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Abstract

It is now believed that the primary equilibrium aspects of
simple models of protein folding are understood theoret-
ically. However, current theories often resort to rather
heavy mathematics in order to overcome some techni-
cal di�culties inherent in the problem or start from a
phenomenological model. To this end, we take a new
approach in this pedagogical review of the statistical me-
chanics of protein folding. The bene�ts of our approach is
a drastic mathematical simpli�cation of the theory with-
out resorting to any new approximations or phenomeno-
logical prescriptions. Indeed, the results we obtain agree
precisely with previous calculations. Due to this simpli-
�cation, we are able to present here a thorough and self
contained treatment of the problem. Topics discussed
include the statistical mechanics of the Random Energy
Model (REM), tests of the validity of REM as a model
for heteropolymer freezing, freezing transition of random
sequences, phase diagram of designed (\minimally frus-
trated") sequences, and to what degree can errors in the
interactions employed in simulations of either folding and
design still lead to correct folding behavior.

1 Introduction

In the last decade, there has been remarkable progress
in the theoretical understanding of protein folding. This
degree of progress is mainly due to the concept of het-
eropolymer freezing, which is the phase transition of
a heteropolymer chain between two compact globular
phases, of which one is dominated by an exponentially
large number of conformations (O(eN )) while in the other
only one or very few of them (O(1)) are thermodynami-
cally relevant. To describe heteropolymer freezing, ideas

and concepts were borrowed from the statistical mechan-
ics of spin glasses, such as the Random Energy Model
(REM) �rst suggested by Derrida [Derrida, 1980].

Previous work has centered around two, parallel ap-
proaches to this problem. While these two approaches
are certainly similar as regards to their underlying phi-
losophy, they very di�erent otherwise. One of them,
rooted in the seminal work by Bryngelson and Wolynes
[Bryngelson and Wolynes, 1987], postulates the applica-
bility of REM to the heteropolymer freezing problem;
one bene�t of this approach is that as REM can be
solved without recourse to the heavy mathematical for-
malism of replica �eld theory, the resulting polymer
theory is unencumbered. Not surprisingly, it is ex-
tremely di�cult, if not altogether impossible, to either
generalize this approach to di�erent heteropolymeric sys-
tems, for example systems with long range interactions
(random sequence polyampholytes), or to �nd out its
conditions of applicability. Another approach, started
from the other seminal contribution by Shakhnovich
and Gutin [Shakhnovich and Gutin, 1989], considers the
model which is very clearly formulated, but, unfortu-
nately, this theory remains overshadowed by the com-
plexity of theoretical machinery employed (replica the-
ory). Not surprisingly, although this theory is widely con-
sidered very important, it remains hardly known beyond
some qualitative conclusions.

In the meantime, both theories are related to REM,
which in turn, is fairly simple both in regards to its phys-
ical nature and mathematical treatment. It should be,
therefore, possible to formulate a theory that combines
simplicity of the Bryngelson-Wolynes approach with the
sophistication of the Shakhnovich-Gutin theory. In this
paper we suggest and discuss such an approach. Per-
haps the greatest accomplishment of the SG approach is
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the derivation of REM starting from the Hamiltonian for
polymer-polymer interaction and the nature of the poly-
mer conformation space. In this work, we present another
derivation which does not rely on replica �eld theory, but
yields the same result. We intentionally try to make
this paper self-contained, such that the knowledge of
Refs. [Derrida, 1980], [Bryngelson and Wolynes, 1987],
and [Shakhnovich and Gutin, 1989] is not necessary.
Moreover, we review many of the central issues in the
statistical mechanics of protein folding.
The paper is organized as follows. We begin with a

discussion of models commonly employed in theoretical
protein folding studies. We continue with the formula-
tion of REM and discuss why one can hope that REM
would be applicable for heteropolymer globules. We then
discuss REM in more detail, including the nature of the
freezing transition in REM, and arrive at a powerful gen-
eral relationship valid for arbitrary REM-type models.
Using this, we derive in a simple, yet rigorous way all of
the main theoretical results, such as freezing conditions
for a heteropolymer with an arbitrary interaction matrix,
properties of sequence design, etc.

2 Compact Globular Heteropoly-
mer

2.1 Energy

We consider heteropolymer chains which are in a maxi-
mally compact, globular state. This means, in particular,
that the density of the globule cannot 
uctuate and is
evenly distributed in space. In the simplest lattice model
case, a polymer of N monomers occupies a region with
exactly N lattice sites and, therefore, visits every site
once and only once. The Hamiltonian that envelops all
three important ingredients of the problem, namely, the
sequence of the certain set of monomer species, arbitrary
interactions between them, and conformations, has the
following form:

H(fsIg; frIg) =
NX
I;J

BsIsJ �(rI � rJ) (1)

Capital Latin indices count the monomers along the
chain, sI 2 f1; : : : ; qg is the species of monomer I along
the chain (and, thus fsIg represent the polymer \se-
quence"), q is the number monomer of species, and rI
is the position of monomer I (frIg represent \confor-
mation"). �(r) is a function concentrated on nearest
neighbor points in space; on the lattice, �(a) = 1 and
�(r > a) = 0, where a is the lattice spacing. Thus, our
model simply says that the energy of a polymer confor-
mation is determined by the the matrix of species-species

energies Bij for the monomers in contact
1. In writing the

energy in the form (1), we implicitly assume that chain
connectivity (points rI and rI+1 are always next to each
other in space for all I), excluded volume (rI 6= rJ for
I 6= J), and dense packing are all met.
Clearly, equation (1), however general, is still an ap-

proximation. For example, one could also consider het-
eropolymeric three body interactions, which depend on
the species of the three monomers in contact, etc. Never-
theless, it does include many essential components of the
problem and we shall restrict ourselves with this model.

2.2 Conformations

Di�erent models of conformations have been used in var-
ious computational and analytic works, and particular
choices of models arise from the desire to capture the es-
sential physics while keeping the model tractable. Protein
native states are globules and therefore any model of fold-
ing or design must incorporate maximally compact con-
formations. Examining only maximally compact confor-
mations renders the problem much more computationally
tractable, as the constraint of �lling each site on a lattice
once and only once greatly reduces the number of pos-
sible conformations [Shakhnovich and Gutin, 1990]; ana-
lytically, this constraint allows one to neglect complica-
tions due to density 
uctuations. Therefore, it is not sur-
prising that maximally compact conformations have been
common employed.
While the enumeration of maximally compact confor-

mations is much more feasible than, for example, all
conformations of chain with a given length N , exhaus-
tive enumerations of even maximally compact confor-
mations of chains longer than N = 27 requires a great
deal of computing power [Pande et al., 1994a] (while 36-
mers can be easily enumerated on a massively parallel su-
percomputer (128 node CM-5) and the maximally com-
pact 48-mer conformations have also been enumerated,
but required 2 CPU weeks on the CM-5). Thus, 27-
mers have become a canonical model for folding and de-
sign studies. Recently, it has been conjectured that the
number of contacts in space of 27-mers 2 is similar to
that found in short proteins (typically 60-80 amino acids)
[Onuchic et al., 1995], and thus perhaps 27-mers are not a
completely unreasonable model. Moreover, in heteropoly-
mer lattice models, a single site is not meant to neces-
sarily represent a single amino acid; instead, one must

1We assume that heterogeneity solely comes from pairwise in-
teractions (high order interactions contribute to excluded volume)
and the polymer is a dense globule.

2For a lattice model, this means nearest neighbors in space; 27-
mers, for example, have 28 contacts. For proteins, it has been
suggested to count contacts in terms of monomers which neigh-
bor in space and are farther than 4 monomers along the chain
[Onuchic et al., 1995].
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consider that elements of secondary structure have al-
ready been considered in the lattice models and one is de-
scribing some arrangements of these elements. Thus, lat-
tice monomers are really renormalized \quasi-monomers"
[Grosberg and Khokhlov, 1994].

To model larger chains exhaustively, two approaches
have been taken. First, polymers have vastly
fewer conformations in two dimensional than three.
Thus, one can enumerate much longer chains in 2D
[Chan and Dill, 1993] [Dinner et al., 1994]. Moreover, it
has been argued that enumerable 2D chains (25-mers and
36-mers, for example) have a surface to volume ratio more
similar to proteins than that of enumerable 3D chains
(27-mers and 36-mers) [Chan and Dill, 1993]. A second
approach is to enumerate in 3D, but restrict the con-
formation space. For example, \crumpled" 64-mers have
been enumerated (a crumpled 64-mer consists of eight
2 � 2 � 2 size 8-mer cubes, strung together to make a
single 4 � 4 � 4 cube) [Pande et al., 1996a]; they make
an interesting model as unlike shorter chains such as 27-
mers and 36-mers, crumpled 64-mers allow small scale re-
arrangements and perhaps model multi-domain proteins
[Pande et al., 1996a] [Panchenko et al., 1995].

On the other hand, sampling just the maximally com-
pact conformations may not be su�cient to describe the
freezing transition, especially if it is accompanied by a coil
to globule transition (i.e. the system goes directly from
a coil to a frozen globule phase [Pande et al., 1996d]);
for example, also see [Klimov and Thirumalai, 1996]. To
study all conformations, one must either perform Monte
Carlo kinetics and use the Monte Carlo histogram tech-
nique [Socci and Onuchic, 1995] to gather information
about the density of states or perform a full enumera-
tion of all conformations. Of course, full enumeration is
extremely computationally intensive and has only been
performed for chains with N � 18 [Pande et al., 1996c].
On the other hand, Monte Carlo simulations have been
performed on extremely long chains (in a relative sense),
up to N = 125 [Abkevich et al., 1995].

In the end, however, di�erences in conformational
spaces are most important for corrections to REM
[Pande et al., 1996a] and will not be important for the
the primary aspects of this work.

2.3 Interactions

Natural proteins include q = 20 species of monomers, and,
thus, the interaction matrix Bij should be 20� 20. Nei-
ther the values of its matrix elements nor the aspects of
models with a smaller number of species have been agreed
upon by the experts. For example, the a commonly em-
ployed matrix in simple models is the 20�20 MJ matrix,
which is extracted from the statistics of protein data base
[Miyazawa and Jernigan, 1985]. There are also other at-

tempts to derive realistic amino acids interaction ener-
gies (for example, see [Godzik et al., 1995] and references
therein). Clearly, these matrices cannot serve as perfect
potentials, as the very idea of a \contact" is somewhat ap-
proximate or semi-qualitative for such bulky molecules as
amino acids. On the opposite extreme, as hydrophobicity
is believed to be the main driving force of protein collapse,
various models are used with just two monomeric species,
hydrophobic and polar [Chan and Dill, 1993]. The In-
dependent Interaction Model (IIM), where the number
of monomer species is as large as the total number of
monomers, such that each matrix element Bij enters in
the energy of any conformation at most once and never
more than once, is somewhat special; matrix elements are
then taken independently from a Gaussian distribution.
This model is convenient for theorists (as we will see in
later sections). The most often used and natural interac-
tion matrices along with some comments are given in the
Table 1.

Also, one may be curious about how the solvent en-
ters into our model Hamiltonian (1). We assume that the
solvent molecules equilibrate considerably faster than the
polymer and thus we integrate over all solvent degrees of
freedom. This leads to an e�ective interaction between
monomer species, i.e. our interaction matrix Bij . For
example, the hydrophobic e�ect explicitly details the in-
teraction between oily molecules and water, but leads to
an e�ective attraction between hydrophobic molecules as
they come together in order to try to avoid the water
molecules [Chan and Dill, 1993].

2.4 Sequences

The �rst models of heteropolymers considered just
random sequences of monomer species. This was
consistent with the fact that real protein sequences
statistically look very much like random sequences
[Ptitsyn and Volkenstein, 1986] (see also [Monod, 1971]
for the underlying philosophy). However, upon a more
detailed examination, random sequences were found to
be not su�ciently protein-like. In particular, while many
chains with sequences taken at random have unique
ground states, these ground states are not su�ciently
robust such that a minor perturbation of the interac-
tion energies (induced, for example, by the change in
the surrounding solution) leads to a complete alteration
of the ground state conformation. Furthermore, for
most of the sequences whose respective ground state are
unique, folding to these states is neither quick nor reliable
[Shakhnovich and Gutin, 1993].

This is, of course, by no means surprising, as pro-
tein sequences are known to have undergone evolution-
ary optimization [Volkenstein, 1994]. It was hypothesized
[Bryngelson and Wolynes, 1987] that protein evolution
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Name # letters matrix Ref.

MJ 20 Realistic amino [Miyazawa and Jernigan, 1985]
acid energies

IIM N Independent random [Shakhnovich and Gutin, 1989]
energies

Potts q Bij = +1� 2�ij [Goldenfeld, 1992]

Generalized

BWM 2 Bij =

�p
2 cos � � sin � sin �

sin � �p2 cos � � sin �

�
See section 8.3

HP 2 � = arccos(
p
2=3) , Bij =

� �1 0
0 0

�
[Chan and Dill, 1993]

Ising 2 � = �=2 , Bij = ��i�j =
�

+1 �1
�1 +1

�
[Sfatos et al., 1993]

GLO 2 � = 0 , Bij = �i + �j =

�
+1 0
0 �1

�
[Garel et al., 1994]

LHTW 2 � � 0:2 , Bij =

� �2:3 �1
�1 0

�
[Li et al, 1996]

Table 1: Commonly employed models of heteropolymer interactions. For studies of folding and design, 2�2 matrices
can be parameterized in terms of a single parameter � without loss of generality (see section 8.3).

has resulted in sequences which obey the \minimal frus-
tration principle." In order to model the evolutionary-like
optimization of proteins, Shakhnovich and Gutin Monte
Carlo annealed sequences with the criteria that the se-
quence minimized the energy of a particular target confor-
mation [Shakhnovich and Gutin, 1993]. Another incar-
nation of the same idea is the so-called Imprinting Model
[Pande et al., 1994c]. Interestingly, as soon as these mod-
els were suggested, a prediction was made as to which
kind of correlations should exist in protein sequences,
and those correlations were indeed immediately found
[Pande et al., 1994b] (see section 7.6 for more details).
Later in this work, we shall discuss both random and se-
lected sequences.

3 Random Energy Model (REM)

In this section, we digress from the polymer problem and
discuss the properties of REM. The reader who is inter-
ested in going straight to polymer freezing can skip to
section 3.4, where all necessary properties of REM are
brie
y summarized.

3.1 What is REM?

Formally, to compute the partition function of an arbi-
trary system, one only needs the list of all microstates
(conformations), 1; 2; : : : ;M with their respective ener-
gies E1; E2; : : : EM. Generally, M is huge, as it scales
exponentially with the number of particles (monomers),

N :

M' exp (!N) ; (2)

where ! � 1 depends on conformations available, i.e. on
chain 
exibility, packing conditions, lattice geometry in
case of lattice models, etc., as discussed above in the sec-
tion 2.2. As the system is disordered, all of its ener-
gies E1; E2; : : : ; EM depend in general on the realization
of disorder, that is, on the sequence. In the REM, one
says that the energy of each conformation, say, E1, is dis-
tributed over the realizations of disorder in the same way
as energies of all other conformations and is statistically
independent of them. If we call P (E) the probability dis-
tribution of the energy of some particular conformation
over disorder and P (E1; E2) the joint probability distri-
bution that conformations 1 and 2 have energies E1 and
E2 respectively, then REM dictates that

P (E1; E2) = P (E1)P (E2) : (3)

It is also usually supposed that the P (E) distribution is
Gaussian:

P (E) =
�
2�NE2��1=2 exp�� E2

2NE2
�
; (4)

where E is characteristic width of the distribution. It
should be stressed that the Gaussian character of the
single-energy distribution (4) is by far less important than
the statistical independence of states expressed in (3),
which is the hallmark property of REM.
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To average the logarithmic function is a tedious math-
ematical task, and this is precisely the reason why dis-
ordered systems are so di�cult for theoretical examina-
tion. This is the place where the famous replica trick
[Mezard et al., 1987] enters. The good news about REM
is that one does not need to resort to these big theoretical
machinery.
Indeed, Zseq(T ), the partition function for the given

realization of the disorder, is just the sum over all states
i = 1; 2; : : : ;M and it can be always rewritten in terms
of density of states:

Zseq(T ) =

MX
i=1

exp [�Ei=T ] =

Z 1
�1

n(E)e�E=T dE : (9)

At high enough temperature, this sum is dominated by
the states of high entropy (large n(E)), where the spec-
trum is continuous and independent of sequence. This
means that all the complications with the di�erence be-
tween individual realizations of the disorder do not occur
in this temperature region and disorder is, in a way, irrel-
evant. Indeed, as long as the saddle point of the integral

Z =

Z 1
�1

MP (E)e�E=T dE

' MP (Esaddle)e
�Esaddle=T ; (10)

belongs to the continuous spectrum region E > Ebottom,
the �rst line of the equation (7) is valid, and thus we get
a partition function that is independent of the disorder
4. For the Gaussian distribution (4), Esaddle = �NE2=T ,
we get that Esaddle > Ebottom is valid at T > Tglass =
E=p2!. Thus, at T > Tglass we can safely average the
partition function over disorder (as it does not depend
on disorder!) and arrive at the free energy that is also
independent of the disorder.
This is not valid at lower temperature, where just one

or a few low energy states dominate the partition func-
tion. In principle, one could expect that at this low tem-
perature, the thermodynamics of a particular sample will
strongly depend on disorder. Note, however, that typical
di�erences between low energy states are only about

p
N

and they are negligible in thermodynamic limit.

4The fact that the REM partition function is independent of
disorder is very di�erent than what one would expect in a typical
disordered system. In extensive quantities (linear in the number
of particles N), di�erences in contributions from each particle get
averaged out when we sum up N of them and take the thermo-
dynamic limit (because of the central limit theorem). Due to this
property, extensive quantities are called \self-averaging" and are in
this sense independent of disorder. Quantities such as the partition
function (which scales exponentially in N) typically do not average
in this form (for the partition function, terms with lower free energy
dominate the average due to the exponential). Thus, the fact that
the REM partition function is self averaging is very unusual and
results from the assumption of statistical independence of states.

As the free energy is a continuous function of the tem-
perature, we arrive at the following powerful conclusion
for REM (see also [Koukiou, 1993]):

F (T ) =

� �T ln hZseq(T )i if T > Tglass
�Tglass ln hZseq(Tglass)i if T � Tglass

:

(11)
We shall comment in more details later, that to take
the average of the partition function means to take the
\annealed average." Thus, equation (11) shows that for
REM, the real quenched average of the free energy co-
incides, above the temperature Tglass, with the annealed
average (see section 5.2 below). This powerful conclusion
is valid for every REM type model and it will provide us
with a tool for further consideration. Finally, we note that
as the frozen state has negligible entropy, one can write
the simpler relation �Tglass ln hZseq(Tglass)i = hEgndi.

3.4 Summary of REM properties

We summarize here the main properties of REM:

� The de�ning hallmark property of REM is the sta-
tistical independence of states (3).

� The REM energy spectrum consists of a continuous
part which is independent of disorder and a few dis-
crete energy levels that are placed very individually
for each realization of disorder.

� The REM ground state for typical realizations is
order

p
N below the edge of continuous spectrum,

which, in turn, is order N below the mean energy.
Also, for typical realizations discrete levels are orderp
N from each other.

� There is certain temperature for REM, Tglass, such
that at T > Tglass the system explores the high
entropy continuous part of its spectrum, while at
T < Tglass it is locked into discrete individual states.

� The free energy of the REM is given by the equation
(11).

Note, that these properties are independent of Gaus-
sian form of the single energy distribution (4).

4 Is REM valid for heteropolymer
freezing?

The question posed in the title of this section has been ad-
dressed in more details in the work [Pande et al., 1996a].
We also acknowledge recent theories which involve cor-
rections to REM, such as references [Franz, et al., 1994],
[Plotkin and Wolynes, 1996], and [Pande et al., 1996c].
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Figure 2: Two di�erent though closely related conforma-
tions are shown; everywhere within shaded area they are
identical, while the local di�erence is seen in the window.

Finally, in Appendix A, we present a non-replica deriva-
tion of REM for heteropolymers; while this derivation
does not use the heavy math of replica theory, it does
require the concepts of design, which we discuss in later
sections. The reader who are ready to trust REM can
skip this section and go straight to the next one.

4.1 REM CANNOT be exact for het-

eropolymers

In the work [Bryngelson and Wolynes, 1987], Bryngel-
son and Wolynes postulated the applicability of REM
for the folding of protein globules. In the work
[Shakhnovich and Gutin, 1989], Shakhnovich and Gutin
showed that REM is applicable for compact heteropoly-
mers with independent interactions (see below). In the
meantime, the statement of REM applicability is often
met with understandable distrust. Indeed, REM obvi-
ously cannot be exact for heteropolymers. To understand
that, let us imagine two conformations, say � and �, each
of which represents some small local rearrangement of the
other (see Figure 2). As energies E� and E� are given as
sums over all pairs of monomers which are in contact (we
are speaking now about short-range interactions), they
are dominated by identical contributions and di�er only
due to the small region of di�erence between � and �.
Clearly, these two energies are strongly dependent.

4.2 REM and non-REM logic

The REM-like assumption of statistical independence
of states is implicit in the motivation of several ex-
perimental works; for example, de novo protein design
[Hecht et al, 1990] makes an REM-like assumption that
the selection of sequences which lower the energy of a
desired conformation will not also lower the energies of

other conformations.
An opposite intuition is also prevalent in many works,

such as the computational generation for a given se-
quence of a low, but not lowest, energy conformation
[Holden, 1995]; if REM were valid, then a low but not
lowest energy conformation will tell us nothing about the
ground state.

4.3 How can REM be a good approxima-

tion?

While REM cannot be exact, it is very good approxima-
tion in many cases. Its validity resides in the nature of
conformation space, which allows only relatively few local
rearrangements of the type shown in the Figure 2. Typi-
cally, this happens because of severe constraints imposed
on the conformations when a polymer is maximally com-
pact; this is especially obvious if one thinks of a compact
polymer on the lattice, such as 27-mer on 3� 3� 3 cube,
where each site is visited once and only once. If that is
the case, closely related and thus statistically dependent
conformations like those shown in the Figure 2 are rare.
Moreover, as the heteropolymer freezing transition oc-

curs between a phase consisting of exponentially many,
unrelated conformations (i.e. typical overlap between any
two vanishes) to a phase consisting of one conformation,
any corrections to REM due to statistical dependence of
states will have no e�ect on the thermodynamics. Such
corrections are important for describing protein folding
kinetics [Pande et al., 1996c].
Throughout this paper, we assume that REM

is applicable. We discuss REM violations else-
where [Pande et al., 1996a]. We also explore non-
REM generalizations of the theory presented here
[Pande et al., 1996c], but in this work we concentrate on
the situation when REM is applicable.

5 Annealed Heteropolymer

5.1 What is an annealed heteropolymer?

The result (11) of the section 3.3 involves the average
value of the partition function over all possible sequences.
Let us look at this value more closely:

hZseq(T )i = 1

K
X
seq

Zseq(T ) ; (12)

where K is the total number of sequences. As Zseq(T )
itself represents the sum over conformations, the bigger
sum

P
seq Zseq(T ) has the physical meaning of the parti-

tion function of the system in which both conformation
and sequence take part in thermal motion on an equal
footing. This hypothetical system is called an annealed
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heteropolymer. Note, that the Hamiltonian of annealed
heteropolymer is given by the same equation (1), but, in
contrast to the real quenched heteropolymer case, the se-
quence is not frozen, but represents just another variable
de�ning microstates. To imagine an annealed heteropoly-
mer, one can either consider a polymer whose monomers
may change in order to minimize energy, or equivalently
just a solution of monomers without the polymeric bonds

An annealed heteropolymer is, in principle, far sim-
pler compared to its quenched counterpart. This is why
the relationship (11) is so powerful, as it allows one to
express directly all the properties of a real quenched het-
eropolymer in terms of the much simpler annealed free
energy. Although there is no universal exact solution
even for the annealed free energy in terms of Bij , the
relationship (11) allows the use a variety of approxima-
tions or heuristic phenomenological formulae for the an-
nealed free energy. This is similar to the approach of
standard polymer theory. Indeed, a polymer 
uid is
a priori more di�cult to study compared to its coun-
terpart of regular small molecules. Given that there is
not (and cannot be) a simple and satisfactory theory
for the later, one does not try to create such a theory
for the former. Instead, one typically expresses proper-
ties of a polymeric liquid in terms of the macroscopic
statistical properties of the appropriate low-molecular-
weight 
uid (which is usually the system of disconnected
quasi-monomers [Grosberg and Khokhlov, 1994]). Simi-
larly, our program here is to employ some qualitatively
plausible interpolation for the annealed free energy to
gain insight into the freezing behavior of quenched het-
eropolymers. We stress that the power of the results ob-
tained is not undermined by the approximate character of
the annealed free energy that we shall use. By contrast,
as long as REM is valid, our method allows for easy incor-
poration of any potential improvement of the impression
for annealed free energy, whether taken from computer
simulations, numerical computations for further terms of
high temperature expansion, etc.

Accordingly, before proceeding to the quenched case,
we �rst examine the annealed free energy.

5.2 Annealed Averaged Free Energy

5.2.1 Annealed averaged free energy of IIM

The only model that allows for an exact solution for
for annealed free energy is the Independent Interaction
Model (IIM), as it is mappable onto the ideal gas prob-
lem. In IIM, we assume that there are at least as many
monomer species as monomers q � N such that interac-
tion energies between the monomers are chosen indepen-

Figure 3: In this two dimensional �gure, we illustrate
that �xed conformation means �xed set of bonds between
monomers.

dently from a Gaussian distribution

P (Bij) =
1

(2��B2)
1=2

exp

"
�
�
Bij �B

�2
2�B2

#
; (13)

where B and �B2 are the mean and the variance, respec-
tively. In this case, the annealed problem is solved by
the following simple argument. To calculate the partition
function over both conformations and sequences, let us
�rst �x some arbitrary conformation and consider sum-
mation (or average) over sequences. This is illustrated
schematically in Figure 3. In IIM, we do not assign species
to every monomer, but rather we assign energy to every
possible bond; as we take these energies independently
from each other from the probability distribution (13),
averaging over sequences is reduced to independent av-
eraging over all interaction energies, and this transforms
a heteropolymer with a variety of monomers (\colorful
pattern") into a homopolymer (\grey background") with
interaction energy given by

exp [�Be�=T ] =

Z
exp [�B=T ]P (B)dB ; (14)

given Gaussian distribution (13), we arrive at

Be� = B � �B2

2T
(15)

As long as we consider only maximally compact confor-
mations, the total number of bonds, each with energy
Be� , is the same for all M conformations, and thus we
end up with the annealed average free energy of the form

Fann av = �T ln hZseq(T )i
= �T ln [M exp (�QBe�=T )]

= Q
�
B � �B2

2T

�
� TN! ; (16)

where Q =
P

I 6=J �(rI � rJ) is the (independent of the
conformation) number of bonds (or contacts) between
monomers in any particular compact conformation, and
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! = � lnM=N is polymer entropy per monomer. Alter-
natively, we can arrive at the same answer formally, by
calculating the Gaussian integral over Bij in

hZseq(T )i =
Y
KL

P (BKL)
X
confs

exp

24� NX
I;J

BIJ �(rI � rJ)=T

35 :

(17)

5.2.2 Annealed averaged free energy in terms of
high temperature expansion

Unfortunately, for all other models there is no exact solu-
tion. Instead, one commonly employs a high temperature
expansion to perturbatively calculate the annealed parti-
tion function. It may seem unjusti�ed a priori to use
a high temperature expansion to study freezing, which
seems to be a \low temperature" e�ect. However, we have
to consider that freezing is caused by frustrations which
prohibit the system to reach lower energy microstates
of the unfrustrated system. In the polymeric case, the
monomers may wish to rearrange themselves into a lower
energy con�guration, but the polymeric bonds prohibit
this. Thus, the system is \frozen" at some temperature
Tglass. The validity of the high temperature expansion to
describe freezing resides on the value of Tglass compared
with the annealed phase transition temperature (i.e. the
temperature of the order-disorder transition of the an-
nealed system).
As we did it for the IIM above, we begin with averaging

over sequences for some given compact conformation and
performing a high temperature expansion keeping terms
of order O(1=T 2) in the annealed average:

�T lnW conf(T ) = �T ln [hexp [�H(seq; conf)=T ]i]
' hHi � 1

2T

h
H2
�� hHi2i

= Q
�
B � �B2

2T

�
; (18)

In the last line here, we have performed all averages with
the Hamiltonian (1). We take the probability for each
sequence in the form of product

P (0)
seq � P (0) (fsig) =

NY
I=1

psI ; (19)

which corresponds to monomer species, fig, occurring in-
dependently with probabilities fpig, c.f. (12). Averaging
is straightforward because, as in the IIM case above, the
result does not depend on a particular conformation, as
the number of contacts Q is the same in all compact con-
formations. In this general case, the mean and variance
of the interaction matrix, B and �B2, are de�ned as

B =
X
ij

piBijpj ;

�B2 =
X
ij

pi(Bij)
2pj �

 X
kl

pkBklpl

!2

=
X
ij

pi(Bij �B)2pj : (20)

When we �nally sum (the partition function) over allM
compact conformations, we arrive at

Fann av = Q
�
B � �B2

2T

�
� TN! ; (21)

which is pretty much the same as for the IIM (16), except
for the more general de�nitions (20). Thus, to this order,
we are essentially approximating P (Bij) by a Gaussian
and thus reforming the model into the IIM. Deviations
from this behavior will be seen by examining terms in
the expansion to higher order. We also note the di�er-
ence between the free energy of the annealed system and
the \annealed average." In the annealed average, the re-
alizations of disorder behave like states, but we average,
not sum over them. Thus, the entropy of the number of
realizations of disorder is present in the annealed system,
but not the annealed average.
There are several general properties which derive from

aspects of this free energy, which have been previously
worked out [Pande et al., 1995a] and we simply repeat
here:

� Heteropolymeric e�ects are independent of
the mean of Bij : The mean of Bij only a�ects
the homopolymeric mean attraction. As we assume
globular conformations, this mean should be rather
attractive for our formalism to be valid. Moreover,
small changes such that the mean remains attractive
should therefore have no e�ect.

� Changing the variance of Bij is equivalent to
changing the temperature: One can always fac-
tor out a constant from the de�nition of the interac-
tion matrix; this constant only a�ects the tempera-
ture. This fact will be used later in section 8.3.

� Reduction theorems: One can choose two matri-
ces which are formally di�erent, but physically iden-
tical (for example by simply creating a new \clone"
species with identical interaction energies of a pre-
vious species). However, as one would expect phys-
ically, this does not make a di�erence in the �nal
calculation and these cases can be shown to be for-
mally equivalent from the nature of the free energy.

6 Freezing Transition

We are now equipped to describe the phase behavior of
real quenched heteropolymers with random sequences.
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Our tools are equation (11) which expresses the quenched
free energy in terms of the annealed average and the ex-
pression (21) for the annealed averaged free energy. For
further reference, we here collect these and write the
free energy of a real quenched system (averaged over se-
quences, as in (8)):

F (T ) '

8>><>>:
Q
h
B � �B2

2T

i
� TN! if T > Tglass

Q
h
B � �B2

2Tglass

i
� TglassN! if T � Tglass

:

(22)

6.1 Glass-like Freezing in REM

Our discussion of REM suggests that something impor-
tant happens when, due to a temperature decrease, the
average energy becomes lower than the boundary of con-
tinuous spectrum. Above the corresponding temperature
Tglass, the REM-represented system explores many (of or-
der O(eN )) states and behaves practically independently
on the particular realization of disorder. Below this tem-
perature, on the other hand, the equilibrium is dominated
by a few discrete states of low energy which vary strongly
between each realization of disorder. At T > Tglass, the
entropy of mixing over the continuous spectrum wins; at
T < Tglass, the energy of 
uctuations involving low ly-
ing energy levels wins. The temperature Tglass is called
the glass temperature, and the transition is called freez-
ing. While it is very easy to �nd that Tglass = E=p2! for
the example of Gaussian single energy distribution (4),
we are now more interested to apply the idea of freez-
ing to the heteropolymer. To this end, we note, that the
freezing transition is marked by the temperature at which
entropy becomes O(1). In the thermodynamic limit, we
can, therefore, calculate the freezing transition tempera-
ture by looking at the point where the entropy vanishes.
Thus, to �nd freezing temperature, we can simply exam-
ine the relation

S(Tglass) = � @F

@T

����
T=Tglass

= 0 : (23)

6.2 Freezing of random heteropolymers

We use our main relationship (22) and �nd for the entropy
of the quenched heteropolymer

S(T ) = �dF
dT

' N! �Q �B2

2T 2
at T � Tglass : (24)

Thus, S(T ) = 0 at the temperature Tglass such that

T 2
glass =

�B2

2s
: (25)

where s = ln a3=v is the conformational entropy per
bond (a is the typical distance between monomers and
v is the excluded volume) and is therefore related to
the entropy per monomer ! by the relation s = N!=Q.
Higher order corrections can be easily obtained and
agree with the previous results of the replica calcula-
tion [Shakhnovich and Gutin, 1989] [Sfatos et al., 1993]
[Pande et al., 1995a].

It is instructive to rewrite the expression (22) for the
free energy of the globule in terms of Tglass instead of !
or s; using (25), we get

F (T ) '

8>><>>:
Q
h
B � �B2

2T

�
1 + T 2

T 2
glass

�i
at T � Tglass

Q
h
B � �B2

Tglass

i
at T � Tglass

:

(26)

7 Designed Heteropolymers

7.1 Why sequences should be designed?

When the freezing transition for random heteropoly-
mers was �rst discovered [Bryngelson and Wolynes, 1987]
[Shakhnovich and Gutin, 1989], it was believed by some
that this was already a good model for protein folding,
as it yields a unique ground state with a reasonable (N
independent) probability. It was later realized, that this
ground state, although formally unique, is not su�ciently
robust. As the typical energy di�erence between low en-
ergy states scales as

p
N , and in REM systems these low

energy states are structurally very di�erent and even un-
related, even a slight change of parameters or solvent con-
ditions leads to a complete alteration of the ground state
conformation [Bryngelson, 1994]. Obviously, this is not
what happens in nature, where protein native states are
remarkably stable.

Another aspect of the problem is that the choice of the
ground state of a random sequence cannot be controlled,
and thus it is problematic to obtain any desirable proper-
ties of the native state out of random choice of sequences.

This discussion suggests that the design of sequences
should be directed at choosing atypical realizations from
REM ensemble, such that the ground state energy is suf-
�ciently below the bottom of the REM continuous spec-
trum. This was realized in the procedures called sequence
selection [Shakhnovich and Gutin, 1993] and Imprinting
[Pande et al., 1994c].

7.2 Microcanonical and canonical design

In principle, one can try to select sequences directly based
on their lowest native state (NS) energy, ENS . The cor-
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responding ensemble of sequences is similar to the micro-
canonical ensemble in the regular statistical mechanics.

In statistical mechanics, it is technically more conve-
nient to use the canonical ensemble, where temperature
is �xed instead of energy. A similar idea is valid also for
sequence design. We use an analog of the canonical en-
semble where the native state energy ENS is not �xed,
but rather controlled through an arti�cial temperature
Tdes. Equivalently, we choose some \target" conforma-
tion ? that we want to be the native state of the designed
sequence and constrain its energy E? = H(seq; ?) with a
Lagrange multiplier 1=Tdes. In this canonical ensemble,
each sequence appears with Gibbs distributed probabil-
ity:

P ?
seq =

P
(0)
seq exp[�H(seq; ?)=Tdes]P

seq P
(0)
seq exp[�H(seq; ?)=Tdes]

; (27)

where P
(0)
seq is the probability for the sequences made ran-

domly from independent monomer species, with occur-
rence probabilities pi; we have already used these proba-
bilities earlier, see (19).

Thus, we characterize a given canonical ensemble of
designed sequences by the value of Tdes: for lower Tdes, we
model sequences whose native states are better optimized
energetically, while for higher Tdes we are left with an
unaltered ensemble of random sequences.

We note that this prescription for energetic optimiza-
tion of the native state has many incarnations, including
\minimal frustration" [Bryngelson and Wolynes, 1987],
\sequence selection" [Shakhnovich and Gutin, 1993], and
\Imprinting" [Pande et al., 1995b]. Whatever the name,
it is important that the procedure is targeted at one par-
ticular conformation ?, which is completely under control,
as it can be chosen arbitrarily. In particular, computa-
tionally one can work with as complex target conforma-
tions as the ones with speci�c \pocket," similar to an
enzyme active site [Pande et al., 1994c].

There is an interesting question as to whether all possi-
ble target conformations ? are equally suitable for design.
Computer simulation [Li et al, 1996] indicates that they
are not. Currently, however, this e�ect is beyond what we
can understand analytically. It is possible, in particular,
that some relatively rare conformations, such as crum-
pled [Pande et al., 1996a], can be of importance in this
respect. In this paper, we shall consider all compact ?
conformations on an equal basis.

7.3 Energy of the target conformation

In this section, we shall compute the energy of the target
conformation, averaged over sequences. Using the prob-
ability distribution for the designed sequences (27), we

write:

hE?(seq)i =
X
seq

P ?
seqE?(seq)

=

P
seq P

(0)
seq exp[�H(seq; ?)=Tdes] � H(seq; ?)P
seq P

(0)
seq exp[�H(seq; ?)=Tdes]

:(28)

The very structure of this equation suggests the following
simple trick (similar to what is done regularly in statis-
tical mechanics). Let us return to the de�nition (18) of
the annealed average partition function as a function of
temperature:

W ?(T ) =

�
exp

�
�H(seq; ?)

T

��
=

X
seq

P (0)
seq exp [�H(seq; ?)=T ] : (29)

Then, in terms of this partition function, we can imme-
diately write:

hE?(seq)i = � 1

W ?

@W ?

@(1=T )

����
T!Tdes

= � @ lnW ?

@(1=T )

����
T!Tdes

:

(30)
Up to this point, we have made no approximations. To

obtain some concrete result, however, we use our lowest
order high temperature expansion for the annealed aver-
aged free energy (18) and �nd that in this approximation
lnW ?(T ) does not depend on ? and equals to

� lnW ?(T ) =
QB
T

� Q�B2

2T 2
(31)

Therefore hE?i is given by

hE?i = � @ lnW ?

@(1=T )

����
T!Tdes

= Q
�
B � �B2

Tdes

�
(32)

This is very important result. We directly see here how
the design temperature a�ects the target state energy.
Note, that the \susceptibility" of the target state en-
ergy to design is proportional to the variance of the in-
teraction matrix: it is natural that it is purely a het-
eropolymeric e�ect, as it is based on energy optimiza-
tion for the target conformation. One can conceptual-
ize this process in terms of the schemes used to com-
putationally model design: the energy is minimized ei-
ther swapping monomers in pre-polymerized solution, as
in Imprinting [Pande et al., 1994c], or by swapping se-
quences in the sequence space as in the sequence selection
[Shakhnovich and Gutin, 1993].
REM implies a very peculiar spectrum of energies for

a heteropolymer with a designed sequence. Note, that
design a�ects only the energy of the target conformation,
while the statistics of all other energies remain una�ected.
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Figure 4: Sample energy spectra for sequences imprinted
at di�erent polymerization temperatures (Tdes). The en-
ergy of the target conformation (E?) vs polymerization
temperature (Tdes) is plotted. As Tdes is increased to Tg,
E? increases. In the region Tdes � Tg (magni�ed sec-
tion), we see that E? is equal to Ebottom, the average
ground state energy of a random chain. This is related to
the phase transition between the folded and glassy phases
(see phase diagram, Fig. 5). It is instructive to see a real-
istic representation of the very bottom part of the energy
spectrum, as is shown here in the magni�ed section.

In this sense, one should understand the common jargon
of design described as \pulling down" of just one energy
level. This idea is illustrated by the Figure 4. Thus,
design means selection of very atypical realizations out of
the REM ensemble .

Note also, that the \susceptibility" of the energy level
to the design \e�orts" to pull this energy down does not
depend, to our approximation, on the particular choice
of the target state. Thus, the e�ect discussed in the re-
cent work [Li et al, 1996] is beyond the approximation
employed here.

7.4 Folded phase and folding tempera-

ture

This peculiar energy spectrum implies a very special
freezing behavior for designed sequences. Indeed, when
we design at in�nite temperature (Tdes =1), we are not
selective as to the energy of the sequence in the target
conformation ? at all and the sequences we obtain are
random. As we lower Tdes, we choose sequences in which
? has lower energy. At the point where Tdes is su�ciently
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Figure 5: For the freezing of globular heteropolymers,
there are three phases: 1) Random: an exponential num-
ber of globular conformations dominate equilibrium (sim-
ilar to a homopolymer globular state); 2) Glassy: for se-
quences which are not well optimized (su�ciently high
Tdes), only order one conformations dominates below the
glass temperature Tglass, but these conformations are not
the target conformation; one can consider random se-
quence ground states to be optimized at Tdes = Tglass;
3) Folded: the target conformation ? dominates equilib-
rium; for Tdes < Tglass, ? is better optimized than the
ground state of random sequences.

low such that the energy of ? is less than that of the REM
typical ground state, then ? is the ground state and we
expect freezing to ?. This occurs for Tdes < Tglass, as the
REM ground state is stable at Tglass. Furthermore, freez-
ing of the sequences designed with Tdes < Tglass occurs at
the temperature above Tglass, because the ground state
for those sequences is more stable and of lower energy
compared to a typical REM ground state.

Also, for Tdes < Tglass, the target conformation will be
better optimized than the REM ground state and will
freeze at some folding temperature Tfold which is greater
than the glass temperature Tglass. We can �nd Tfold by
comparing which is lower: target energy or random glob-
ule free energy.

Thus, we compare target state energy hE?i (32) to the
random globule free energy expressed most conveniently
by the �rst line of the equation (26). We �nd for the
folding transition temperature Tfold:

1

T 2
fold

+
1

T 2
glass

=
2

TfoldTdes
(33)
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Note that this relation is independent of the speci�c as-
pects of bB = Bij , although the variance �B2 enters
through Tglass. This is an approximation inferred by trun-
cation of the high temperature series, and it is valid for
the case in which the number of monomer species is large
and the matrix elements of bB are uncorrelated. For other
cases, higher order terms of the high temperature expan-
sion must be used [Pande et al., 1995b].
The results of this section are summarized in the phase

diagram, Figure 5. All phase boundaries are determined
directly from the annealed average partition function.
This allows quick calculation of even exotic heteropoly-
mer interaction models, within the validity of REM.
We stress that REM is important not just in the aid of

calculations, but in the possibility of this simple design
scheme (i.e. selecting sequences which minimize the en-
ergy in a desired conformation) to work at all. Due to the
statistical independence of states, we can alter the energy
of a particular state without signi�cantly in
uencing the
majority of other states.

7.5 Computational tests of design

There are at least two reasons to test the conclusions
above with computer simulations:

� All our results rely heavily on REM, while the valid-
ity of REM itself may be questionable.

� As in every statistical mechanics approach, our con-
sideration uses the thermodynamic limit. Real poly-
mers are long, but the typical numbers of monomers,
often as small as hundreds, are far less than in con-
ventional applications of thermodynamics. Thus, it
is desirable to test our conclusions for relatively small
systems.

To this end, we employ a model which has become a
standard for heteropolymer freezing studies: the 27-mer
placed on 3�3�3 piece of cubic lattice, as shown in Figure
6. In this paper, we shall not go into the simulations
details and only present Figure 7, which shows successful
comparison between the theoretical and computational
phase diagrams. Note, that there are no free parameters
involved in this comparison.

7.6 Correlations in protein sequences

Design implies that the sequences are not taken at ran-
dom. One may ask if real protein sequences look random,
or if they bear some �ngerprint of evolutionary optimiza-
tion. Even more than that, one can predict, at least qual-
itatively, what character of sequence correlations should
be expected if proteins are indeed designed in the sense
described in the previous sections. This has been done in

Figure 6: 27-mers have been commonly employed in lat-
tice computer simulations of folding and design. For ex-
ample, the 27-mer shown here consists of two types of
monomers (black and white) and the conformation shown
here is a ground state conformation for Ising interactions.

the work [Pande et al., 1994b], and we brie
y summarize
the methodology and results below.

From our theoretical models, we expect that evolution-
ary energy minimization of protein sequences should lead
to correlations of monomer species along the chain consis-
tent with energy minimization. For example, we expect
that positively charged monomers will predominantly be
followed by negatively charged monomers; also, as hy-
drophobicity induces an e�ective attraction between hy-
drophobic monomers, we expect hydrophobic monomers
to be followed by other hydrophobic monomers along
the protein chain. Moreover, Imprinting predicts much
stronger correlations along the chain than other design
schemes as these other schemes do not include the inter-
actions along the chain during design; thus, the possible
force driving correlations along the chain must come from
indirect, multiple body interactions.

To convert from amino acid sequences into a lan-
guage more convenient for analysis, we used mappings
which translated the 20 amino acids into a 3 letter code
�1; 0;+1. For example, one such mapping translated
amino acids based upon their charge. We next employed
a sensitive mathematical apparatus to �nd correlations in
the translated 3 letter code sequences. We found correla-
tions in these sequences, but more interestingly, these cor-
relations were consistent with energy minimization. For
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example, we found anti correlations in the Coulomb map-
ping (+1 is typically followed by �1, etc.) and correla-
tions in hydrophobic mappings.

7.7 Where are the replicas?

Although we intentionally avoid in this paper the use of
the replica trick, some readers may be familiar with it
and may be interested in the connections between our ap-
proach and the more standard, albeit more heavy, replica
treatment. If the reader is not interested in this question,
he/she should skip this section and go directly to the next
section 8.
To uncover the parallelism with the replicas, let us con-

sider the annealed average partition function W ?(T ) at
the special temperature de�ned as

1

Te�
=

1

Tdes
+

n

T
(34)

and rewrite equation (30) in the form:�
E?(seq)

T

�
= � @W ?(Te�)

@n

����
n!0

: (35)

As one would expect, W is mathematically similar to
the replicated partition function Zn in the replica trick.
Indeed, we have an annealed average and n replicated
Hamiltonians. Here, we have no need to interpret n as
replicas, but merely as some \external source �eld" which
we eventually set to zero. Therefore, not surprisingly, the
results of the non-replica method agree well with that of
the previous replica calculation for design in the matrix
formalism [Pande et al., 1995b].
Of course, to avoid di�culties is never free. In this

case, we avoid di�cult replica calculation on the expense
of the use of REM. In the full replica formalism, one
can, at least in principle, try to go beyond the REM
framework. Some attempts to apply more general mod-
els, such as GREM, are discussed in [Derrrida, 1985]
[Plotkin and Wolynes, 1996]. In the meantime, the ap-
proach we suggest here also allows for some generaliza-
tions, as we show in the works [Pande et al., 1996c].

8 Designing and Folding with Dif-
ferent Interactions

8.1 Why interactions can be di�erent?

Consider, for example, a computer simulation of protein
folding or design. We understand now that folding is very
sensitive to how well the native state energy is optimized,
or how the sequence in question has been designed. One
the other hand, one must make some approximations as to

the nature of the interaction potentials involved. This di-
rectly leads to the problem: we believe that the sequence
has been designed by Nature, and this natural design was
governed, obviously, by the natural interactions, and we
are now trying to fold this same polymer using somewhat
distorted or \noisy" interactions; equivalently we wish to
design sequences using our approximated potentials pro-
teins which we want to fold experimentally. If we make
a good approximation for potentials, then the results will
be good, but if the potentials are su�ciently di�erent,
one would expect to arrive at spurious results. Towards
this end, there are several questions we can ask:

� How di�erent can these two sets of potentials be and
still somewhat-accurately model protein folding?

� In what way do we de�ne \how similar" are sets in-
teractions?

� What is the phase behavior of this system?

These questions are also relevant for some other situa-
tions. For example, we can imagine that the polymer is
folding under somewhat di�erent solvent conditions com-
pared to environment in which the polymer had been de-
signed.
To examine this problem explicitly, we use two di�erent

Hamiltonians: one for design

Hd(seq; conf) =

NX
I;J

Bd
sIsJ �(rI � rJ ) (36)

and another for folding

Hf (seq; conf) =

NX
I;J

Bf
sIsJ �(rI � rJ ) (37)

We consider that (canonical) design is performed for the
target state ? according to the equation (27) where Hd

is employed for the Gibbs statistical weight of a given
sequence to be in the designed ensemble.

8.2 Target state energy

In analogy with what we have done in the section 7.3,
we can calculate the target state energy, averaged over
sequences, by

hE?(seq)i =
X
seq

P ?
seqE?(seq)

=

P
seq P

(0)
seq exp[�Hd(seq; ?)=Tdes] � Hf (seq; ?)P
seq P

(0)
seq exp[�Hd(seq; ?)=Tdes]

:(38)

The only di�erence from the equation (28) is that two
di�erent Hamiltonians are involved, Hd and Hf . Nev-
ertheless, we can still use out approach: we de�ne the
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annealed average partition function (similar to equation
(29)) for the e�ective Hamiltonian He�

W ? =

�
exp

�
�He�(seq; ?)

T

��
=

X
seq

P (0)
seq exp [�He�(seq; ?)=T ] ; (39)

where

He�(seq; ?)

T
=
Hd(seq; ?)

Tdes
+ n

Hf (seq; ?)

T
: (40)

Then, it is easy to check explicitly that equation (38) is
reproduced by the following trick:

hE?(seq)i
T

= � 1

W ?

@W ?

@n

����
n!0

= � @ lnW ?

@n

����
n!0

(41)

(compare with (35)).
This represents the complete REM solution for the

problem. Although, in principle, we can use a variety of
approximations for the annealed average partition func-
tion W ?, to be speci�c, we use (as we did in previous
sections) a high temperature expansion. We proceed as
we did in equation (18), except with a new interaction
matrix bBe�

T
=

bBd

Tdes
+ n

bBf

T
: (42)

To lowest order in 1=T and 1=Tdes, the annealed average
free energy is independent of ? (again, because all com-
pact conformations have the same number of monomer
contacts, Q) and it is given by

� lnW ? =
QBe�
T

� Q�B2e�
2T 2

; (43)

where
Be�
T

=
Bd

Tdes
+ n

Bf

T
(44)

and

�B2e�
T 2

=
X
ij

pi

"
Bd
ij �Bd

Tdes
+ n

Bf
ij �Bf

T

#2
pj

=
�B2

d

T 2
des

+ 2n
X
ij

pi
�Bd

ij

Tdes

�Bf
ij

T
pj + n2

�B2
f

T 2
(45)

Thus,

hE?i = Q
24Bf � 1

Tdes

X
ij

pi�B
d
ij�B

f
ijpj

35 :

= Q
�
Bf � �B2

e�

Tdes

�
; (46)

where

�B2
e� =

X
ij

pic�Bd

ij
c�Bf

ijpj : (47)

Moreover, we see that a particular correlator of the matrix
elements is important. We next investigate a geometrical
interpretation of this correlator.

8.3 Geometrical interpretation

The form of our results suggests the following interpreta-
tion. Let us treat the bB matrices as vectors, albeit with
the components Bij numbered with a pair of indices. Sub-
tracting the mean interaction, �Bij = Bij � B geometri-
cally means that the �Bij vector has zero projection along
the \main diagonal" (vector (1; 1; : : : ; 1)) in this vector
space. For any two vectors in this space, say A and B, we
can de�ne the scalar product as A � B =

P
ij piAijBijpj .

Note, this has nothing to do with matrix product of the
corresponding matrices. From this point of view, both
the glass transition temperature Tglass (25) and the \sus-
ceptibility" of the target state energy for design (32) are
de�ned by the (squared) length of the �B vector.

Thus, equation (46) means that, in the general case
of two di�erent matrices for folding and design (Bf and
Bd), the situation depends on the angle between �Bf and
�Bd. Indeed, this angle is given by cos� = g, where

g �
c�Bd �c�Bfs�c�Bd �c�Bd
��c�Bf �c�Bf

� : (48)

\Parallel" (completely correlated) interactions yield g = 1
(� = 0) and \orthogonal" (completely uncorrelated) yield
g = 0 (� = �=2).

8.3.1 Models with two types of monomers: gen-
eralized BWM (Black-and-White Model)

Our geometrical view explains why we wrote the gener-
alized BWM interaction matrix in form shown in Table
1. Indeed, in the 2� 2 symmetric matrix, there are three
independent elements. By setting the mean to 0 and the
variance (length of the vector) to 1, we are left with one
variable only, which has the natural interpretation as an
angle (�) in the vector space.

In terms of this angle �, matrices with zero mean,
unit variance, and even composition (equal fraction of
all monomers, pi = 1=2) have the form

Bij(�) =

��p2 cos � � sin � sin �
sin �

p
2 cos � � sin �

�
(49)
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This result can also be generalized for arbitrary pi, but
becomes considerably more cumbersome 5. As one might
suspect, � is not just a means to parameterize this space
of matrices, but also describes the similarity of matrices;
in the previous section, we have shown that the similar-
ity of interaction matrices is given by the \dot product"
g = (1=4)

P
ij Bij(�)Bij (�

0). Similar matrices have over-
lap g � 1, unrelated (\orthogonal") matrices g = 0, and
anticorrelated matrices (eg. ferromagnetic vs antiferro-
magnetic interactions) have g = �1. We �nd that � is
a metric in 2 � 2 matrix space as the distance between
matrices is given by g(�; �0) = cos(�� �0); in other words,
� = � � �0.

It is interesting to consider properties of these ma-
trices as a function of �. While we have �xed the
mean and variance of the elements of Bij(�) to zero
and unity respectively, the skewness � varies with �:
�(�) = (1=4)

P
ij B

3
ij = �3 cos2 � sin �. We note that

while the skewness never formally enters into any of the
formul�of this work, since we truncate the high temper-
ature expansion of the free energy to lowest order. This
results in only the variance entering into our calculations
and thus di�erences between two letter models are not
seen. The next order corrections include the skewness and
thus demonstrate di�erences between interaction matri-
ces.

By examining � vs �, we see that there are three ma-
trices with zero skewness � = ��=2; 0; �=2; the cases
with � = ��=2 correspond to the familiar Ferromag-
netic/Antiferromagnetic Ising model Bij = ��ij . � = 0
corresponds to the matrix Bij = ff1; 0g; f0;�1gg which
is similar to a matrix used in some protein folding simu-
lations [Li et al, 1996]. The matrices with maximum and
minimum skewness � = � arccos(

p
2=3) corresponds to

the HP model (see section 2.3), which is intended as a
model for amino acids (whose interactions appear to be
dominated by whether a given amino acid is hydropho-
bic or polar). From previous analysis, interaction matri-

5In general, one can express all symmetric 2 � 2 matrices with
zero mean, unit variance, and �xed composition p1 = (1+ �)=2 and
p2 = (1 � �)=2, with the matrix elements

B11 =

r
3� �

1 + �
fS+ cos � + S� sin �g

B12 =
1

2

�
S+

�r
3 + �

1� �
�
r

3� �

1 + �

�
cos � + S�

�r
3 + �

1� �
+

r
3� �

1 + �

�
sin �

�
B22 = �

p
(1 � �)(3 + �)

1 + �
fS+ cos � + S� sin �g

where

S� � 1p
6

s
1�
r

(1� �)(1 + �)

(3 + �)(3� �)
(50)

For even composition (� = 0), the expression above reduces to
eq. (49).

ces derived from protein statistics, such as the Miyazawa
and Jernigan matrix (MJM), appear to be HPM-like, with
simply some \noise" which slightly di�erentiates di�erent
H and P monomer species.

8.4 Phase diagram

To �nd out if a polymer designed with Bd interactions will
still fold correctly under Bf interactions, we now compare
the target state energy (46) with the free energy of the
random globule (26). They are equal at the folding phase
transition temperature Tfold which is given by

c�Bf �c�Bf

T 2
fold

+
1

T 2
glass

= 2
c�Bf �c�Bd

TfoldTdes
: (51)

The most interesting case is obtained when both �Bf and
�Bd are of unitary \length" (unitary variance) (we can
always simplify to this, by rescaling (though di�erently)
the temperatures Tfold, Tdes, and Tglass). In this case, we
are left with

1

T 2
fold

+
1

T 2
glass

=
2g

TfoldTdes
: (52)

Thus, the original phase diagram (Figure 5) is modi�ed
simply by Tdes ! gTdes, as shown in Figure 8.

8.5 How accurate must potentials be for

successful modeling of protein fold-

ing?

The results of this section agree with previous replica
calculations [Pande et al., 1995c], although we have de-
rived the results in much simpler way. We emphasize
that the error limit to retain correct folding is indepen-
dent of the length of the polymer. Previous calcula-
tions [Bryngelson, 1994] have made estimates which are
directly based upon N (ie. the error must be small
compared with 1=

p
N). This re
ects fundamental dif-

ference between random sequences studied in the Ref.
[Bryngelson, 1994] and designed sequences. In the work
Ref. [Bryngelson, 1994], neither any kind of design nor
the principle of minimal frustration was imposed; accord-
ingly, the ground states were not found robust and were
typically very unstable with respect to error-based renat-
uration, especially for long chains. By contrast, our treat-
ment incorporates design implicitly and thus it is not sur-
prising that we found robust ground states in our analysis
of well designed sequences.

8.5.1 Which of the BWM is better, and how
good is it?

As we know now that the similarity between interac-
tion matrices is given by the value of the angle � be-
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tween them, or by correlation factor g = cos�, we
can now address the question of which of the simpli-
�ed models yields better approximation for reality. Sup-
pose, for example, that we consider 20 � 20 MJ ma-
trix [Miyazawa and Jernigan, 1985] to be the \real" one
and want to �nd if HP or other model with just two
types of monomers will yield a reasonable approxima-
tion. To address that, we compute the dot product
g(�) = �BMJ��B(�) between the MJ matrix and the 20�20
matrix which is obtained from �B(�) by using the reduc-
tion theorem (see above Section 5.2.2). The best model
corresponds to the maximal value of g (or minimal an-
gle �, as g = cos�). The results of this computation are
shown in the �gure ??? 6 As one would have expected,
the best is the HP model � �???. However, it is not that
good at all: it forms the angle of about 60� with the MJ
and thus can hardly yield quantitatively good results for
folding predictions.

9 Conclusions

9.1 What our approach cannot do

The approach we have developed in this article seems to
have proved very powerful for it is able to predict vari-
ous phase diagrams using rather simple calculations. The
hallmark of our approach is the use of REM with the re-
lationship (11) expressing the free energy of the quenched
system in terms of the annealed average. Within the
REM framework, one can make the results even more
accurate by taking further terms of the high temperature
expansion or by using other means to approximate the an-
nealed free energy. Nevertheless, the possibilities of this
approach are restricted, both in terms of the physics and
the applications of the formalism.
In terms of the physics involved, the main restrictions

are as follows:

� REM itself is not universally valid; for example, it
can be violated in cases of long range interactions
[Pande et al., 1996b]

� Our approach does not allow the examination of
the nature of the phases with few conformations in
which self averaging breaks down (i.e. the glassy or
folded phases). Thus, we cannot calculate parame-
ters such as the number of thermodynamically rele-
vant states M = 1=

�P
� P

2
�

�
, where the sum is over

conformations � and P� is the Boltzmann probabil-
ity of �nding conformation � (note that often M is
written in terms of an additional order parameter
X = 1 � 1=M = 1 � P� P

2
�). Such calculations

6We are indebted to Rose Du who has performed this computa-
tion on our behalf).

are most easily performed using the replica trick.
Replica treatments indicate that

X(T ) =

�
1 if T > Tglass
T=Tglass if T � Tglass

: (53)

The potentially relevant biological aspects of protein
folding which cannot be analyzed using our methods in-
clude

� Secondary structure: As discussed in section 2.2, we
assume that secondary structure has already been
coarse grained out of the problem and is beyond the
analysis discussed here.

� Coulomb interactions: We have been discussing
short range interactions as proteins appear to
be dominated by the role of hydrophobicity
[Chan and Dill, 1993]. In fact, the inclusion of long
range (Coulomb interactions between charges, for ex-
ample) leads to the invalidity of REM and other ap-
proaches must be taken [Pande et al., 1996b].

� Validity of the short range, pairwise interaction
Hamiltonian (1): In addition to Coulomb interac-
tions, other e�ects such as shorter range Lenard-
Jones potentials and heteropolymeric three body in-
teractions could in principle be considered.

Due to the assumptions of short range interactions,
our model leads to freezing to a single conformation (as
overlaps are calculated with �(r), short range interac-
tions lead to overlaps to small scales). In proteins, freez-
ing occurs only to a set of very similar conformations
[Frauenfelder and Wolynes, 1994]. To examine this be-
havior, one must likely go beyond our Hamiltonian (1)
and perhaps include some of the e�ects above.

9.2 Perspectives

While the application of REM to the problem of het-
eropolymer freezing is now quite common, we have found
a powerful relationship between the quenched and an-
nealed free energies which, in addition to signi�cantly re-
ducing the complexity of calculations, yields new insights
both into the physics involved as well as the obscure and
often distrusted replica methods previously used. Within
REM validity, we found that the quenched and annealed
systems di�er only by the entropy of the realizations of
disorder. This entropy reduction leads to freezing in the
quenched case, but in all other aspects (including change
in entropy between two temperatures), the two systems
are thermodynamically identical to REM.
This allows simple calculations of many thermody-

namic properties of heteropolymers, including the freez-
ing transition for random sequences and the phase dia-
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gram for designed, protein-like heteropolymers. Further-
more, within this formalism, one can easily calculate the
e�ects of designing with one Hamiltonian and folding with
another; this models many aspects of the folding problem,
including computer simulations of folding which must use
approximated potential functions and the experimental
outcome of folding proteins in solutions which have dif-
ferent e�ects on di�erent amino acids, thereby e�ectively
altering the nature of interactions during folding.
The obvious next step is to develop a non-REM theory

of folding and design. However, as the freezing transition
goes from a phase in which none of the conformations
are similar (on average) directly to a phase in which only
one conformation dominates equilibrium (i.e. all of the
conformations found in equilibrium overlap completely),
these corrections to REM will have no e�ect on the ther-
modynamics of freezing. However, to describe the kinet-
ics of this transition, one must consider how the system
moves through conformation space, and thus the the sta-
tistical dependence of states will be of paramount impor-
tance [Pande et al., 1996c].
Finally, we note that the problem of freezing of het-

eropolymers is not con�ned to biopolymers such as pro-
teins. Indeed, the freezing of random, synthetic poly-
mers has attracted great interest, due to potential in-
dustrial and biomedical applications. In this light, we
have previously suggested \Imprinting," a method to
synthesize synthetic heteropolymers with the protein-
like properties of renaturability and molecular recog-
nition [Pande et al., 1994c]. While the applicability of
the formalism developed here relies on the specula-
tion that evolution has energetically optimized proteins
[Pande et al., 1994c] [Pande et al., 1994b], this energetic
optimization is a principle aspect of Imprinting. Thus,
perhaps in the pursuit of understanding proteins, we have
made some progress into the directions of making syn-
thetic protein-like heteropolymers as well.

A Correlator Analysis of REM
validity

To investigate the validity of REM statistical indepen-
dence, the natural quantity to calculate is the energy cor-
relator between two states. Using the Hamiltonian (1),
we can write for states � and �

hE�E�ic = hE�E�i � hE�i hE�i
=

X
ij

B2
ijQ�� +

X
ijk

BijBjkK�� (54)

where

Q�� �
X
I 6=J

�(r�I � r�J )�(r
�
I � r�J ) (55)

is the number of contacts conformations � and � have in
common and

K�� �
X

I 6=J 6=K

�(r�I � r�J )�(r
�
J � r�K) : (56)

describes the covariance of the coordination number of
typical monomers in conformations � and �; certain types
of interactions, such as HP interactions, favors a large
variation in the coordination number and thus low energy
states are not necessarily maximally compact (eg., see
[Yue, et al 1995]).
When

P
ijk BijBjk vanishes,Q�� = 0 means statistical

independence between states � and �. Physically, this
re
ects the fact that as these states have no bonds in
common, their energies will have no terms in common
and should be statistically independent; analogously, for
the case Q�� = Qmax = Q, the two conformations are
identical and thus are trivially statistically dependent.
When

P
ijk BijBjk does not vanish, there is a resid-

ual statistical dependence between states and REM is
not valid. The quantity

P
ijk BijBjk can be interpreted

as a three body interaction. This quantity vanishes for
IIM where low energy con�gurations involve all monomer
species equally, but does not vanish for models like HP,
in which interactions are determined purely by how many
H-H bonds are formed. Indeed, for generalized BWM we
have

P
ijk BijBjk = 4 cos2 � (see Table 1).

B Derivation of REM for Het-
eropolymers

The following section is quite technical and can be
skipped for those not interested in the details of
how to derive REM for the heteropolymer freez-
ing problem. The previous derivation involves repli-
cas and replica generalized Lifshitz globule theory
[Shakhnovich and Gutin, 1989]. The following derivation
is considerably simpler, but has at its heart the same
physics, i.e. one must balance the energetic bene�ts of
having more native (and thus well optimized) bonds and
the entropic loss of pinning the polymer.
Our derivation of the validity of REM is based on the

following remark. The hallmark property of REM, i.e.
the lack of statistical dependence between states, can be
considered to be valid to the mean �eld approximation if
there are two and only two free energy minima at Q? = 0
and Q? = Qmax = Q, where Q? is the overlap between
current conformation and the native one (see the de�ni-
tion (55) above). To the mean �eld approximation, when

uctuations are ignored and thus only minima of free en-
ergy are seen, such a two minima free energy produces
indeed REM-type behavior: Q? = 0 corresponds to no
overlap and so no statistical dependence to the native
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state, while Q? = Q corresponds of course to maximal
possible (absolute) statistical dependence.
Thus, we have to consider the free energy, F (Q?), of

the polymer that is �xed to have an overlap Q? with its
native state conformation NS. With the Hamiltonian (1),
the free energy of interest can be written in a general form
like

Fseq(Q?) = �T ln

"X
C

e�HC=T�(QC;NS �Q?)

#
; (57)

where the subscript seq indicates that the free energy is
written for a given sequence, summation is performed
over conformations C, andQC;NS is the overlap (the num-
ber of bonds in common) between conformations C and
NS (55). The dependence on the sequence enters both
through the Hamiltonian and through the ground state
conformation for the given sequence. As above, we re-
sort to high temperature expansion and truncate it at
the quadratic terms:

Fseq(Q?) ' (H)jQ+
1

2T

�
(H2)jQ �

�
(H)jQ

�2�
�T lnM ;

(58)
where (: : :)jQ denotes averaging over all conformations
with the given overlap to the ground state, M is the total
number of conformations (the appearance of the last term
is because we average, not sum, over conformations).
We now employ the idea of sequence design in a com-

pletely new capacitance, as a technical tool to elucidate
the dependence on the native state conformation. Indeed,
we average the free energy over the ensemble of sequences
which is designed for a given conformation ?, that is, we
use the probability distribution

Pseq � exp[�ENS(seq)=Tdes] ' 1� 1

Tdes
ENS(seq) ; (59)

where in the last transformation we have resorted to high
Tdes expansion (which is justi�ed for the same reason as
high temperature expansion above). Of course, in the
large Tdes case, we return to the random sequence limit.
Actually, the convenient way to think about random se-
quences is in fact to consider the Tdes = Tglass case. In-
deed, in this case we still know that the ground state is
?, but the statistics of energy levels is una�ected by the
design.
When one averages the free energy (58) over the proba-

bility distribution (59), the result appears very simple in
the sense that, due to the structure of the Hamiltonian,
the energy depends directly on Q?; thus, it is very easy to
implement the condition of the �xed Q?, and the result
can be written in the form

F (Q?) �
X
seq

PseqFseq(Q?) = E(Q?)� TS(Q?) (60)

where the energy E(Q?) is given by

E(Q?) ' �
~B2

Tp
Q? �

~B2

T
(Qm �Q?) : (61)

The �rst energy term comes from the mean of the density
of states hHi and describes how the energy is pulled down
due to selection; indeed, to this order, the ground state
energy is ENS = �Qm

~B2=Tp; thus, this term says that on
average, the energy is given by the energy of the native
state times the fraction of native contacts.
The second energy term comes from the width of the

density of states, resulting from the hH2 i � hH2 i terms;
the Q? dependence of this width enters from the correla-

tor hH2 i [Pande et al., 1996a], as two conformations with
a given overlap Q? with NS also have Q? bonds in com-
mon, on average. Higher order terms can modify the Q?

dependence of the width, depending on the nature of in-
teractions. The Q? dependence of the mean and width
of the density of states describes the nature of energy
correlations.
As to the entropy, i.e. how many states are there with

the given overlap to the NS, it is technically cumber-
some to systematically derive an accurate expression for
this quantity [Pande et al., 1996c]. However, it is easy to
write down the following simple interpolation expression:

S(Q) = lnM�Q
�
s� d

2
ln

Q
Qm

�
�Q ln(Q=Qm)� (Qm �Q) ln(1�Q=Qm)(62)

The interesting Q lnQ terms come from the loop entropy
and the entropy of choosing Q contacts out of Qm. It is
intriguing that these two terms cancel at d = 2 dimen-
sions, where the transition in Q goes from �rst (d > 2) to
second (d � 2) order [E. I. Shakhnovich, personal com-
munication 1996].
Thus, within the mean �eld approximation, we �nd a

free energy which has two minima at Q? = 0 and Qm and
REM is therefore applicable for d > 2.
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