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Abstract: We discuss the feasibility of a quantum nondemolition
measurement (QND) of photon number based on cross phasdatiodu
due to the Kerr effect in photonic crystal waveguides (PCWsparticular,
we derive the equations for two modes propagating in PCW's taeit
coupling by a third order nonlinearity. The reduced groulpeity and small
cross-sectional area of the PCW lead to an enhancement oftéraction
relative to bulk materials. We show that in principle, sugheximents may
be feasible with current photonic technologies, althoungly tare limited by
material properties. Our analysis of the propagation egusis sufficiently
general to be applicable to the study of soliton formatioloptical
switching and can be extended to processes involving ofttere of the
nonlinearity.
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1. Introduction

In this paper we focus on the feasibility of realizing the QBoton number measurement
proposed in [1] in photonic crystal waveguides (PCW'’s). QNBasurements are important in
a variety of quantum information processing techniques elbag quantum state preparation.
Although our investigation was motivated by quantum infation processing in photonic crys-
tal (PhC) on-chip networks, a detector with the necessargithéty may prove to be valuable
on its own. The proposed structure can also be employed assicl photodetector with im-
proved sensitivity. We show that the reduction of group @#joand small interaction volumes
in PCWs lead to an effective enhancement of the third ordelimearity and, theoretically,
make QND experiments with high quality structures and iadtalie laser power levels feasible.
We note that QND measurements based on Kerr nonlienarities been performed and are
given in references [2, 3, 4, 5, 6]. These experiments reliedeveral nonlinear effects in op-
tical fibers including four wave mixing [2] and soliton cailion [3, 4, 5, 6]. Soliton collision is
the closest to the scheme analyzed in this paper and thei@mgiabnsidered in this work can
be extended to studying the formation of solitons in PCW'sjdvianpediments to the real-
ization of QND measurements in fibers have been parasigctsfsuch as Brillouin scattering,
Raman scattering, self phase modulation, fiber loss etceSurthese effects can be cleverly
circumvented [6]. These effects will most likely be very ionfant for such measurements in
PCW'’s, and have to be analyzed experimentally. The majordossidered here is that due to
two photon absorption of the probe pulse, which is not a mags in optical fibers, but seems
to become very important for semiconductor waveguides.

We consider the case of a signal pulse from both a photon nuerbiter and a coherent
state. A typical single photon source is an InGaAs quantut{@DB) coupled to a PhC cav-
ity as in [7]. The radiative lifetime of such QD’s coupled th® cavities is~ 0.2 — 1ns. In
this experiment, a weak signal pulse is combined with a gtiarherent probe in one arm of
a Michaelson interferometer. The probe acquires a pha$etisai is directly proportional to
the signal photon number, and the signal pulse is retainetufther use. The main impedi-
ment to this measurement is the small value of the nonlityeand the relatively large photon
absorption in semiconductor materials.

The Kerr effect is a third order nonlinearity @) and can be described by a weak intensity
dependent refractive index) as 3((® = cn®n,, wherec is the speed of light and is the
refractive index of the material and | is the Electric fieltkimsity [8]. We will focus on Allu-
minum Gallium Arsenide (AlGaAs), which has a reasongbfé andn, ~ 1.51013% ata
wavelength of 1500 nm and a high refractive index 3.4 [9, 10]. The large refractive index is
attractive for the fabrication of PhC devices and can be déoeabwith our current QD sources.
Another material system of interest is Indium Gallium ArsienPhosphide (InGaAsP), which
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hasn, ~ —5.9 x 10*12% at 1545 nm [11]. An order of magnitude estimate of the phase du
to the nonlinearity can be gained by expanding the indexiasn™ n,l. The relative dielec-
tric constant to first order in intensity is ther~ n? + 2nnyl, and the wave vector (k) in the
bulk material becomek = ko + Ak = /€. The acquired phase over a distance L for a sig-

nal and probe photons with wavelength A, andNs signal photons, is theéfs% Ns, which

for an area ofA = 1un?, lengthL = 100um, a lifetime of 7s = 1ns and Ay s & 1.5um gives

AD ~ 8 x 10713 x Ns. The sensitivity of the interferometer is given by its sibtwanoise ratio
(SNR). The noise in interferometry with coherent statese®from the photon partition noise
(shot noise) at the input beamsplitters of the interferemdt can be shown that in the case of
a coherent probe and signal in a number state, the SNREEN,) 1, whereN,, is the probe
average photon number, agglis the phase due to a single signal photon [12]. This means tha
Np > 107 probe photons are needed for the bulk experiment in ordevéecome the shot
noise when the probe is in a coherent state and the signabisiiimber state. This requires a
source that can produce akd3ulse with a nanosecond width.

PCWr’s offer two improvements for such a measurement. Fingt,group velocity of the
pulse propagating in a PhC waveguide is reducecktd 02 — 102 x ¢ [13, 14], and the local
intensity increases by this factor. The effective propagdength of the waveguide increases as
well, although the losses associated with material absorpnhd scattering should also increase
with the longer effective length. This enhancement merkiya us to make smaller structures.
Pulse contraction also means that longer probe pulses cganszated by the external pulse,
and will shrink to the desired width. Secondly, the area efRhC waveguide is of ordeér’%) 2.

2
A combination of these effects leads to an overall enhannéufe(v—z) % ~ 2 x 10°, for

a PhC area of250nm)? and { = 100. This reduces the energy requirementtd@0-%J in a
nanosecond pulse. This figure does not take into accountiala®sorption and waveguide
scattering losses, which are generally the main obstadadb a measurement. We show that
with material absorption parameters found in literaturd #re probe at wavelengths above
the half-bandgap of the semiconductors, the experimentisi dxe attempted in a PhC device.
Our analysis of the propagation equations is sufficientlyegal to be applicable to the study of
soliton formation, all-optical switching and can be extetidb processes involving other orders
of the nonlinearity.

In the theoretical proposal, the probe is sent through twsaf a Michaelson interferometer
and interacts with the signal in one arm. The phase shift eptbbe is measured on the slope
of the fringe via homodyne detection [1]. In our case, therii@rometer would be made in a
free standing membrane of AlGaAs that is patterned by a twadattice of air holes. The
waveguides are made by removing rows of holes. Fig. 1 showdVd A a hexagonal lattice
and the PCW dispersion for two modes. The group velocitygsiBtantly reduced at the band
edge(ky = I), which makes this an attractive operating point. Numepcatision allows us to
estimate thavg < ¢ x 10-3. Since the Kerr effect depends on the intensity overlapgeitwo
spectrally different points on the same PCW band, or onmiffebands can be chosen. In the
first case, the intensity overlap is maximized, but therepstantial for a large group velocity
mismatch. In the second case the mode overlap is sacrificean of matching the group
velocities. In principle,%‘" ~ 107° for a Ins pulse, which means that ponts with very clése
values can be chosen, and the proximity is limited by theatghad filter, or by the wavelength
requirements for the pulse and probe.
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Fig. 1. Top left: waveguide mode dispersions calculated by the 3D Finiter@iite Time
Domain (FDTD) method. The solid (black) line is the light line in the photonistaly
above which modes are not confined by total internal reflection. Toy: ggoup velocities
of the two modes derived from the disperion curves by numericalrdiftéation(vg = %—‘*k’).
Bottom left: modes of the PhC lattice at the= 7 point. The mode with even vertical
symmetry relative to the waveguide axis corresponds to the red dispetsiee and the
odd symmetry mode is that of the blue dispersion curve. Bottom right: Anéeg electron
micrograph of a fabricated PCW in AlGaAs.

2. Pulse Propagation in PhC Waveguides

First, we derive the equations of motion for the signal armbprpulse in the interferometer.
The eigenstates of the PhC waveguide are solutions to:

_ 1 9%(¢(T)E)

OxOxE= 2 oz Q)
whereg(T) is the relative spatially varying waveguide dielectric samt. The solutions are
Bloch modesfl'(7)é =@t whereul(7 + az) = ul\(F) for the lattice with periodicity a, z is
the direction of propagation along the waveguide, and madridex of the band of particular
symmetry. These modes satisfy the wave equation:

: 2 :
0 x O x (u(F)e?) = “’S;) £(P)ug(F)e @)
The Bloch state is re-normalized for convenience in thepast of the paper. The waveguide
modes can be shown to obey the following orthogonality ctiomk :

/ dPre(mulul e K7 = 5840 ©)
Q

where the integral is taken over the whole sp&cén what follows, index m is dropped, un-
less it is necessary, ared= £(r). The waveguide modes can be rewritten to solve a different

Hermitian operator:

A 1 1
O=—0Ox0Ox— 4
NG X ><\/E 4)
w(k
2

The eigenstates of this operator érgi, m k) = /gul(r)e kb with eigenvaluec—)z, and

(u,m,Kju,n,1) = dmndx by Eq. 3. The inner product denotes integration over all jglayspace.
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A pulse propagating in the PhC waveguide in the presenceeoivdak nonlinearity may
be written asE = % JdkA(k,t)|u,m k) whereA(k,t) is a time dependent coefficient of each
k component. The k-space range over which the integrandpiseaable depends on the fre-
qguency distribution of the pulse. For pulses Wﬁﬁ‘-’l ~ 1078, and group velocity of/ = 160°
A?k ~ 10~*. So the integrand in the expression for E is dominated by ticpéar k about which
the pulse can be expanded:

E= /dkA(k,t)uk(?)ei(kZ*Mk)t) ~ uko(f*)é(kosz&bt) /'dkA(k7t)ei[(k*ko)lf(w(k)*%)t] (5)

. 2 9 .
expandingw(k) = w(ko) + %—‘*k’\k:ko(k— ko) + ;f,k‘g’\k_ko(k— ko)2 = wp +Vgq+ 3 a\ffq with

g=k—ko gives:

v,
E~ Uko(r)el (koz— ot /qu q+ko,t)e [ (z—vgt)— quEt]

= Uy, () 0z @Y 5 F(zt) = ) x F(zt) (6)

u,

\fl ko

Here F is a slowly spatially and time varying envelope of tigmal or probe, which extends
over many periods of the waveguide. In order to determinéntieeaction of pulses propagating
in the PhC waveguide, we need to know the evolution of sucmeglepe. In the Appendix, first
order perturbation theory is applied to the oper&do determine the evolution of the Fourier
components of the envelope. To first order in the nonlineaugeation, and with negligible
group velocity dispersion, the evolution of two pulses (8 &) in the same waveguide, but
possibly coupled to different waveguide mode) is given by (see Appendix):

S=i3Kax(Yss|SZ+2)5p|P2)S— VS +i3 %S )
P = i 3K (¥pplPI2+ 2¥ps|§2)P — VP’ +i3 52P" ®

with: .
Vop =5 [ CTEDIUSPupl? ©

The dot in the above equation denotes differentiation irefiemd the prime is a derivative
in the direction of propagation (z). The overlggy,, has dimensions af2, due to our re-
normalization of the Bloch state tf) d®|u|?> = a. The function has a value of? in the
material and is zero in air. Here, p and s label the probe ayrthkimodes at a particular k
point, andvs andvy, are the group velocities of the signal and probe pulses ctisply; k is
defined asn, (see Appendix). The intensity of each pulse is enhanceﬁbyrelatlve to bulk,

as can be shown from Poynting’s theorem [15]. When there inbmear coupllng each pulse

propagates with group velocity ), and spreads according g»d'—k. The above equations
are derived in the Appendix and can be used to investigaitéseising, soliton formation, and
other effects in PCW's. In the presense of the nonlineatity, gulses experience self-phase
modulation due tagp) 5p) @and cross-phase modulation duegg terms. The integral foys p,
which gives the couplmg strength, is taken over a unit ciethe waveguide, and is normalized
by the length of the period a (see Appendix for further dsjail

The shape otis andup, and hence the values of thyeterms, is not strongly k dependent
within numerical error for a wide range of wavevectors, agiarined by 3D Finite Difference
Time Domain (FDTD) simulations (Figure 2), a@gux ~ 0. Thus, the coupling strengtl
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Fig. 2. Amplitude of E field fork 3 7,2 T and I

only depends on the waveguide branch for the modes and npattieular k point. The total ef-
fective interaction strength is k dependent, since thegralocity determines the propagation
time. The coupling strengths in units af?, and mode volumes of the unit cell of the waveg-
uide in units ofa~3, are shown in the Table 1. The mode volume for each waveguistiem
is defined a8/ 122) = (€]uy2)|?)max Jo d3r€]Uy2)|?, and the mode volume for the overlap is
V2 = (&]u|us|)ma Sp d3reua ||ual.

Table 1. values for coupling for different modes of the waveguide in units @f2, and
mode volumes for each unit cell of the waveguide (in unitaof. 1 and 2 refer to the first
and second modes of the waveguide.

Ui j 11 2,2 1,2
Yij |64x102]79x102 | 14x10°7?
Vinode | 3.9x 101 [ 28x10° 1 | 25x 10!

Each equation can be transformed into a coordinate framéngavith the probe and signal
respectively viax = z— vst andx = z— vpt. The dispersion terms in 7 complicate the solution.
We will assume that the length of the waveguide is small eh@aghat the measurement of the
induced phase and the measurement of the phase on the profedfiscted by the dispersion

throughout the propagation. Wil%{é and% neglected, the solution and upper bounds on the
phases on the probe after time: V—'-p are:

t .

P(Z) = Expl-ikap | (o, P(2) 2+ 216,18 + W) )t IP(0) = PO (10)
1 t L1 L

@ = 5k [ YoplP@)P = SKkaptppy P2 (11)
t I ! L

0= ke [ YeplSZ +OW)P ~ keptepy [SEIE (12

3. Nonlinear Phase Shift

The phaseps is the phase on the probe due to the nonlinear interactidm té signal, and
gives the signal photon number. In the appendix we derivettigaideal case of a negligible
group velocity mismatch and a narrow probe, gives the phaifieper signal photon of:

L1

@ ideal = Cn2VS,pﬁwswp\Tp Vet (13)

L is the length of the PhC and is the temporal width of the signal wavepacket.
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Fig. 3. Phase shift due to a single signal photon with a lifetime of 200 ps,@fipagation
through a 10Qum AlGaAs waveguide with a narrow probe and no group velocity mismatch
(A), and the energy required for an external pulse to obtain a SNRBY.1r{ (A) and (B)

it is assumed that the signal and probe are at 1500 nm and two-phatorptibn is not
present. In (C) we plot the phase for the case of the signal photon ieguale 1 at 1550
nm and probe at 1620 nm in waveguide 0. The required probe energlié scheme is
shown in (D). In all plots, the blue and red curves correspond to botkigmal and the
probe in waveguide modes 0 or 1. The black curve corresponds tadhe pnd signal in
different waveguide modes

Both the signal and probe wave undergo material absorptidrseattering due to waveguide
losses. PCW losses are already as low ai8dm and will improve with time [16]. The mate-
rial absorption consists of the linear absorption coeffictg and the nonlinear coefficients, of
which we will only consider the two photon absorption coédiit a». In the case of AlGaAs at
the half bandgap, the values @f anda, were found to be< .1cm~1 and~ .Z% respectively
[9]. Thus,ay limits us toLv—‘; ~ 10cm. For uJ and subuJ pulsesa, results in a smaller atten-
uation length on the order of p@n at best. Thus, experiments with the signal and probe at the
half-gap are not feasible. In order to circumvent pump depiedue to two photon absorption,
a pump at even longer wavelengths above 1550 nm should b¢ligeth that caseq; is close
to zero, and we will assume that the 10 PCW length is the limit. In this case, the pump will
propagate in the lower branch of the waveguide, while theadighould couple to the upper
branch. For example for a signal at 1550 nm in the upper wasteduwanch, a pump at 1620 nm
should be used in order to have both beams velocity matctée af'a point. We briefly men-

tion that the GalnAsP material system lmas~ 1cm™1, andn, ~ 5 x 1&12% and most likely
similar two-photon absorption, which means that both nialeare suitable candidates for an
experiment. While the nonlinearity is enhanced closer tdotied-edge of the semiconductor
bandgap, the absorption increases accordingly and redleedteraction length.

The phase due to a single photon in signal S and the energiyreddar an SNR of 1 for
number state detection in AlGaAs, are plotted in Fig. 3. V& pbth the ideal case, in which
two-photon absorption is negligible, and the reality in @fhthe pump is at 1620n.

There are two sources of noise in this experiment in the chs@ adeal detector. One is
the phase noise due to intrinsic noise of the signal beamttandther is the interferometer
noise due to the uncertainty of the probe photon numberowaig [12], it can be shown that
in the case of a coherent signal state with mean photon nufifes Ns and coherent probe

with mean photon numbefi,) = Ns the uncertainty in the detected signaksn?Z jeveq) =
(A5)

(A2} 4rinsic) + N There are two cases of interest: the signal in coherent amber states.
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For the coherent state, . L
e ot 4%2 Np (14)
<An§,0bserved> Ns

In the case of the signal in the number state, the intrinsigenaf the signal disappears,

1
<Aﬁ§,observed> = m (15)
When the probe photon number is reasonably large, we cantreaequirement oilp. If the
tolerated error for coherent state detectio is BNs, then the condition idl, = (4@23Ns) L,
andp < 1. Thus, detection of 1000 signal photons with an error of (€ 0.1), would require
50— 10nJ. For smaller signal photon numbers, the level of tolerateor €lecreases, and the
requirement is more stringent than number state deteeji[m&!,\,ﬁS > 1.

4, Conclusion

In conclusion, we have derived the equations of motion fad@ and signal wave interacting
via the third order nonlinearity in a photonic crystal wawiefg. Within the slowly varying
envelope approximation, the equations yield intuitiveiless and are essentially identical to the
equations of propagation for pulses in nonlinear fibers aatenals, if the plane waves used
in the mode expansion of the electromagnetic fields are cegdlby Bloch waves. However,
the user of PCW leads to the necessary enhancement of theiptdasities due to the small
mode volume and reduced group velocity of the pulses. We Bawen that for the case of
a very long wavelength probe pulse, that does not suffer fwwaiphoton absorption in the
AlGaAs material system, the energy requirement on the pnabe is within attainable values
(=~ pJin subnspulses). Since the sources of such pulses are external RC& the generated
probe pulse can be broader than the pulse desired in the P@baontraction by the group
velocity. Our derivation has assumed that coupling intowlaeeguides and the beamsplitter
implementation in a PCW are perfect, and the scatteringdbibe waveguide can be neglected.
This is of course a gross generalization. High coupling iefficies and low loss propagation
over 10’s of microns have been shown, and will only improvénme. We are in general most
strongly limited by two photon absorption in this propodather material systems such as
GalnAsP [11], which also exhibit highep values that AlGaAs, could also be considered for
this implementation, but ultimately atomic resonanceeyst and systems with a high phase
shift and low loss are necessary [18, 19]. In principle, actloip QND photon number detector
could be a component of a photonic crystal based quantumigior can serve as a sensitive
intensity detector and switch. The derivation presented,hman be easily extended to other
types of intensity and field dependent nonlinearities, amdbe used to analyze other nonlinear
optical effects in PCW's, as well as soliton formation andgamgation.
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manuscript. Financial support was provided by the MURI €efdr photonic quantum infor-
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5. Appendix
A. Derivation of the propagation equation

The probe envelope evolves according to (vgjth k — kp):

]

— %fdkA(k t)é [(k—ko)z—(e(k)—a)t
79{}
Jk

~ 2 [ dgA(g+ ko, e [HE 02

N

_ 2
i RN o ) dloe w375 . a8
. 1,29 . 29vg
= [dg¥ Q+|<ot) [(Z Vo)~ 32 Gt (Vgi_|%%%)quA(q+kot)) i az—ve) - 3P 51
vgt)— 32 29t avg 92
:qu(?Aq;;kot)e{q(Z Vg) 29 K ]_Vgazp_’_l%%%l:)
in the case of nonlinearity, the wave equation vatk = L& is:
~ 10?%¢(ME) 9°P

And we can rewrite this equation in terms of the previoustyaduced Hermitian field operator
as:

1 _ 1 0%/eE) 9% 1

~JeD X Dx e VEE = ~OVEE = o TS o o

Here, in general, the polarizability P is given by B =

sozmzmnpx,jklE(wp) E(ws)jE(wp)k, where X| k) are the components of the third
order nonlinearity tensor. In our case, we consider theesysb be isotropic, the response
instantaneous, and only two frequencies,(up) to be present. To find the time evolution
of the coefficients, we use the wave equation. In the presehttee nonlinearity we expand
e~¢e+dandOas:

p (18)

2
NV 1(s 1,1 19 [
O+80= J0xOx % [ Z0xOx =+ 2 0x0x as}‘Lo[(f” (19)

O0+00~0-1186+0681=06-1{¢.0}
Let (U| = (u,K, 1|, |u) = |u,k,n), A= A(k,t). Then we have:

(/](6+40) [ dkAlu) = — (U] &
JdKA({U|OJu) + (U'|AO) |u) =
fdkA(u AOu) = 22 [ dkA(U|u)
—1 [ dka(|E o+o5|u> 20A(K) (20)
3 [ kAW |2 |u) (< Cz) 2OA(K)
—%ffdkA( ><u|5|u> 29A(K)

- dkAly

92
’Z U|% [ dk(A— w?A—2iwA)|u)

Above, we neglect second derivatives of the envelope andbicenthe two frequency terms
asw 2+ w? ~ 2w? + vs(k— k') ~ 2002, because thék— k') term will lead to the derivative of the
slowly varying envelope multiplied by the nonlinearity aisdzery small. Since the frequency
bandwidth of the envelope is small, the envelope is slowtying in time, and the second order
time variation in the coefficienta(k) is neglected. Furthermore, we have also assumed that the
inner productU’|u) is roughly unchanged by the nonlinearity — it remains a deltation. The
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perturbationds , contains both the real and imaginary parts of the third ostisceptibility.
The real part is responsible for the cross phase modulatibite the nonlinear term gives the
two photon absorption of the signal and probe. The figure dfitnfar the feasibility of the
experiments is the phase-shift gained per loss Iengtpo@nt). The full perturbation can be
written as:

8sp=iar+38(X > +ix)(|E(wsp) [+ 2/E(wps)?) (21)

Wherex(®) is the third order polarizability (which is assumed to hamgymne value and to be
infinitely fast), andE (s p) = {S, P}uy, ,&*ksp?~ %50t is the electric field of the two modes. The
linear lossa is the imaginary part of the dielectric constant.

The value oer(a) can be determined from the experimentally observed bulinsity de-
pendent refractive index defined uie="n+ nyl, where | is the average field intensity. For a

bulk material | is given byt = 3, /% |E[> = Jcgon|E|2. Thus, X® = cnPnp. For AlGaAs at

the wavelength of 1.5m, n; ~ 1.5 x 10‘13%; furthermore, the index is very similar for TE
and TM polarization in AlGaAs slab waveguides [9]. Sinc€ measures the response of the
local charge distribution to the local electric field, theeffiient itself is a material property
and is not modified in the PCW, except possibly due to surfffeets (e.g. reduced response
or artificially added birefringence). Thus, we can derive talue of the coefficient from bulk
experiments and combine it with the modified electromagrfedids to get the resulting effect
in the PCW. Thex® coupling term only exists in the material, and we can repthe@? term
with a dielectric which is equal to the spatially patternedeax of AlGaAs in the PCW and is
zero in the air. We set)a?’) = cn€(F). And we definex = cegny, so that the perturbation due to
real part of the nonlinearity becomés, = k&(T)(|E(ws p) |2+ 2|E(wps)|?) . The loss terms are
similarly determined from a fit togig = a1+ a2l. The linear lossr; results in an exponential
decay of the signal with a characteristic length) 1. The nonlinear loss gives a characteristic
length of (a1)~1. We will drop the losses for now, in order to derive the equratif motion for
the pulses, and will assume that the Bloch components ofigemstatdu) and|u’) belong to
the same waveguide branoh=n'. Each ofu,k, uy is then roughly given by some central k
component that is modulated by an envelogge? ~ up € ko7~ @b gllk—ko)z= (@) —w)t] \ve
now insert the exact form fofu'| and |u) into the above equation, and only look at the cross
phase modulation component on the probe due to the signatakéen to be branch of the
pump mode p, and m to be that of the signal s, and only treatdftarpation due to the signal
explicitly. Also, we will assume for simplicity that the sigl group velocitys at k and k', as
well as the dispersio%ﬁ, so that we can combine them in the expansion of the Bloch.dtat

20 then implies:

A(k’) _ iwpfdk//fdSrIA(k//)Kg.‘up‘2|us‘2‘s(zl)|2€J[(k”—k’)z’—(w(k”)—w(k’))t]
~ iwpk [dK’A(K") [ dZ|S(Z) 21K K2 (@) ~wlkNU L [ 3¢ E|ug||up|? (22)
~ iwpKySpfdk//A(k//)fdz/|s(zl)|Zei[(k”7k’)z’7(w(k”)7w(k))t]

This is now inserted back into the evolution equation forgheelope 16, and we re-substitute
k —ko = g and keep the frequency term in the fowntk) — w(ko) for convenience.

#80924 - $15.00 USD Received 12 Mar 2007; accepted 23 Mar 2007; published 23 Apr 2007
(C) 2007 OSA 30 Apr 2007/ Voal. 15, No. 9/ OPTICS EXPRESS 5568



[ dkA(K,t) g (k—ko)z—(e(k)—ao)t) —
=iwpKYysp [ dk [ dK’A(K") [dZ|S(Z)|26l(K'~K1Z —(@(K")—w(k)t] gl(k—ko)z—(w(k) - )]
= iwpKysp [ dZ [ dK’A(K")|S(Z)[26K'Z ~kod)~(w(K")~wo)]) | dkek(z-Z)

— iwpK s p [ dZ|S(Z) 2972 5(z— Z) [ dK’A(K") LK )7~ ((K')~ao)t])

= iwpKysp [ dZ|S(Z)|2e%Z -2 5(z— Z)P(Z)

= iwpk ¥ p| S(2)|*P(2)

(23)

The /€ terms cancel the denominator of the perturbation. The fgpeontains an effective
areaintegraysp = = [, d3r&|us|?|up|? ~ [ dxdy€|us|2|up|?. Since the Bloch states are periodic,
their integral in each unit cellf p) is the same, and we simply weigh it by the average value of
the slowly varying envelope in that cell to find the integre¢pthe whole volumeA is the unit
cell volume. S and P are only functions of time and the propiagaoordinate (z here), and are
uniform in the transverse (x,y) plane. The tekncontains the strength of the nonlinearity. We
now re-normalize the Bloch state and the field:

Nefiws = [ [ [ dreos(r)|s?us? (24)
m/dz£0|32§//\d3?8(?)|u5|2 (25)
Nshows = [ dzeg|S? (26)

1— é /A 3 (T)|us 2 27)

The above normalization means thigt= m-2 and[|S??] = Volt?. Thus the termkyw|S?
has units o671, as desired. We now insert the form #@into 16:

The refractive index due to cross-phase modulation is twieé of self phase modulation
[8]. The evolution of the slowly varying envelope is given by

S=i3KWs(yss|S? +2)5p|PI2)S—VsS +i3 5 S (28)
P = i3Kwp(Yp.plPI? + 2yps|S?)P — vpP' +i3 52P” (29)

We will now show the qualitative behavior of the two pulsessiaming a weak interaction.
TakeP = p(z1)€%ZY) andS= n(zt)é¥@Y. Inserting P into 29, the real and imaginary parts

satisfy:
Real:
. U !’ m "
p+(vp+ 5L = —%0'p (30)
Imaginary:
| ) 2%
9P +VpP P = SKWp(yppP? +2%6p1 )P+ 5-(0 — (9)°P) (31)

If we assume that in 30 the second derivative term vanishes we can see that the envelope

moves along a characteristic given gy a—‘f(p’ ~ Vp(ko+ (p’), which, in the flatter regions of

the dispersion curve is very close tg(ko). If %(%) << 1, then 31 simplifies to give an
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equation for the phase along a characteristic givempko + %).

dvp

(P+Vp§0/ JF%((P/)Z = %Kwp(yp,pszrzyipnz) (32)

Since we will not generally be able to generate a pulse thatgslution to the nonlinear
system, we will assume that the pulses are Gaussian andwrdspersion terms for simplicity
of the analysis. We are essentially assuming that the epeelare very slowly varying and that
the interaction time and dispersion are not strong enougiifézt the phase measurement,
which is dominated by the group velocity term rather thangtwip velocity dispersion term.
Thus, we will rewrite Eq. 29 in a frame moving with the groupogity in terms ofZ = z— vt

andt’ =t, and neglect the terms wn@ and ‘9"5 . Since the two pulses may have different
group velocities, we hav&v = (vp —vs). If the group velocity dispersion terms are neglected,
each envelope is only a function Bf

PE) 5K plP(2)12+ 215 p|SZ + DV 2)P(2) (33)

The solution, and upper bounds on the phases aftertt'tm% are:

)7+ 26 p|SZ +OW)[P)dlt'] = P(O)#®) (34)

i t
P(E) = POBXPL 0 | orlPL7
1 t o1 L
w= EKwp/o Vo.plP(Z) Pt QK‘*)erx,p\Tp\F’(z')|2 (35)
t N2 A+ L 5
Ps= K(A)p/ VS,IO‘S(Z'JrAVt )|“dt’ ~ K‘*’st.prS(z’)| (36)
0 v

If the second arm of the interferometer is adjusted for a @tshéft of 77/2, the difference
in the intensity signal on the two detectors gives the phase thus an estimate of the photon
number. The total integrated signal energydis = [ [ | dr&og|P(Z)[2|un|?sin(¢s). Starting
from Nshas = [, dZe|S(Z)|? = [©, dZ&|S?s(Z) with [S? = Nsﬁ‘*’s - (similarly, |P(Z)|* =

&olef

IP|2p(Z) and|P|2 = "%y the integral forlgg is re-ordered again.

gleft,p
Idaz///d3r£0\P (2)1205(2) €]un]? (37)
N/dz’so|P )2 es(Z /d3rs|u ? (38)
~ [ dzeoP(@)Pes(2) (39)

L Nshoo Nﬁwp/dz, (40)

s,
Sl pV &lefts Leffp

In the case when P is much narrower than the signal pulse Sawegiew it as a quasi delta
functionp(Z) ~ Left pO(X— Xo). The effective length can be approximated by the spatiattwid
of the pulse, which igsvs, the product of the temporal width and the group velocity ofrS
this approximation the detected intensity is :

L Nshows
lget =~ KW ———Nph 41
det prsz oTove P Wp (41)
L NsN
= e w? — =P 42
2" W, WsYp, svp Tovs (42)
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And the phase shift per photon of Sr\gp"fsm = cnzyp,sﬁwsprL. In order to make a com-

Vp VsTs
parison to our initial plane wave argument, we can ideryifyas the effective inverse arqgfg

as the effective pulse bandwidth in the waveguide, épnds the enhanced interaction length
(time).
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