

c~xi, t! dt 5 m2~xi! 2
m1

2~xi!

m0~xi!
, (11)

in which mi( xi) is the ith temporal moment at location xi and
m2c( xi) is the corresponding second central temporal mo-
ment. Moment-generating equations are given, for example, by
Harvey and Gorelick [1995]. In the accompanying paper we
analyze the temporal moments of breakthrough curves ob-
tained locally within the domain. For the quasi one-
dimensional case the zero-order moment m0 remains constant
within the entire domain. The first temporal moment normal-
ized with the zero-order moment is the mean arrival time at a
given point. It is inversely proportional to the apparent seep-
age velocity va. The second central moment m2c describes the
temporal spreading of the breakthrough curve and is propor-
tional to the apparent dispersion coefficient of mixing Da. The
apparent parameters retrieved from the local temporal mo-
ments are defined by [Cirpka and Kitanidis, this issue]:
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va 5
x1m0

m1
(12)

Da 5
m2cva

3

2m0x1
5

x1
2m2cm0

2

2m1
3 (13)

aa 5
Da

va
5

x1m2cm0

2m1
2 (14)

Pea 5
vax1

Da
5

2m1
2

m2cm0
, (15)

in which all temporal moments are evaluated from the flux
concentrations at points. In the case of advection-dominated
transport the differences between the flux and residence con-
centrations are negligible, and the temporal moments may be
interchanged. Here aa is the apparent dispersivity of mixing,
whereas Pea is the apparent Péclet number of mixing. All of
these apparent parameters are path-averaged quantities de-
scribing either the average seepage velocity or the average
degree of mixing a tracer has undergone while transported to
the observation point.

In many tracer studies, curves integrated over the entire
outflow boundary are observed rather than local breakthrough
curves. A classical example is the interwell tracer test in which
a tracer is introduced into an injection well, and the break-
through curve is measured in the extraction well. After cor-
recting for geometrical effects of the flow field in the vicinity of
wells, the first temporal moment of the averaged breakthrough
curve m*1 reflects the macroscopic seepage velocity vmac, and
the second central moment m*2c reflects the path-averaged
longitudinal macrodispersion coefficient Dmac:

vmac 5
x1m0

m*1
(16)

Dmac 5
x1

2m*2cm0
2

2m*13 . (17)

Dmac as defined in (17) differs slightly from the macrodispersion
coefficient commonly used since the former is a path-averaged
quantity, whereas the latter describes the average rate of spread-
ing for a given travel distance. The temporal moments m*1, m*2,
and m*2c obtained after integration of the breakthrough curve
over the outflow boundary are related to the averages of the local
moments detected along the boundary by

m*1 5 ^m1& (18)

m*2 5 ^m2& (19)

m*2c 5 ^m2c& 1 sm1
2 , (20)

in which terms within angle brackets are flux-weighted averages
along the outflow boundary. As explained by Cirpka and Kitanidis
[this issue], ^m2c& and the quantities derived from that, ^Da&, ^aa&,
and ^Pea&, are measures of the average dilution. From (20) it is
clear that, given only the integrated breakthrough curve, it is
impossible to distinguish between local-scale mixing as indicated
by ^m2c& and advective spreading indicated by sm1

2 .
In a tracer study both integrated breakthrough curves and a

small number of local observations may be available. Then, in
principle, a distinction between mixing and spreading is possi-
ble since the integrated breakthrough curve summarizes mix-
ing and spreading, whereas the local curves reflect mixing only.

We will see that, using a parametric model, the evaluation of a
probability density function of arrival times m1 is straightfor-
ward when m*1 and m*2c are known and a good guess for Pea

can be made from the local temporal moments.

3. Quasi One-Dimensional Transport
With Bimolecular Reactions

We assume advective-dispersive transport of the compounds
A, B, and C with concentrations ca, cb, and cc. Compounds A
and B react with each other by means of a second-order bi-
molecular irreversible reaction forming compound C. Both A
and B undergo linear sorption with first-order mass transfer
kinetics, whereas C does not sorb. The governing partial dif-
ferential equations are

­ca

­t 5 2
­

­ xi
S v ica 2 Dij

­ca

­ xj
D 2 gcacb 1 lS ca

s

Ka
2 caD (21)

­cb

­t 5 2
­

­ xi
S v icb 2 Dij

­cb

­ xj
D 2 gcacb 1 lS cb

s

Kb
2 cbD (22)

­cc

­t 5 2
­

­ xi
S v icc 2 Dij

­cc

­ xj
D 1 gcacb (23)

­ca
s

­t 5 2lS ca
s

Ka
2 caD (24)

­cb
s

­t 5 2lS cb
s

Kb
2 cbD , (25)

in which the superscript s stands for the sorbed compound, Ki is
the linear partitioning coefficient of compound i, and l is the
mass-transfer coefficient. Note that for the ease of computation,
the sorbed concentrations are expressed in terms of mass sorbed
per volume of water rather than mass sorbed per mass of sorbent.
Here g is the kinetic coefficient of the bimolecular reaction. At
the initial state, compound B is at equilibrium with the sorbed
phase and neither A nor C are present in the system:

ca~t0, xi! 5 0 cb~t0, xi! 5 cb
0 cc~t0, xi! 5 0

(26)
ca

s~t0, xi! 5 0 cb
s~t0, xi! 5 cb

0Kb.

Compound A is introduced by advection into the domain over
the inflow boundary. For the outflow boundary the mass flux of
all compounds is restricted to pure advection:

niv ica 2 niSDij

­ca

­ xj
D 5 niv ica

in at G in

niDij

­ca

­ xj
5 0 at Gout

niv icb 2 niSDij

­cb

­ xj
D 5 0 at G in

(27)

niSDij

­cb

­ xj
D 5 0 at Gout

niv icc 2 niSDij

­cc

­ xj
D 5 0 at G in

niDij

­cc

­ xj
5 0 at Gout.
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As in the conservative case, we assume periodicity for the
boundaries coinciding with streamlines:

cauGc1
5 cauGc2

­ca

­ xi
U

Gc1

5
­ca

­ xi
U

Gc2

cbuGc1
5 cbuGc2

­cb

­ xi
U

Gc1

5
­cb

­ xi
U

Gc2

(28)

ccuGc1
5 ccuGc2

­cc

­ xi
U

Gc1

5
­cc

­ xi
U

Gc2

.

Quantitative comparisons are based on the temporal moments
of the integrated breakthrough curves at the outflow boundary
of the domain ca

f (t), cb
f (t), and cc

f (t) defined by (7).

4. Approaches for the Transfer of Conservative-
Tracer Data to Reactive Transport

4.1. Stochastic-Convective Approach

The basic approximation of the stochastic-convective model
[Simmons et al., 1995; Shapiro and Cvetkovic, 1988; van der Zee
and van Riemsdijk, 1987] is the exclusion of local-scale disper-
sion. Under this condition the breakthrough curve of a con-
servative tracer introduced as Dirac pulse over the inflow
boundary of the domain may be interpreted as probability
density function (pdf) of arrival times p(t) in independent
stream tubes. For a given inflow concentration c in(t), p(t)
may be found by deconvolution of the measured breakthrough
curve cf(t):

cf~t! 5 E
0

t

c in~t! p~t 2 t! dt . (29)

For measured data with arbitrary input function c in(t), directly
inversing (29) may be affected by measurement errors. High-
frequency fluctuation in the measured data may lead to strong
oscillations in the pdf of arrival times not reflecting the phys-
ical behavior of the system. Using a parametric model for the
pdf simplifies inversing and smoothes these oscillations. It is
common practice in hydrologic modeling to identify parame-
ters of transfer functions by matching temporal moments
[Nash, 1959]. A basic property of the convolution integral (29)
is that all temporal moments of cf(t) equal the sum of the
corresponding temporal moments of c in(t) and p(t). Hence
the temporal moments of p(t) can be determined by subtract-
ing those of c in(t) from those of cf(t). Mass conservation
further requires that the zero-order moment equals unity. In
the following we will use the inverse Gaussian distribution
[Rao et al., 1981] as parameterization of p(t). This distribution
is fully described by the zero-order, first, and second-central
moment of p(t).

The omission of local-scale dispersion simplifies the solution
of reactive transport to a set of one-dimensional problems.
Assuming a constant velocity v(t) within each stream tube
corresponding to the breakthrough time t, breakthrough
curves at the outflow of the domain ca

f (t , t), cb
f (t , t), and

cc
f (t , t) of compounds A, B, and C, respectively, may be

calculated for each conservative breakthrough time t.
The reactive breakthrough curve for the set of all stream

tubes may be evaluated by integration over all arrival times
weighted by their probability:

ci
f sc

~t! 5 E
0

`

ci
f~t , t! p~t! dt , (30)

in which ci
f sc

(t) is the solute-flux concentration of compound i
averaged over the outflow of the domain as predicted by the
stochastic-convective approach.

As stated above, the pdf of arrival times could, in principle,
be derived from measured tracer data without any parameter-
ization. This pdf is directly transferred to reactive transport.
Calculation of reactive transport is simplified to solving one-
dimensional problems in parallel stream tubes. Simulating a
set of one-dimensional problems is computationally less expen-
sive than solving for a single multidimensional problem. Mul-
tidimensional simulations are also prone to numerical errors
related to the orientation of the computational grid [Cirpka et
al., 1999c]. For certain one-dimensional test cases of reactive
transport, even analytical solutions may exist. These advan-
tages make the approach rather attractive. The stochastic-
convective approach relates the statistics of the arrival times
observed at a plane to the statistics of reactive transport ob-
served in the same manner. Arrival-time approaches have also
been used to determine the exact spatial and temporal distri-
butions of tracers, salt-intrusion fronts, and saturations in mul-
tiphase flow [King and Datta-Gupta, 1998; Crane and Blunt,
1999]. The latter approaches require the evaluation of the
exact arrival-time distribution, whereas the stochastic-
convective approach is already fully determined by the spatially
integrated breakthrough curve.

The difficulty of the stochastic-convective method lies in the
total omission of local-scale dispersion. Local-scale dispersion
enhances mixing of compounds A and B and therefore en-
forces the reaction. If chromatographic effects provide inten-
sive mixing, neglecting local-scale dispersion, as done in the
stochastic-convective framework, leads only to a small under-
estimation of reaction rates in the calculation of reactive trans-
port. However, the mass balance will become relatively more
erroneous if mixing depends highly on local-scale mixing, as in
the case of nonsorbing interacting compounds.

It is well known that longitudinal macrodispersion coeffi-
cients are much higher than local-scale coefficients. For large
times, however, transverse dispersion diminishes sharp concen-
tration gradients created by nonuniform longitudinal spread-
ing thus transferring it to mixing (or dilution). The latter can
also be observed by the reactor ratio introduced by Kitanidis
[1994] converging to unity, as shown by Kapoor and Gelhar
[1994a, b] and Kapoor and Kitanidis [1996, 1998]. As a conse-
quence, neglecting local-scale dispersion may be adequate for
short-term reactive transport, but it may lead to high predic-
tion errors if the scale of interest is much larger than the scale
of heterogeneity.

4.2. Advective-Dispersive Stream Tube Approach

A key advantage of the stochastic-convective model is the
ease of working with independent stream tubes. As stated in
section 4.1, one of the major disadvantages is that macrodis-
persion is interpreted as purely advective spreading. In reality,
however, local-scale dispersion is present and leads to a grad-
ual transition of advective spreading to dilution.

The concept of independent stream tubes, however, does
not, in principle, exclude the consideration of dispersive mixing
within that stream tube. Although in the two-dimensional
(2-D) case mixing is mainly caused by transverse exchange, it
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may be parameterized as enhanced longitudinal dispersion.
The parameterization of mixing by a one-dimensional model is
the key assumption in the present study. Since the imposed
boundary conditions are macroscopically one-dimensional, up-
scaled parameters describing the average behavior of the sol-
utes, such as the mean advection, spreading, and dilution,
should rely on a one-dimensional interpretation too. Such an
interpretation is chosen in the case of macrodispersion where
we consider the mass flux averaged over the cross section. We
use a one-dimensional advective-dispersive description also for
dilution on the macroscale. Obviously, there is a discrepancy
between the dispersivity needed for dilution and that for ma-
crodispersion. Therefore we describe the part of macrodisper-
sion that is not already included in the dilution-related appar-
ent dispersion with a stream tube approach. We refer to our
method as the advective-dispersive stream tube approach.

Assuming a given distribution of average arrival times (or
inverse apparent velocities) and an apparent Péclet number of
mixing that is constant over the cross section at a given travel
distance, the overall reactive breakthrough curve may be re-
trieved by the same convolution integrals as for the purely
advective case (equation (30)) with the difference that the
solutions for the concentrations ci

f(t , t) account for longitu-
dinal diffusion.

The critical point of the approach is the derivation of the pdf
of arrival times for a given integrated breakthrough curve and
apparent Péclet number of mixing. In the stochastic-convective
model the transfer function relating the flux concentration of a
tracer averaged over the outflow of the domain cf(t) to the
inflow concentration of that tracer c in(t) was identical to the
pdf of advective arrival times p(t). Considering dispersive
mixing within each stream tube, however, the transfer function
includes more temporal spreading than p(t). Hence a correc-
tion of the transfer function is necessary in order to determine
p(t). In general, this is the inverse problem to

cf~t! 5 E
0

t 1E
0

` Î tPea

4p~t 2 T!3

z exp 12
S1 2

t 2 T
t D2

tPea

4~t 2 T! 2p~t! dt2cin~T! dT, (31)

in which the analytical solution of the flux concentration for
the ADE with constant coefficients [Kreft and Zuber, 1978] and
convolution over the inflow concentration has been applied.
Solving (31) for p(t) is very similar to the source-identification
problem in diffusive transport [Snodgrass and Kitanidis, 1997]
or the inclusion of the second derivative in the definition of the
objective function [Liu and Ball, 1999]. Inversing (31) by the
techniques of Snodgrass and Kitanidis [1997] and Liu and Ball
[1999] allows the determination of p(t) for quite irregular, for
example, multimodal, functions but demands a high computa-
tional effort.

Using a parameterization of p(t), one may evaluate the
parameters by matching the temporal moments. Therefore,
rather than inversing (31), it is sufficient to track back the
temporal moments of p(t) from those of cf(t). In a first step
the moments of the transfer function connecting c in(t) to cf(t)
are retrieved by simple subtraction. This yields m*1 and m*2c,
the first and second central temporal moments, respectively, of

the integrated breakthrough curve for c in(t) 5 d(t). Then,
from (15) and (20) it follows for Pea constant over the outflow
boundary that

Pea 5
2m1

2

m2cm0
5 const (32)

from this follows

sm1
2

m0
2 5

Pea

2 1 Pea

m*2
m0

2
m*12

m0
2 . (33)

Equation (33) determines the variance of arrival times for
known temporal moments of the integrated breakthrough
curve and a given apparent Péclet number of mixing, the latter
of which may be retrieved from postprocessing of local break-
through curves. The pdf of arrival times may now be parame-
terized with the inverse Gaussian distribution [Rao et al., 1981]
which is fully determined by the mean and the variance;

p~t! 5 Î ^m1&
3

2psm1
2 t3 exp S2

^m1&~^m1& 2 t!2

2sm1
2 t D , (34)

in which the normalization by m0 has been dropped for sim-
plicity. According to (18), ^m1& is identical to m*1. The cumu-
lative probability function P(t) is [Kreft and Zuber, 1978]

P~t! 5 E
0

t

p~t! dt 5
1
2 erfc S Î^m1&

3 2 t Î^m1&

Î2tsm1
2 D

1
1
2 exp S 2^m1&

2

sm1
2 D erfc S Î^m1&

3 1 t Î^m1&

Î2tsm1
2 D . (35)

Equation (34) is equivalent to the flux concentration for the
ADE assuming a Dirac-pulse function for the inflow concen-
tration, and (35) is equivalent assuming a Heaviside function.
Note that although the ADE is used in order to determine
p(t), the latter is still interpreted as caused by strict advection.
Parameterization other than the inverse Gaussian may be
equally suitable for the pdf of arrival times. The lognormal
distribution has also been tested in the application presented,
and the results were essentially identical.

After determining p(t) from the conservative-tracer data,
one-dimensional calculations of reactive transport are carried
out for different advective arrival times t. In these calculations,
in contrast to the stochastic-convective approach, we consider
both advection and longitudinal dispersion. The dispersivity
applied is LPea, where L is the length of the domain. The flux
concentrations of all compounds are determined at the outflow
of the stream tubes for every advective arrival time t consid-
ered. The concentrations corresponding to a certain t are
weighted with p(t) and summed up for all t. Hence, once p(t)
is determined, the procedure for reactive transport is essen-
tially identical to that used in the stochastic-convective ap-
proach (equation (30)). Besides the way of determining p(t),
the main difference is that the one-dimensional calculations
account for both advection and longitudinal dispersion.

In summary, the overall approach for the transfer of con-
servative to reactive transport consists now of the following
steps: (1) Determine the first and second temporal moments of
the integrated breakthrough curve ^m1&/m0 and ^m2&/m0, re-
spectively. (2) Determine additionally the first and second cen-
tral moments of local breakthrough curves m1/m0 and m2c/
m0, ideally at the same plane of observation as the integrated
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breakthrough curve. (3) Calculate the apparent Péclet num-
bers of mixing Pea according to (15) for each local break-
through curve and take the average. (4) Determine the vari-
ance of arrival times sm 1

2 from (33). (5) Determine the
probability density function of arrival times from (34). (6)
Evaluate the reactive one-dimensional breakthrough curves
ca

f (t , t), cb
f (t , t), and cc

f (t , t) for different arrival times but
identical Péclet numbers. (7) Weight the reactive break-
through curves with the probability of the arrival time and
integrate over all arrival times according to (30).

5. Two-Dimensional Test Case
The two-dimensional test case represents a stripe of a peri-

odic heterogeneous aquifer. The length and width of repetition
are 10.24 m and 5.12 m, respectively. A Gaussian covariance
model was applied to simulate the spatial distribution of log
conductivity. The integral scale was 0.64 m in the longitudinal
and 0.16 m in the transverse direction. With a width of 32
transverse integral scales it was assumed that the breakthrough
curves obtained were representative for the geostatistical pa-
rameters chosen. All parameters are listed in Table 1.

The distribution of log conductivities was generated using
the spectral method of Dykaar and Kitanidis [1992]. Hydraulic
conductivities were defined elementwise on a rectangular
512 3 256 cell grid. The flow problem was solved by the dual
formulation [Frind and Matanga, 1985] accounting for periodic
boundary conditions as described in the accompanying paper
[Cirpka and Kitanidis, this issue]. A streamline-oriented grid

for transport was generated using the method of Cirpka et al.
[1999b] adopted for periodic domains. The average grid reso-
lution was identical to that of the rectangular grid. The quad-
rilaterals constructed were used for cell-centered finite volume
method calculations of reactive transport [Cirpka et al., 1999b].
Advective transport was solved explicitly using the slope limiter
approach also referred to as the monotonic upstream-centered
scheme for conservation laws (MUSCL) method [van Leer,
1973]. As the limiter function, Roe’s Superbee [Roe, 1985] was
chosen. Dispersive transport was solved implicitly applying
five-point differentiation. Coupling of advective-dispersive
transport and reactive processes was done using an operator-
splitting approach. The reactive subproblems were solved by
an implicit Euler method applying Newton-Raphson lineariza-
tion.

5.1. Simulation of a Conservative-Tracer Experiment

Prior to the calculation of reactive transport, the temporal
moments for a conservative tracer introduced via the inflow
boundary as Dirac pulse were calculated by numerically solving
the moments-generating equations. Detailed results of these
calculations are presented in the accompanying paper. For the
following analysis, only the temporal moments at the outflow
boundary and the averaged breakthrough curve at the outflow
are used. As described in section 4.2, the advective-dispersive
stream tube model requires the temporal moments of the
breakthrough curve integrated over the outflow boundary of
the domain and a guess of the apparent Péclet number of
mixing Pea. For the latter we apply the spatial average of Pea

at the outflow boundary. The values are listed in Table 1.
The analytical solution for the solute-flux concentration fol-

lowing the one-dimensional (1-D) advective-dispersive model
with constant coefficients is given by (35). Using the parame-
ters from the spatially averaged temporal moments (^m1& 5
m*1 and sm1

2 5 m*2cm0), this analytical solution was compared
to the integrated breakthrough curve for the 2-D simulation.
The root-mean-square error was 7.93 3 1023, indicating that
(35) and thus the parameterization by the 1-D ADE is appli-
cable for the spatially averaged breakthrough curve.

Using the average apparent Péclet number of mixing ^Pea&
5 43.35, the variance of the arrival time sm1

2 /m0 according to
(33) is 2.26 3 109 s2, whereas the value for the strictly advective
interpretation of the integrated breakthrough curve was 4.26 3
109 s2. Figure 1 shows a comparison of the two related pdfs of
arrival times underlying an ADE parameterization according
to (34). The unparameterized pdf retrieved from temporal
derivation of the breakthrough curve from the 2-D calculation
is also included.

The bimodal behavior of the breakthrough curve based on
the raw data could not be retrieved with the ADE parameter-
ization. Also, the tailing was stronger for the raw data than for
the ADE models. The distribution for the ADE parameteriza-
tion corrected for dispersive mixing is narrower and more
peaked around the average value of 2.15 3 105 s than the one
that neglects dispersive mixing.

5.2. Simulation of Reactive Transport

The two-dimensional computational grid was used for the
reactive transport calculation applying the parameters listed in
Table 1. The reactive parameters were chosen in such a way
that the chromatographic effect, mass-transfer kinetics, and
local-scale dispersion all contributed significantly to the overall
mixing behavior.

Table 1. Parameters for the Two-Dimensional Test Case

Parameter Value

Geometric and geostatistical parameters
Lx 10.24 m
Ly 5.12 m
Ix 0.64 m
Iy 0.16 m
s2(ln K) 1.0
v# x 5.06 3 1025 m/s

Parameters of local-scale dispersion
Dm 1029 m2/s
a l 1022 m
a t 1023 m

Reactive parameters
l 1025 1/s
g 1024 L/smol
Ka 0
Kb 0.1

Boundary and initial conditions
ca

in 1 mol/L
cb

0 1 mol/L
Temporal moments of a conservative tracer

at the outflow boundary
m*1 2.02 3 105 s2

m*2 4.52 3 1010 s3

m*2c 4.26 3 109 s3

^m2c& 2.49 3 109 s3

Apparent parameters derived from the
temporal moments
^va& 5.27 3 1025 m/s
^Da& 1.56 3 1025 m2/s
^Pea& 43.35
^aa& 0.30 m
vmac 5.06 3 1025 m/s
Dmac 2.69 3 1025 m2/s
Pemac 19.24
amac 0.53 m
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The partitioning coefficient of the more strongly sorbing
compound B was chosen to be rather low (0.1). Applying
higher values while suppressing sorption of compound A led to
reactive behavior dominated entirely by chromatographic mix-
ing. Partitioning coefficients around 0.1 would be typical for
rather polar organic compounds and aquifer materials with low
organic carbon content. The reaction coefficient g was chosen
sufficiently high so that the formation of compound C is con-
trolled by mixing. The timescale of reaction g=ca

incb
0 of 104 s

is in the typical range of aqueous-phase redox reactions.
The calculations from the detailed 2-D model were com-

pared to predictions by both the stochastic-convective model
and the advective-dispersive stream tube model calibrated us-
ing the conservative-tracer data. In addition, a two-dimen-
sional calculation was performed suppressing transverse dis-
persion on the local scale.

Figure 2 shows the distribution of all compounds as calcu-
lated by the 2-D simulation 1 day after start of the injection.
Compounds A and B are strongly anticorrelated, not only
because of opposite boundary and initial conditions but also
because of the reaction of these compounds preventing more
intensive overlapping of the concentration distributions. The
product C can mainly be found in the mixing region. The
low-velocity region in the top half of the domain at x 5 1 2
3 m is snapped off. In the reactive-transport application such
low-velocity regions act as a continuing source of compound B
being mixed with compound A in downstream high-velocity
regions.

Figure 3 shows the breakthrough curves for all compounds
calculated by the two-dimensional model. It also includes the
breakthrough curve for the conservative tracer. Because of the
stoichiometry of the reaction and the identical transport prop-
erties of compounds A, C, and the conservative tracer, the
breakthrough curve of the latter equals the summed curves of

compounds A and C. In contrast to the one-dimensional cal-
culations the breakthrough curves of the reacting compounds
A and B overlap significantly. This is due to the insufficient
mixing of the compounds.

The breakthrough curves show some irregularities, espe-
cially that of compound C. The dent in the rising part of the
breakthrough curve of compound C mainly reflects the bi-
modal arrival-time distribution of the conservative tracer.

For the stochastic-convective model the unparameterized
tracer breakthrough curve shown in Figure 1 was used to iden-
tify the arrival-time probabilities of 46 classes differing by 5%
of the mean arrival time, neglecting local-scale dispersion. Ad-
vective-reactive transport calculations were performed for
each class, weighted with their probabilities, and summed up.

Figure 4 shows the corresponding reactive breakthrough
curves. The oscillations in the breakthrough curve of com-
pound C are due to the sharply peaked curves for the single
realizations and the rather low number of classes used. How-
ever, these variations have only minor impact on the first mo-
ments. Obviously, the stochastic-convective approach leads to
an underestimation of the reaction rates. In one-dimensional
calculations not shown, neglecting dispersive mixing led to only
insignificant errors. Obviously, this is not the case for the
two-dimensional results presented, because of transverse dis-
persion transferring longitudinal spreading to longitudinal
mixing.

The stochastic-convective interpretation of the tracer data
was compared to that of the advective-dispersive stream tube
model. For this purpose the temporal moments of the conser-
vative tracer were used to identify the apparent Péclet number
of mixing, the average advective arrival time, and its variance.
One-dimensional calculations with differing advective veloci-
ties but identical reactive parameters and Péclet numbers were

Figure 1. Comparison of the probability density function (pdf) of advective arrival times for the average
breakthrough curve neglecting to consider dispersion.
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performed. The corresponding breakthrough curves were av-
eraged with the probability of the arrival time and summed up.

Figure 5 shows the reactive breakthrough curves for the
advective-dispersive stream tube model. Superimposing two
ADE parameterizations for mixing and spreading, respectively,
leads to smooth breakthrough curves. Hence the small irreg-
ularities of the 2-D calculations as shown in Figure 3 could not
be retrieved.

A direct comparison for the breakthrough curves of com-
pound C is given in Figure 6. The main shortcoming of the
ADE parameterization is that the small-concentration break-
through is too early. The peak concentration is slightly over-
estimated. However, the overall agreement between the two
calculations is excellent, unlike the stochastic-convective pre-
diction which is prone to underestimate compound C.

For quantitative comparison, temporal moments of the
breakthrough curves of compound C were calculated. These
were made dimensionless in the following way: (1) The zeroth
moment m0

c was normalized with =ca
incb

0L/v . This yields a
dimensionless mass of compound C formed over the passage

through the domain. (2) The first moment m1
c was normalized

with m0L/v producing a dimensionless average breakthrough
time or retardation factor. (3) The second central moment m2c

c

was normalized with m1
cL/v producing a dimensionless spread-

ing factor. (4) The third central moment m3c
c was normalized

with m2c
c L/v producing a dimensionless skewness factor.

The dimensionless moments of cc
f (t) predicted by the tracer-

interpreting schemes and calculated by 2-D simulation are
listed in Table 2. The error in the dimensionless zeroth-order
moment was 260% for the stochastic-convective model,
whereas it was 17% for the advective-dispersive stream tube
approach. Table 2 also includes the normalized moments for
the 2-D simulation suppressing transverse dispersion. In this
calculation, only 48% of the mass of compound C is formed
indicating the importance of transverse dispersion on the local
scale for mixing of the compounds. The results of this calcu-
lation were quite similar to those of the stochastic-convective
model since both models neglected the effects of local trans-
verse dispersion.

The performance of the advective-dispersive stream tube

Figure 2. Reactive transport in the two-dimensional test case. Concentration distributions of all compounds
1 day after start of injection: (top) compound A, (middle) compound B, and (bottom) compound C.
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model is strongly dependent on the estimation of the apparent
Péclet number of mixing. In the present calculations the aver-
age value obtained from the conservative-tracer calculations
was used. A comparably good estimate of Pea will not be

possible in most field applications in which only a few local
breakthrough curves are available. The high coefficient of vari-
ation for Pe of 0.51 given in the accompanying paper [Cirpka
and Kitanidis, this issue] indicates that any measured parame-

Figure 3. Reactive transport in the two-dimensional test case. Breakthrough curves for all compounds as
calculated by the two-dimensional (2-D) model.

Figure 4. Two-dimensional test case. Breakthrough curves for all compounds as predicted by the stochastic-
convective model.
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ter of mixing is subject to high uncertainty. In this context it
may also be questioned whether the assumption of a homoge-
neously distributed parameter of mixing is applicable.

6. Concluding Remarks
The stochastic-convective approach [Simmons et al., 1995;

Ginn et al., 1995] is a straightforward approach for using con-

servative-tracer data to predict multicomponent reactive trans-
port. However, it applies only when effects of local-scale dis-
persion on mixing of the reacting compounds are negligible. As
shown in the accompanying paper, the apparent dispersivities
aa describing mixing may strongly exceed the local-scale dis-
persivities in heterogeneous domains. Local-scale dispersion,
especially the transverse one, can contribute significantly to the

Figure 6. Two-dimensional test case. Comparison of the breakthrough curves of compound C as predicted
by the advective-dispersive stream tube approach and the stochastic-convective model and calculated by the
2-D simulation.

Figure 5. Two-dimensional test case. Breakthrough curves for all compounds as predicted by the advective-
dispersive stream tube approach with constant apparent Péclet number of 43.35. Fourteen classes were used.
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mixing of reacting substrates. As a consequence, the stochastic-
convective approach leads to an underestimation of mixing-
controlled reactions, particularly when sorption is not an ef-
fective mixing mechanism.

The advective-dispersive stream tube model presented here
overcomes the restrictions of the stochastic-convective ap-
proach by parameterizing dispersion-related mixing as longi-
tudinal dispersivity in parallel stream tubes with differing seep-
age velocities. In order to determine the apparent Péclet
number of mixing applied in the model, local pointwise con-
centration measurements are needed in addition to the out-
flow-averaged breakthrough curve analyzed solely in the sto-
chastic-convective approach.

Destouni and Graham [1997] investigated the impact of the
measurement scale on the temporal statistics of concentration
measurements neglecting local-scale dispersion. While
Destouni and Graham contributed the entire spread of the
breakthrough curve to the volume of the measurement device
sampling varying advective arrival times, we idealize the mea-
surement volume as a point so that the second central tempo-
ral moment of the concentration measurement directly reflects
dilution. Modern techniques for tracer measurements in
groundwater minimize the sampling volume [Schirmer et al.,
1995]. Applying these techniques in field tests, we believe that
the approximation by a pointwise measurement is justified.
However, using more traditional measurement methods in
standard monitoring wells, the effects of the sampling volume
on the temporal statistics of the tracer measurement will be no
more negligible. The distinction between dilution and volume-
averaging effects in the local breakthrough curves is beyond
the scope of the present study.

In the presented test case the advective-dispersive stream
tube model could predict the mass balance of the reactive case
much better than the stochastic-convective approach. The dif-
ference would have been less significant if the retardation
coefficient of the two compounds differed more strongly, sorp-
tion were much more controlled by mass-transfer kinetics, or
the domain was much larger, in which case chromatographic
effects would dominate mixing. The excellent performance of
the advective-dispersive stream tube model is also dependent
on how representative the locally evaluated apparent Péclet
number of mixing is. If the value of Pea vary strongly, the
advective-dispersive stream tube calculations may be repeated
with different estimates of Pea to identify the range of possible
reactive breakthrough curves. If no local breakthrough curves
are available, reasonable assumptions may be made based on
numerical simulations of the temporal moments mimicking the
heterogeneities of the aquifer of interest. However, costly sim-
ulations of reactive transport for the multidimensional heter-
ogeneous distributions can be avoided. Further research ef-
forts will be needed in order to develop analytical expressions

for the mixing behavior expected for given geostatistical pa-
rameters.
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