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§1. Introduction

Over the past decade, the problem and concepts of multifactorial inheritance have
re-emerged as a subject of much interest. A variety of multifactorial models have been pro-
posed especially for the objectives of understanding evolutionary processes, of explaining
data of genetic epidemiology and of helping in artificial selection programs. Multifactorial
models strive to incorporate in their formulation various forms of selection (directional, sta-
bilizing), mating pattern (random, assortative, inbreeding), mutation and recombination
events, cultural and environmental influences and others. These models can be grouped
into four categories: I. polygenic models based on multiple alleles at many loci, II. pheno-
typic transmission models without explicitly defining genotypic-phenotypic relationships,
III. biometrical approaches and IV. finite multi-locus determinations.

I. Polygenic models. Polygenic determinations generally postulate many additive
allelic and loci effects and these can be altered by mutations and environmental pertur-
bations. Contributors to these studies include Fisher, 1918; Kimura, 1965, 1981; Lande,
1975; Cavalli-Sforza and Feldman, 1975; Bulmer, 1972, 1980; Fleming, 1979; Nagylaki,
1984; Turelli, 1984, 1986, and many others. There are differences among these models:
in the approximations and mathematical analyses used, in the assumptions made, and in
empirical adequacy. The recent exchanges between Felsenstein (1981) and Feldman and
Cavalli- Sforza (1981) underscore the unsettled and perhaps forbidding nature of the prob-
lem. A major focus concerns the degree of genetic variability associated with a “polygenic”®
mutation-selection balance. Another contentious issue pertains to the nature and effects
of polygenic assortative mating regimes.

Most models on polygenic traits stipulate a Gaussian distribution of population phe-
notypes. This form of distribution is particularly disturbing since many physiological,
biochemical, behavioral and morphological quantitative traits are clearly nonGaussian.
Highly skewed phenotype distributions (Sing and Skolnick, 1968; Rao et al., 1984) include
lipids and lipoproteins, e.g., triglyceride and serum cholesterol fractions, uric acid concen-
trations, body mass index, blood pressure readings, glucose tolerance, longevity of life,
fiber strength in cotton, texture in fryers, chicken egg count per year and egg size among
others. Significant kurtosis occurs in measurements of human stature, fetus birth weight
in humans and cattle, germination times. Multimodality is seen in amount of phenylala-
nine in blood plasma (Penrose, 1951), coat color in mammals, fat content in raw milk,
enzyme activity levels (e.g., taste thresholds in phenylthiocarbamide (PTC), red-cell acid
phosphatase, see Cavalli-Sforza and Bodmer, 1971, chapter 9), hormone levels (e.g., cat-
echolamines). Many physiological variables entail strong non-linear age dependence and
show marked sex differences. Anthropometric traits including bone measurements, skin



folds, and cephalic index are generally non Gaussian.

Among the reasons that many physiological and biochemical phenotype distributions
are non Gaussian, we underscore three. (A). Many quantitative trait distributions are mix-
tures: major and polygenic components; different categories of normal and mutant genes
contributing in diverse ways some yielding extreme effects engendering rare phenotypes;
polymorphic representations with variable degrees of penetrance; sample population het-
erogeneity. (B). The pervasive gene-environment interactions are a paramount source of
non Gaussian addends. Mixtures of genetic effects confounded with environmental influ-
ences often underlie multimodality. (C). Natural constraints: for example, stringent lower
bounds but considerably more variable upper bounds occur with respect to blood pressure,
body weight and heart rate. Limitations on one end of the character range would likely
cause skewed phenotype distribution; stringent constraints on both ends a pronounced
kurtosis.

Gaussian distributed multifactorial traits are common for personality scales (con-
structed from inventories of hundreds of dichotomous responses), summary scores of cog-
nitive tests (e.g., Raven progressive matrices, Thurstone vocabulary), total finger ridge
count, I.Q. but not normal in the tails (see Cavalli-Sforza and Bodmer, Chapter 9, 1971)),
measurement errors especially in the physical sciences and possibly various agricultural
yields. The foregoing phenotypic variables aggregate many almost independent effects.

It is unclear how successful “polygenic” theories on quantitative inheritance are and it
is doubtful whether innately complicated multifactorial traits can be dissected in terms of
gene actions. The assignments of genotype-phenotype relations generally postulate small
additive allelic and loci effects, global linkage equilibrium and invariant Hardy-Weinberg
frequencies. These postulates are basically inconsistent with actions of preferential mating
pattern, natural selection effects, variable degrees of dominance across loci, epistasis and
non Gaussian phenotype distributions. It is frequently proclaimed among geneticists (e.g.,
Vogel and Motulsky, 1979, p. 155) that the path from genotype to phenotype is a black box
for most quantitative traits. Many of the theoreticians modeling ” polygenic” inheritance
write with confidence concerning genetic mechanisms and biological processes. It seems
unlikely however that any of these models are testable and/or can be related to data.

II. Phenotypic transmission models. It is formidable if not prohibitive to take
proper account of interacting loci. However, the study of the phenotypic changes due to
mating pattern, parental (vertical) or collateral (horizontal) transmission rules subject to
non-transmitted environmental perturbations is reasonably tractable even in the nonGaus-
sian context. Apart from an integrity of its own, phenotypic variation modeling also offer
insights concerning biological factors contrasted with cultural effects.
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Various models of phenotypic transmission motivated by genetic, ecological, and de-
mographic phenomena occur in Slatkin (1970); Eshel (1971); Roughgarden (1972); Moran
(1976); Kingman (1978, 1980); Karlin (1979a,b, 1980); Biirger (1986); and others. The
models of Kimura 1965, Lande 1975 and Turelli 1984 cited under polygenic models are
equivalent to phenotypic transmission models of a univariate or multivariate trait.

In simple qualitative terms, the dynamics of the population phenotype model in-
volves two major stages, the mating (pair formation) process coupled to natural selection
pressures and the parent-offspring transmission structure. A male and female z and y
are joined by a preference (selection) process which is intrinsically nonlinear. For an es-
tablished parental couple (%,¥) a male offspring acquires a phenotype value of the form
z = R(%,§) + €™, where R is a transformation of the parental values and ¢ conveys
a residual (random-environmental) contribution independent of the parental phenotypes.
For a female offspring, the analogous transmission rule is ¥ = S(%,%) + ¢/) where S may
differ from R.

II1. Biometrical studies of quantitative inheritance. These include path anal-
ysis (linear) models (e.g., used extensively in genetic epidemiology; see the edited volumes
of Sing and Skolnick, 1978, and Rao et al. , 1984), variance decomposition and regression
methods (Cockerham, 1954) and nonparametric methods (e.g., Karlin and Williams, 1984,
and references therein).

IV. Maulti-locus and major gene models. The dichotomy of one locus as against
polygenic (an infinite number of genes) inheritance excludes a multitude of natural al-
ternatives in seeking mechanisms of continuously distributed traits. It is meaningful to
envision genotypic-phenotypic associations based on contributions of 2-10 loci coupled to
environmental factors (see Karlin, 1979d, §6 for a description of various constructions
leading from genotype to phenotype). Classifications and characterizations on the dynam-
ical and equilibrium behavior in n-locus theory incorporating components of selection-
recombination events, nonrandom mating patterns and facets of population structure are
modestly amenable to theoretical analyses, numerical simulations and interpretations (e.g.,
Karlin and Avni (1981) and references therein).

A second important category of continuous trait models recognizes an underlying
major gene (or a few genes) involving a number of alleles with corresponding genotypes
whose expression traverses a wide range of phenotypic values. The variability in the
expression of a genotype is contributed to by a complex of genetic and environmental
leterogeneous influences. The key ingredients of the major gene models can be summarized
as follows: (i) Genetic factors controlled at the major loci produce large effects relative to
the phenotypic standard deviation; (ii) other genetic and environmental factors and/or

4



errors of measurement cause a continuous phenotype expression; (iii) segregation is
Mendelian for the megaphenic loci. The foregoing model has been used for problems of
animal and plant breeding in investigating the consequences of various artificial selection
protocols. Also, extensive biometrical and statistically oriented studies in segregation
and pedigree analyses reflect current efforts to demonstrate major gene factors playing
a significant role for a whole hierarchy of multifactorial diseases {e.g., Sing et al., this
conference; statistical approaches are reviewed in Lalouel et al. 1983 and Bonney 1984).
Evolutionary and sensitivity aspects of major gene models are examined in Karlin and
Carmelli (1978). The extension of the theory on major gene models to accomodate selective
assortative mating mechanisms is considered in Carmelli and Karlin, (1980).

It is the purpose of this paper to describe several results of multifactorial phenotypic
transmission models in the context of mutation selection balance for nonGaussian dis-
tributed variables. Several kinds of questions arise in considerations of the dynamics of
quantitative inheritance. What are the contrasting sources underlying phenotypic varia-
tion? Can phenotypic variability be sustained by varying selection forces alone? What is
the rate of phenotypic change under an iterated selection program? To what extent do
selection and mutation-environmental effects contribute concordantly or discordantly in
generating and maintaining a selection mutation balance? Are there robust assessments or
is the form and level of phenotypic variation sensitive to the fine structure of the selection
function and the mutation range?

In my view, analytical modeling is best directed towards a robust classification of the
formal structures elucidating functional relations between parameter specifications of the
biological and environmental factors and the resulting possible patterns. The solution of
the model will rarely be quantitatively applicable, but should help provide a qualitative
conceptual aid in the interpretation of experimental findings and field observations as well
as in stimulating the imagination and intuition for further empirical studies. Mathematical
and theoretical models can at best reveal some of the potentialities at a given level and
uncover their limitations. It strives to deepen qualitatively our understanding of the real
phenomena. To this end, the theoretical studies of this paper are offered with caveats.



§2. A general phenotypic multifactorial transmission model

Consider an infinite population characterized by an infinite number of possible types.
The types of the population are identified with points of a certain space E. We will mainly
deal with E as the real line where the types are the value of a numerical trait unless stated
otherwise (cf. section 5). The population at the start of generation ¢ is described by the
frequency measure, u,(A), which for each subset A of E, assesses the proportion in the
population consisting of types in A. To ease the exposition we represent u,(A) having a
“density” function p,(z) including possible atoms. We use the random variable notation
X, in referring to the frequency measure u,(-) Several typical nonGaussian models are
considered.

Model I: The evolution of a haploid (uniparental transmission) multifactorial
trait under the actions of selection and mutation

(i) Action of viability selection. The relative viability of a progeny of type z compared
to that of type y of generation ¢ is in the ratio w,(z)/w, (y). After selection the proportion
in the population in generation ¢ of type A individuals is

J w(z)p:(z)dz

(2'1) ﬂ-: (A) = }w. (z)p' (a:)dz

Selection transforms X, to X, the latter following the frequency measure #; having “den-
sity” p! (z).

(i) Mutation and environmental effects. Let G.(B,z) be the conditional probability
that a progeny of an z-type parent of generation ¢ alters its type to that of a B-type. The
frequency of types A at generation ¢ + 1 after mutation-environmental changes is

) J'G':(A- r)w(z)p, (z)dz
(22) s (4) = [ Gl 20t (a)s = B

B

To focus the ideas and contrasts better, we concentrate on the temporally homoge-

neous cases where

(2.3) Gi(A,z) = [ dG(u —z) and w,(z) = w(z)
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so that an additive change between a parental type and its offspring type follows the
distribution dG(u) independent of the parental type. Under the assumptions of {2.1-2.3)
the population dynamics can be summarized by the symbolism

(2.4) Xg.'.]_ = X: + M

where M, are independent realizations from the distribution G(§).

The nature of w(z) will be of three principal kinds (directional, stabilizing, disruptive).
1. Directional selection There are three major subclasses:

(a) strong (w(z) increases at least at an exponential rate). The prototype case w(z) =
¢’*, 4 > 0 can be construed to reflect a reproductive function of a population endowed
with the classical Malthusian exponential growth form (see Eshel (1971)).

(b) moderate (w(z) increases at an algebraic rate). For example, asymptotically
w(z) =~ z= for z — oo.

(c) weak (w(z) increases from O to 1). Artificial selection programs commonly specify
w(z) of the explicit form w(z) = 1 for z > +,,= 0 for z < 0 (truncation selection).

2. Stabilizing Selection: w(z) achieves a unique global maximum for some intermediate
value. The Gaussian form w(z) = exp {—~A(z — a)?} is a common choice,

3. Disruptive or diversifving selection (where w(z) achieves its common maximum at
both +oc0 and —w0). Three concrete cases: ¥(z) = exp {|z|}; ~(z) = z*; ~(z) = 0 for
Y < z < v, and 1 otherwise are counterparts to the examples (a) — (c) of directional
selection. The case of disruptive selection can be important in explicating phenomena of
speciation and/or isolating mechanisms in populations.

Model II: The evolution of a diploid multifactorial trait under the influence
of selection and a generalized segregation regime '

The action of selection is determined as in Model I expressed through a fitness function
w(x). Let S(z;z,,z;)dz be the conditional probability that the offspring is of type z given
that the parental types are 2, and z;. Assuming random mating (see section 5 for cases
of non random mating) the density of types in the next generation is

,{{ S(z; 21, 22 )w(z1 )w(z2) pe (21)pe (22)dz, dx,

(,fw(e)p.(ade)’

7

(2.5) 1 () =



A simple additive version of (2.5) postulates the relationship

(2.6) Xeor = aX +BX + M,

where X; and X;* constitute a parental couple and M, is an independent mutation-
environmental addend following the distribution G(£) as in model I.



III. Other Non Gaussian models
Kingman (1978) introduced the enticing “house of cards” model involving the trans-

formations

—

X* with probability 1 —

(2.8) X selection X* . N
mutation M with probability “

where the random variable M follows a fixed density g(z) independent of the previous
population distribution. In the latter event, with probability u, the population has col-
lapsed and the new population is distributed as an independent copy of M. The proposed
equilibrium density is

# (9(z)
1— !t-nl-!l!

(2.9) p'(z) =

where @ is a constant determined such that p*(z) is a bona fide density. For a finite
number of possible types, the density (2.9) exists and is globally stable (Kingman (1978)).
The analog of (2.9) for a diploid model is unknown; see Kingman (1980).

Guess (1974) presented an elegant stochastic (finite population size) version of the
evolution of a haploid character subject to mutation and selection effects. The formulation
of this model runs as follows. Consider a finite population of constant size N. Each
individual of the population is endowed with a characteristic called “fitness”. Let w;
denote the fitness of the j-th individual of the present generation. Determine

(2.10) >y = —2

'iw.-,

i=]

k=12,...,N

as the relative fitness value of the k-th individual. The next generation of progeny is formed
by performing N independent random samplings following a multinomial distribution with
probability vector {2.10). The population of offspring carry the fitness values given by the
sampled vector w* = (w},w}],...,wy ). Subsequently mutation acts as follows. Suppose
that {V;}, 7 =1,..., N constitute an array of independent, identically distributed positive
random variables, and then let w; = wiV,, w; = w3V;,...,w}, = wyVy. Thisis a
multiplicative version of (2.4).



The vector (w!,...,w) ) represents the fitnesses of mature individuals in the next
generation. We continue this process to obtain w* = (w},...,w} ) the population fitness
vector of the t-th generation and the relative fitness vector

wt

N
2w

im]

u' = (u},...,uy), ui=

It is remariable that provided V; has positive probability of achieving value 1, i.e., of
neutral mutation, u(® has a limiting distribution which can be construed as the population
composition emanating from selection mutation balance.

As population size N T co the foregoing model passes into the haploid models of
section 3 (Guess, 1974).

§3 Results, Haplold models (uniparental transmission)

After ¢ generations of constant pure selei:tion, the phenotype density is

[w(z)]’po(z)
S [w(&)]'po(£)d€

(3.1) alz) =

The mean fitness at generation ¢ is @, = [ w(z)p,(z)dr. An application of the Schwartz
inequality proves that ¥, < W,,,; which increases toward the maximal fitness value.

Consider the inhomogeneo_us case of selection effects such that
t—1
mm=h(ﬂmu0muL:=Lzm

(k¢ is a normalizing constant), where each w;(z) is increasing. The mean phenotype
m, = [ zp,(z)dz increases over time by virtue of the Tchebycheff rearrangement inequality.

. - Under this general regime of directional selection, we have
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/ (Hw‘(z)) m@ 2 |I1f | S | weie| 211 wiamiaes

im0 A=o i=0

indicating that the population mean fitness also increases in a geometric mean sense.

Mean selection response
A. Directional selection (favoring +oo) Consider first strong directional selection. Let

%, be the supremum of the phenotype representatives of the initial population (formally,
%, = sup z for which [* p,(£)d€ < 1).

Case (i). %, < co, py(z) converges to the degenerate distribution concentrating at the
value T,. The convergence is at an algebraic (slow) rate in that Z, — m, is of the order 1/¢
independent of the directional selection factors.

Case (ii}. Z, = oo, To illustrate the possibilities, consider the equations (3.1) in the case
that py(z) = \/21_‘“‘ ezp{—2" {20} is a Gaussian symmetric density with w(z) = exp{yz}.
Then p,(z) is again Gaussian with mean 0?4t and variance o7 = o°.

For p,(z) corresponding to a Poisson distribution and w(z) = ezp{~z} the mean
phenotype increases at an exponential rate. When po(z) has geometrically declining tails
(e.g. a geometric distribution) and w(z} = ezp{yz} then after a few generations p,(z)
acquires (explodes) an infinite value with positive probability. However, for w(z) = z (or
any directional selection function of algebraic increase or slower) the rate of approach to
infinity is linear in ¢.

Result 3.1 If w(z) grows like an ezponential such that for some € > 0 and z sufficiently
2 s increasing while w(z)/e*/* is decreasing and p,(z) tails at least as rapidly
as @ normal distribution then the mean phenotype increases asymptotically linearly. For

large,

w(z) of algebraic increase, such that w(z)/z* increases but w(z)/z/* decreases for z > z*
and p,(z) tasls down at least ezponentially fast, again m, is of the order of t. Also, for
w(z) strictly increasing and bounded the order of increase is linear.

B Stabilizing selection effects For repeated stabilizing selection where w(z) has a unique
mode at z,, we previously noted that
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n+l dz -
o o LB i

The asymptotic saddle point method furnishes the formula

. . 1
(3.3) f [w(2)]" po(2)dz = [w(z0)] [ Jn (n)]
where @ = d* (~logw(z)) /dz?| __ and therefore T, = w(zo) [(1- &) +0(7)]
showing that w(z,) — 7, = gs.ﬂl

Example a. For a sequence of Gaussian stabilizing selection functions
w,(z) = exp{—2*/2a? + ~,z} with po(z) = ezp{—22/203},p(z) is Gaussian dis-
tributed, N(m, o7 ) with

(3.4 1_1 .1 o
) 6'3 a?—-l. a"-l im0 a? dg'
and
(3.5) m.=6.’[.+m;"]
O

If a},a?,...,a? ... are independent identically distributed then o? is of the order % EII-L_]

where E (4;) is the average value of -‘; Thus, in this randomly fluctuating environment
the phenotype variance declines at an a.lgebrmc rate (of the order 1/t) to zero for almost
every realization of the selection process. The recursion for the mean reduces to z, =
m, /0? = 4, + %, and therefore

$
1 1 1
z.=z:'h.+zo or my = . [;Zm+i — e]

hml



where 7 is the mean of «;.

Example (b) Assume the phenotype range consists of the non negative integers. Con-
sider the stabilizing selection functions w;(z) = z*¢ exp{—-Xz}, f = 0,1,... and
po(z) = 6*(1— §) (the geometric distribution). After t generations p,,(z) = k zo++

t
exp{—zz'\.-}ﬁ’, t=0,1,2,..., whose asymptotic mean behaves as

im0

>a

(E:_o N —log 6) .

t [
If z:a,; s ta@ and 24\4 24 tA then the variance goes to zero at the algebraic rate 1/t

im0 im0

and the phenotypic mean tends to the mean selection mode.
These examples are typical for a phenotype distribution acted on by a fluctuating
selection process.

Result 3.2 Under the action of a random stationary process of stabilizing selection functions
the phenotype variance generally tends to zero at an algebrase rate.

1I Combined Directional Selecti 1 Mutation Acti

We start with the following assumptions:

Assumption (i). The mutation distribution G(z} has an upper bound g, in that
mutation in a single generation cannot increase the character value more that g units.

Assumption (ii). The initial population composition has p,(z) = 0 for z > %, (i.e.
there are no individuals in the initial generation of phenotype value exceeding Z,.

Case (a) Strong directional selection i.e., w(z) increases asymptotically at an exponential

rate.

Result 3.3 Let my = E[X,| and v, = Var(X,) be the mean and variance, respectively, of the
phenotype distribution p,(z) of the t** generation. Under the action of strong directional
selection and mutation obeying assumptions (i) and (ii), lim,_ . m,/t =F, that is the
rate of change of the mean population phenotype value tends to § and v, = VarX, is
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bounded. Moreover, the centered phenotype variable X, — m, has a limiting distribution
with a finste variance.

Result 3.4 Mutation and Selection in opposition: Let the hypotheses of Theorem 3.3 hold
but assume § = 0 i.e. all mutations are deleterious or neutral. Then X, has a limsting
equilibrium distribution sf and only sf there is positive probability of zero mutation addend
i.e., G(0+) — G(0) > 0. In particular, if all mutation changes are negative with no positive
probability of a zero mutation then for any initial distribution po(z) with T, < oo the
phenotype population tends to —co ot a quite slow rate such that m,/t — 0,

For example, with the mutation density g(z) = ce~!*!|z|* for z < 0 and g(z) = O for
z > 0 then m, = —klogt for a suitable constant k. '

Results 3.3 and 3.4 were uncovered by Eshel (1971) in the specific case of w(z) = ¢7*.
These results are robust under strong directional selection where w,(z) can vary randomiy
provided each function retains asymptotically exponential growth.

We relax next assumptions (i) and (ii}). Suppoee, for definiteness, po(z) is Gaussian
distributed N(0,0°) having obviously Z, = co. Results 3.3 and 3.4 persist with the
modification

1:‘— —g+ay

indicating again that the mean phenotypic advance is linear but with the asymptotic rate
of advance greater than the maximal per generation mutation increase . This may be
interpreted to mean that the selection effects on the extreme phenotypes of the initial
generation persistently contribute to the phenotypic evolution.

When § = oo, the mean growth rate tends to be faster than linear. For example when
g(z) is Gaussian then m, = At2,

\ variable mutati

We examine the case where the mutation effects over successive generations are
Markov dependent. To this end consider a sequence of mutation distributions {G;(z)}/_,
varying in time as follows. If in a given generation G, (z) is operative then with probability
p;; the mutation distribution governing in the subsequent generation is G, (z). This model
might be construed to reflect the phenomena where the mutation distributional variation
is mediated by environmental factors e.g., through temperature sensitive covariates.

Let x = (m,,...,7,) be the stationary frequency vector of the irreducible Markov

transition matrix P = ||p;,|| and let & be the maximal mutation increase corresponding to
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