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Introduction

It is perhaps surprising that the evolutionary theory of discrete valued
phenotypic variation which does not obey simple Mendelian rules of inheritance
has received less quantitative study than has continuous or quantitative
variation. The reason probably is the wide acceptance of a genetic basis for
continuous variation in terms of many loci each of small effect whose
aggregate produces a continuous distribution of phenotypes (Fisher, 1918),
This hypothesis may lead to the distribution most amenable to dynamic analysis
which is the Gaussian. For discrete valued, or qualitative traits the most
common assumption fs that the variants are themselves different genotypes.

For medfcal applications where the trait dichotomy is diseased versus healthy,
and familial analysis suggests something more complicated than simple
Mendelian inheritance, a continuous "liability to disease" trait has been
postulated, with a threshhold above which disease occurs (Falconer, 1965).

Our work (Feldman and Cavalli-Sforza, 1976 et. sequ.) has focused on the
role of phenotype-to-phenctype transmission as a force in the evolution of
discrete valued traits, In these studies genetic variation influenced the
phenotypic transmission from parent to child (vertical transmission} or among

others in the population (i{e. oblique or horfzontal transmission). This

genetic variation could be manifest at the parental level ("teaching") or at
the level of reception by offspring (which in the cultural context would be
called learning). These forms of phenotypic transmission are described in
detail in Cavalli-Sforza and Feldman, 1981},

Throughout most of our previous studies (Feldman and Cavalli-Sforza,
1976, 1984, 1985, 1986; Cavalli-Sforza and Feldman, 1983) in which evolution
is studied at both genotypic and phenotypic levels the (darwinian) fitness

differences have been primarily between phenotypes, with the genotypic effects



on the transmission efficiency. Although there are no direct fitness effects
of the genotype, the resulting genotypic selection is "induced" by that on the
phenotypes. That this induced selection is not the same as direct darwinian
selection is exemplified by the fact that heteroZygote superiority in the
transmission of an advantageous phenotype is not sufficient for genetic
polymorphism (Feldman and Cavalli-Sforza, 1976). It is also the case that
non-genetic transmission of altruism interferes with the evolutionary rules
for the initial increase of the latter due to Hamilton (1964) (see Feldman and
Cavalli-Sforza, 1985).

The type of cultural transmission may also have an important effect on
the evolution of a given set of pheno-genotypes. For example, in a simple
haploid genetic model with selection on a phenotype whose transmission was
determined by the genotype at one iocus, Feldman and Cavalli-Sforza {1986)
found that oblique transmission could not produce genetic polymerphism, while
horizontal transmission could.

The dynamics of our models are expressed in terms of the frequencies of
the pheno-genotypes as they change over time. Since our introduction of these
models other workers, notably Boyd and Richerson {1985) and Aoki (1985, 1986,
1987) have made simplifying assumptions that reduce the dimensionality of the
problem, Generally, these involve the omission of genotype dependent vertical
transmission with the consequence that the gene and phenotype frequencies
fully describe the dynamics. In fact this results in the absence of gene-
culture disequilibrium (Feldman and Cavalli-Sforza, 1984).

In this paper we investigate a class of models in which the selection on
a dichotomous phenotype depends on the genotype, and where both vertical and
oblique transmission rates also vary with the genotype of the transmitter or

the receiver. This might be regarded as another dimension of phenotypic



variation, where the darwinian fitness of a trait depends on its carrier
genotype. One of the most interesting evolutionary examples where this may
have occurred is the phenotype of milk use or nonuse and the genetic variant
that controls the ability of adult humans to absorb lactose. It is reasonable
to suppose that both darwinian selection based on nutritional properties of
milk, and the cultural transmission of milk use have been influenced by the
lactose absorbing genotype. Before investigating this as a diploid genetic

model we discuss analogous haploid genetic models.

Haploid Asexual) Model: Construction

There are two alleles A and a and two phenotypes labelled 1 and 2.
The frequencies of the four pheno-genotypes Al’ ay, Az, ap are up, Uy, N,
Ny We assume that phenotype 1 is acquired by copying or learnitng from a
parent who is of this phenotype. The rate of learning is less than 100% and
depends on the genotype. Thus A acquires phenotype 1 from parents at rate
61 and a at the rate 62. In each case the remaining offspring are of
phenotype 2.

After this vertical transmission the pheno-genotype frequencies are “X’

v
a’

v
u
a’

v
Nps N namely

u; = 81Uy (1a)
u: = 8,u, (1b)
ny = ng + (1= §))uy (lc)
ny = ng+ (1= 6,)uy . (1d)



Following vertical transmission oblique transmission occurs by random
contact between offspring of phenotype 2 and members of the parental
generation with phenotype 1. The rates of transmission are f; and f,
for A and a respectively, After oblique transmission the new frequencies

Q
are u:. u:, n:, na with

u; = ux + f’ln;(uA +u,) (Za).
) v v

uy Uyt fz"a("A + ua) {2b)
n = nill - f (u, +u.)] (2¢)
A A 1'7A a

Q 2 v - .

n, na[l fz(uA + ua)] . (2d)

Throughout the discussion phenotype 1 is viewed as that which involves
the positive acquisition of something while phenotype 2 is the “clean-slate"
type. We have in the past referred to 1 as “skilled" and 2 as "naive", and
have assigned fitnesses to the two phenotypes independently of the genotype.
Here our goal is a diploid lactose intolerance model, and for comparison, the
haploid model is formulated in a similar way with genotypic effects on fitness
as well as transmission. The fitnesses of A;, a), Ay, ap are,
respectively 1 + s;, 1 - s, 1, 1. In other words, the acquisition of trait
1 is disadvantageous to genotype a when s, > 0. We shall see later that in
the analogous diploid model s, > O reflects any disadvantage to lactose

nonabsorbers when tﬁey drink milk. After selection we have

Wup . 1+ s 8up + floy + (1 - 8 )updu, + Ut (3a)
Woulw (1= s, (8u, + fln, + (1 - Sx0u J(ug + u )} (3b)
W

ng = [ny + (1= 6 )u,J0L = f,(uy +u)] | (3¢)



wny o= o, + (1= 6,)u,J1 = foluy +u,)] (3d)

wa=1l4+ $1(8,uy + fIEnA + (1 - Gl)uA](uA + U}

- sz{dzua + f2[na + (1 - dz)ua](uA + "a)} (3e)

Haploid Asexual Model: Analysis

Throughout what follows we shall assume 61 <1, 52 <1, f; <1,
fa < 1, These assumptions preclude fixation on phenotype l. We may use a
geometric analogy familiar to students of two locus population genetics and
regard the frequency vector as varying within a tetrahedron as drawn in

Figure 1.

Figure 1 here.
Two gene fixation edges and the edge where phenotype 1 is absent are shown in
Figure 1. (For us to reach one we must have either § = 1 or f; =1).
We consider first the stability properties of these three boundaries of the
frequency simplex. On the gene fixatfon edge where
u = ny = 0 there may be an equilibrium between u, and n,. In fact, if

(1 +s)(f) +6)) > 1 (4)

there is a single valid equilibrium point given by the admissible root of the

quadratic equation

slflalui - uAEsl(f1 + 61) + (1 + sl)flsl] + (1 + sl)(fl + 51) -1=20 (5)



(see Feldman and Cavalli-Sforza, 1986). Under (4) this root is Tocally stable
in the up - My edge. When (4) is reversed there is no boundary equilibrium
with A fixed.

In the same way if

(1 - 55)(fp +8,5) > 1 (6)

there is a locally stable phenotypic polymorphism on the u, - n, edge, given
by a quadratic analogous to (5).

Finally, every point on the phenotype-fixation edge up = u, = 0 .is an
equilibrium. This edge is a neutral equilibrium curve insofar as evolution

of A.-and a 1is concerned in the absence of phenotype 1.

Initial Increase of the Rare Phenotype

First we investigate the initial increase properties of a mutant
phenotype 1 introduced near fixation of the population on phenotype 2, where
the frequencies of A and a prior to the arrival of phenotype 1 were EA

and Nye When up and u, are small enough that their quadratic and higher

powers may be ignored we have the linear dynamics

up = (1 + sp)lspu, + Fimaluy +u,)] (7a)
u; = (1 - sz)[azua + fz“a(“A *uy)l . (79)
It is the eigenvalues of the matrix on the right side of (7) that determine

the increase of phenotype 1. These are given by the roots of the

characteristic quadratic |
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g(0) = 2% < AL(L + s,)(8) * F1na) + (1= 5,)(6, + £,0)]

#1481 - 5)(8,8, + 6T + 8,Fn) . (8)
It should be noted that if f, = f, = 0 then the increase of up fis
independent of that of wu,.
The inftial increase of u, and u, is governed by g(l) and g'(1).
If g{(1) <0 then they increase; if g(1}) >0 and g'(l) > 0 then phenotype
1 cannot initially increase at a geometric rate. Exploration of these

conditions is facilitated by the expression

g(1) = [(1 + 5))6, = 1J[(1 - 5,)(8, + f,) = 1],

+ [(1 - 52)52 - 1][(1 + 51)(61 + fl) - IJHA . (9)
The stability analysis then can be decomposed into 4 cases:

Case 1, (1 - sp){fp + 52) <1, (1 +s))(f; + 61) < 1.
No gene fixation equilibria exist, g{(l) > 0 and g'(l) > 0. Hence both

roots of (8} are less than unity and the nj - n, edge is stable.

Case 2, (1 - sp){fp + 62) > 1, {1 +5s59)(fy + 61) > 1
In this case it ts obvious that if (1 + 51)61 <1 g(l) <0 (since
§y < 1) and the edge is unstable. If (1 + 51)61 >0 and g(l) > 0 then we

examine g'(1l). Since g(l) > 0 we have from (9)

(t-(1- 52)52][(1 + 51)(f1 + 51) -1] .
(1+ 51)61 -1 "A

[(2 - sp)(8, + f,) = 100> (10)



Rewrite g'(1) as

yu)-z-U+sﬂwl+Qh)-u-sgu2+5ﬂ)
=gl - (145008 + £)]+ nyl1 = (1 +5))5,]

Fapll - (1= 5,08, +n[1 - (1= 5))(8, + )]
(1+5,)(fy+6)) -1

N[l - (1 = 5,)8,] = n,[1 = (1 = s,)8
< nA[ ( 52) 2] nA[ ( 52) 2]{ (1 . 51)51 1

< 0,
since f1 > Q.

Since g'(l) < 0 both eigenvalues are greater than‘ﬁnity and the

ngy - n, edge is unstable,

The edge equilibrium up ~ ny does not exist. We use the same kind of

argument as in case 2:

g (1) = mpll = (1+s))(F +6)T +n[1 - (1+5,)8]
#all = (1= 5,061 + 0l - (1 -5,)(F, +6,)] .
But if g(1) > ¢ then

[1 - (1+5))8,]0(1 - 5p)(f, +6,) - LIn,
El - (1 + 51)(f1 + 61)]

nall = (1 - 5,)8,1>

> [(1 - s))(f, +6,) - 1l ,



so that g'(l) > 0. The only possible instability condition then is

g(1) < 0. Clearly, from (9) if ﬁa is close to 1 (and HA small) this
conditfon g(1) < 0 may hold, and by the same token, if BA is close to
1, g{1) > 0. Thus if aa is large enough, the user phenotype may increase

while if Ra is too small, it will be eliminated.

Case 4. (1 + s9)(fy + 61) >1, (1 - sz)(f2 + 62) <1l.

If (1 + 51)51 > Q then from (9) it is clear that g{l) < 0O and for
atl ;A the user phenctype increases. If (1 + 51)61 <1 and g(l) > 0
then g'(l) > 0, Again the only way that the edge could be unstable is if

g{l) < 0. Thus, if (1 + 51)51 <1 and n, is small, the ny - n, edge is

unstable, while if n. is large, it will be stable.

a
To summarize, suppose that phenotypic polymorphism in the A-fixation edge
is stable. Then phenotype 1 increases when rare if ;A is large enough,
Corresponding results apply if the a-fixation edge is stable. Otherwise the
initial increase properties for u, on the A-fixation edge and u, on the a-

fixation edge extend to the whole of the ny - n, fixation edge.

Initial [ncrease of Rare Alleles

First consider the gene fixation edge where A 1is absent from the
population. If (1 - sp)(f, + 62) > 1 then the equilibrium which is the

unique valid root of the gquadratic
2 -

is stable in this edge. MWe seek conditions for the rare allele A to

increase when rare,
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The local stability matrix in the neighborhood of the equilibrium

i u
a
that solves (10) produces a characteristic polynomial
ha(l) = Az 'r {((1 +5s )61 +1+f u [(1 +$ )(1 -6 ) - 1]
¥a
s,(L + s,)(1 = fiu)
+ 1 1. , 1"a i (12)
"a
where
w,o=1- 52u (6, + f, ~ f,8 z“ 1
= (1-splfp +4,-f qu 1. - {(13)

Two cases emerge.
is greater

ha(l) > 0.

First if ha(l) < 0 then clearly the leading root of (12)
than unity and the equilibrium is unstable.

Second, suppose
Rewrite h,(1)

as

-~ -~

-

hall) = (W, = I[N, = 6;(1 +s) + fu6,(1+s)(F, - 1)]

1u . {14)
But from (13)

-~

W, -1=- szuaia/(l - s, . (15)

which upon substitutfon into (14) produces

: 51(1 - sz)
h(l)s(wa-l)[w -6(1+s)+f1a1(1+51)+-——-——f]>0

52
From (15) ia <1 when s, > (0, Hence we may assume



- . sl(l - sz)
w, - 61(1 + 51) + f1"a51(1 + 51) + —5—2-— f1 <0. (18)
Now consider h.(1). If h;(l) < 0 then since the local stability
matrix is strictly positive, both roots of (12) must be larger than unity.
Now

”~

-~

= [“a - (1 + 51)51 + flua61(1 + sl)]

+[W, - 1 - slflaa] . (17)

By (16) the first term on the right of (17) is negative and by (15), so
is the second. Hence h;(l) < 0 and the equitibrium is unstable. Thus
when sy, sp > 0, A always increases when rare.

We now turn to fixation of the A-allele where the unique root of (5) is
stable in this edge if (1 + sp)(fy + 61) > 1. For stability to invasion by

a the characteristic polynomial of the 1ocal stability matrix is

hy(a) = G -%[(1 - 506, + Fo1 = $,)(1 = 6,)uy + (1 - f,0,)]
Ya .
R (1 + 52)5251 - fzuA) ’ (18)
2
“a

where

Wy = 1+ sluA(G1 + f1 - GlfluA)

£ (1 + 51)(51 + fl - GlflaA) . (19)

11
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It is obvious that GA > 1. Write

- -~

A (1) = By = (1 = 5,)8,(1 = f,u,) + (1 = 5,f5u,)}

>0

since Q < sy, Y s GA < 1. Thus the only criterion for stability is
the sign of hA(l); if ha(l) > 0 then the equilibrium is stable, if
ha(l) < 0 it is unstable.

Now from (18) we have

~ 1+s (G-l)
4y = 1 ZA . (20)

S
1
¥a

From {19) and with the use of (20) we obtain

hall) = [y = 6,(1 = 5,010, = 1) = Fuua[(1 = s,)(1 = 6,) = 1] = fou8,(1 = s,)

= [, - 6,(1 - 5,) + fzﬁAsz(l - 5,010, - 1) + szfzaAaA

[}

szfz(l + sl)
5

= [y - 6,01 - 5,) + fZGA52(1 - s,) oy = 1) . (21)

But from (18), iA >1 and since 6, < 1 both factors on the right side of
(21} are positive. .Thus, when s, > 0, s; > 0 we have shown that the
equilibrium on the a-fixation edge, if it exists, is unstable while that on
the A-fixation edge, when it exists is locally stable. The latter does not,
however, imply that there should be global convergence to the A-fixation
edge. We have already seen that in some circumstances part of the ng = Ny

edge may be stable (see cases 3 and 4 of the previous section).
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The above results were obtained under the assumption s, > 0. We now
turn to the case s, < 0, Write -sp = S,. Then under the conditions
(1 +151)(f1 + 61) >1, (1 + EZ)(fz + 62) > 1 the isolated equilibria on the
gene fixation edges will be stable in their respective boundaries, and the
ny - n; edge will be unstable to the introduction of users. If
(1 +s1){f + 61) <1, (1 +‘§2)(f2 + 62) < 1 then, as before, the ng = N,
edge is Tocally stable. The cases (1l + spi(fy + 61) <1, {1 + 32)(f2 + 62) > 1
and (1 + s))(fy +6;) > 1, (1 +#sp){fy+6,) <1 produce conclusions
similar to those of cases 3 and 4 above in that part of the ng - n, edge is
stable and the other part unstable.

When 32 > 0 the stability configuration of the equilibria on the gene
fixation edges involves a more compliicated analysisrthan before. Thehreason

is that on both edges w > 1 1i.e, from (11) W, > 1 and from (17) ;A > 1.

Consider the 'a' fixation edge, for example, and suppose that ha(l) > 0,
Then from (15)

2

Then, returning to (16),

. (1 + 52) ~ -
2

Thus the criterion for stability of the equilibrium is the sign of hya(l). |
If h,(1) <0 then it is unstable; if h,(1) > 0 it is stable. The same
argument applies on the A-fixation edge. The conclusion is that if
(1+s1)(f) +8;)>1 and (1 +s3)(fy +4&,) >1 (sothat both gene fixation
equilibria exist and are stable in their edges) and h,(1) < 0 and
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ha(1) < O then both gene fixation edges are unstable and so is the phenotype

fixation boundary nmy - n,. The inequalities h,(1) <0 and hy(l) <0 are,

respectively
s (1 + 52)
(1+52)[62+f -fszu]<6(1+s)-f (1+s1)u +—-——f(22)
52
and
52(1 + s1

It should be noted that if 51 ® Ez these inequalities are identical to
those of Feldman and Cavalli-Sforza (1986) where the fitness depended only on
the phenotype. There it was shown that (22) held if and only if ia < ;A and

(23) if and only if w, < W

edges was stable under selection on the phenotype only. The question remains,

In other words, only one of the gene fixation

if sy # 32, can both gene fixation edges be unstable?

Rewriting (21) we have

-

1
Mu, < g; {(fls1 - f sz)(l + 52) + sz[s (1L +5 ) -4 (1 + sz)]} {22a)

and from (23)
- 1 . ~ ~
M ua > ET {(flsl - fzsz)(l + 51) + 51[51(1 + 51) - 52(1 + 52)]} ’ (233)
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In considering whether both (22) and (23) can hold we should alsg recall
that when fy = fo = 0, Ga =6,(1 ¢ 32) >1 and iA =8,(1 +s;) > 1. Hence
from (14) and (21) it is impossible for both boundaries to be stable when
fy=fy = 0. An example where both gene fixation edges are unstable in the
case where one of the f's is nonzero is the following. Take &, = .9,
sp = -5, f1 =05 §,=.6, Ez =1, fp=0.1. Then
(1 + 51)61 = 1,35 > (1 + 52)62 = 1.2 > 1, so that if f, had been zero,
there would have been fixation on the A gene. At equilibrium on the A

- (1 *+8))s) -1 4

gene fixation edge u, = 536, s fI! = ,777, From (22a) and (23a)

M = -0,12 and the right side of (23a) is -0.15. Since (0.777)(-.12) > -.15

(23a) holds. Now Ga solves the quadratic

2
0.06 u,2 + u,(0.82) - 0.4 = 0,
i.e. u, = 0.4715. The right side of (22a) 1s -.05. Thus (22a) is true if
(0.4715)(-0.12) < "005 »

which is clearly true. It is worth pointing out that if f, 1is increased to
0.2 then (23a) remains true, but (22a) fails and the a-fixation edge is
 stable, Clearly, the general analysis of the two inequalities (22), (23)
promises to be immensely complicated. On the basis of the above numerical
work we might conjecture that the range of parameters that allow genetic and
phenotypic polymerphism wiil be rather small.

In order to obtain a more precise idea of the likelihood of producing
simultaneous genetic and phenotypic polymorphism, a numerical investigation
was made. We fixed s; = 1 and chose 32 uniformly (at random) from [0,

2]. The parameters 815 850 f1, fp were 211 chosen at random uniformly on
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[0, 1]. The parameters chosen in this way were then examined to See whether
they satisfied (1 + sq)(f; + 61) >1, (1+ 32)(f2 + 62) > 1. One thousand
parameter sets that satisfied both inequalities were chosen. These allow the
existence of both A- and a-gene fixation equilibria. From these 1000
parameter sets we determined how many also satisfied.gggg_(ZZa) and (23a), in
which case interior polymorphism exists and would be expected to be stable.

We found 22 cases out of the 1000 that allowed such polymorphism.



Haploid Sexual Model

Again suppose there are two phenotypes numbered 1 and 2 and two alleles

A and a. The fitness values for the four phenogenotypes and their

frequencies are

A q) Az 3y
frequencies: up Uy na Na
fitnesses: 1+5 S 1 1 .

We usually assume S > 0 but as we shall discuss later there are valjd
reasons for investigating the case s, < 0 with sy > |sp| > 0. Four
transmission pafameters describe the model with uniparental transmission. The
abbreviations TP for transmitting parent and OP for other parent are

used:

probability for offspring

UA ua
Up 61 61*
u S, 8
P 2 2 2
nA 0 0
Ny 0 0 .

The ofder of events in the life cycle is as in the asexual case with mating
inserted between selection and vertical transmission, i.e. selection, mating,
vertical cultural transmission to offspring, oblique transmission and we take
the census before selection. The mating table is presented as Table ! and

from it we derive equations {24), the frequencies of the phenotypes after

17



vertical transmission. The oblique contact parameters f, for n, and fa

for n, individuals. The complete recursion is (25},

Table 1 here,

After Vertical Transmission

v U (1 - sz)
TuA= IA(1+51)[UA(1+51) +——2—+n +

6 »*
P sy sy ¢y
Tu' = o1 u(l + s;)[u.{l = s,) +n_]
a 2 A 1/ 2 a

uA(l + sl)
+ 85U, (1 = 55)0u,(1 - s,) + n, +————+

u (1

A= DL =8)up(1 +50) + 0, 00w, (1 +5p) *"""'T_'*"A

Ma 1l - 6 *
+ [T _T_ua“ - 52)][uA(1 + 5 ) +n ]

1 -6
* [TUAU *s)) +-2—][u (1 -5,) +n.]
+[n, + (1 - 83)u (1 = 5,)10u (1 - sp) #n, +
where

T = [uA(l +51) +uy(l = sp) + oy + na]2 . T12

After Selectton

n
5]

n
2]

..s)

uA(l + 51)

n
. D

2

7]

{24a)

(24b)

{24¢)

(24d)

{24e)

18



v g Uall * 1) +u, (1 - 52))

Uy = ug T

u; = u: + fzng(u'ﬂ‘(1 ’ 51) ;lua(l - 52))
na = ma(t = ol sl)r: fall - ),
ni = n¥(l -1, Ul * SI)T+ il s";))

1

When A 1is fixed there is a unique valid equilibrium of the quadratic

slzuf + uA{ZS1 - {1 + sl)tcls1 + fls1 - fldl(l + sl)]}

which is stable fn the A-fixation boundary provided
(1+ sl)(f1 + 51) >1.

Similarly, there is a unique valid root of the guadratic

szzus + ua{-Zsz + (1 - sz)[szs2 + fzs2 + fzaz(l - sz)J

+1- (62 + fz)(l - sz)
which is stable in the a-fixation edge if

(1 - 52){f2 + 62) >1.

(25a)

(25b)

{25¢)

(25d)

(26)

(27)

(28)

(29)

19
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Initial Increase of Rare Phenotype

As in the haploid asexual case there can be no equilibrium on the edge
where all individuals are of phenotype 1. It is conceivable that the other
three edges all have equilibria. First consider the n, - n, edge which, as
in the haploid asexual case, is neutral. Near the point on this edge
specified by EA and ﬁa =] - EA the characteristic polynomial of the local

stabtlity matrix is

(1 + n ) (1 + n ) "
G(A) =A -A{(1+sl)[51———2—+fn]+ (1-52)[62—T—+fn h)}

s {1+ 51 - sz){EEl . BAozl . fl)]cfé R Bacii +1,)]
. - 52t 51*
- nAna(T + fl)(—z—- + fz)} . (30)
Again if G(l1) < O then the phenotype 1 will invade. If G{(1) > 0
and G'(1) > 0 then it cannot invade. Reorganizing {30) we have
- 8,5
G(1} = n [(1 - 52)'2' - 1J[(1 + sl)(s1 +f) - 1]
- §
e AL+ 5)) o2 = 1L = 5,)(8, + 1)) = 1] e
5 W

1" fa
— * 7 (62 - 61*) +'7" (51 - 52*)] .

a - 6162
+mn 1+ s )1 - s[5 -
Obviously, if 61* . 62 and § ® 62* the form of {31} is extremely similar
to (9) in the haploid case. But this is exactly the case where the
transmission prohabil1ty depends on the offspring's genotype - not on that of
the parent {(i.e. on the learner's genotype and not the teacher's). It is
interesting that the alternative case in which the transmitting parent's

genotype determines the rate of transmission to the offspring does not
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simplify so elegantly. In this case §, = §,* )62 = 8, and the last term
2

1 1,
of (31) becomes ﬁAﬁa(l + sl)(l - Sy) irl-?-:—- (6, -6;), which does not
vanish unless f, = fz or 52 = 61. The latter is, of course, uninteresting.
As in the haploid asexual case, if (1 + sl)(51'+ fi) > 1 and
(1 - 52)(62 + f;) < 1 we expect that part of the ny - n, edge close to
;a = 1 to be stable and that part close to ﬁA = 1 to be unstable, The
sexudl case does provide some interesting contrasts with the asexual model.
For example, it is possible that the n, - n, edge be unstable in the asexual
cae, and stable in the sexual case even when 61* = 62* = (0, Set BA = Ea = 0.5;
sy = 0.1, & = 0.5, fy = 0.5 s, =0.1, 6y = 0.6, fp = 0.6. Then
(1+s)(fy +6)) = 1.1 and (1 - s55)(f + 6,) = 1.08. Both gene fixation
edges are stable in their boundaries and, from (9), the ny - n, edge is
unstable. In fact the analysis of the haploid asexual model [ indicates that
the equilibrium on the a-fixation edge is locally unstable, and that on the A-
fixation edge is locally stable. Now with these numbers substituted into
(31), the value of G(1) 1is positive and from (30), G'(1l) > 0. For this set
of transmission and selection parameters from initial conditions near

Ny = 1 or ﬁa = 1 phenotype 1 will invade but there will be at least one
interval near the middle of the edge from which invasion will not occur.
Numerical iteration confirms these predictions. If 61* = 62* = 0, however,
and (1 + sl)(a1 +f1) <1 and (1 - 52)(52 + f2) < 1 then neither asexual
nor sexual models allow the ny - n, edge to be invaded by phenotypé 1.

When 61*. 62* # 0 it is clearly possible that the same $1s 61. f1»
$2, 62. f, values that ensure the stability of the whole N = n, edge in
the asexual case do not in the sexual case. That is, some values of GA

and ;a will be invasible when 61*. 62* are large enough.,
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Initial Increase of Rare Alleles

Here we are interested in the fate of A introduced near the equilibrium
specified by (26) and a introduced near that specified by (28). The
analysis of the local stability of these gene fixation equilibria with
fi#0 and f, # 0 1is algebraically prohibitive, so our conclusions concern

-~

the situation f; = fz = 0, Suppose that Up is the edge equilibrium where

A s fixed, i.e. GA ts the admissible root of (26). Then GA can be shown
to be stable or unstable to invasion by a according to whether

6251(1 - sz) . 5261*(1 + sl)] (32)

is positive or negative respectively.

The first point to note is that when s, > 0, 1> 62(1 - 52)12 so that
(3?) is positive and the A-fixation equilibrium is stable. Of course when
Sp > 0 there is no a-fixation equilibrium, The case s, = -?2 <0 is more
interesting. Here A-fixation is unstable if

. §,5,(1 +5,) 5,8.%(1 +s,)
1 1
s (1 +s5up) - A 3 2. . 2 3 <o , (33)

and a-fixation is unstable if

' . §;5,(1 +s.) s.8,%(1 +73,)
. ~ 152 1) 515
5,01 + 5,u,) - ” - — <0, (34)

where, for existence of GA and Ga, we require (1 + 51)51 >1 and

{1+ 32)62 > 1,
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The inequalities (33) and (34) should be compared to (21a) and (22a), the
corresponding inequalities in the asexual haploid case. Recall that with
fi=f° 0 (22a) and (23a) could not both be valid.

Rewriting (33) and (34), for simultaneous instabilfty of both gene
fixation edge equilibria, it is necessary that

$.8,{1 +3,) 5,8,*(1 +s,)
1°2 2 2°1 1
7 M ) > %

(35)

and

5251(1 + sl) . slsz*(l + sz)
Z 2

> 32 . (36)

When (35} and (36) hold, then for (33) and (34) to hold it is sufficient that

1 S18a(1 ¢ Ez) ?261*(1 + El)

up < 512 - + 5 - 51] (33a)

and

R $,6,(1 +s.) s5,6,%1 +5,)
1 1 -
”a<;—1?[2 ¢ gt - 3] (34a)
2

respectively, Substitution of (33a) and (34a) into (26) and (28) respectively

(with f; = f, = 0) produces the conditions

$.6,(1 +3,) $5.5,%1 + s;)
12 3 2,21 3 > 5161(1 + sl) (37)

and
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$,6.(1 + s.) 562*(1"?2) ~ ~
2 1 L LE 555,01 +5,) (38)

for instability of GA and Ga respectively. Several sets of parameters
that satisfy the conditions for instability of GA and Ga have been

found. It is of interest to note that in the case 61' = 62* = (0, which
might be the most directly comparable to the haploid case, if 62(1 + ?2) > 2.
and 61(1 + 51) > 2 then polymorphism can be maintained. It is also worth
noting that if s, = 32. so that sefection is on the phenotype only (with no

genetic effects) the conditions (37}, (38) become

In order to obtain some indication of the likelihood of polymorphism here
we set f; = f, =0, sy =1 and chose 32 at random uniformly on [0, 2].
§1s 85» §;* and §,* were chosen at random uniformly on (o, 1}. 100,000
such sets of parameters were chosen and eleven sets of parameters that
satisfied (37) and (38) with (1 +sp)§, > 1, (1 + Ez)sz > 1 were revealed
from the 100,000, We conclude that even in the sexual haploid model, the
chance of genetic polymorphism is very low. Nevertheless it is possible

without oblique transmission, contrary to the asexual case.
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A Diploid Model for the Lactose Absorption Polymorphism

consider a single locus with alleles A and a and genotypes AA, Aa,
aa. The situation of two phenotypes, that is six phenotypes, was studied by
Faldman and Cavalli-Sforza (1976) in the framework of genetic variability in
rates of transmission of the phenotype. The rule of transmission is defined

by the parameters where g, h and i refer to the mother's,

Bghi,em
father's and child's genotypes and t and m are the mother's and father's

phenotypes. Here we use the numerical conventton

genotype AA Aa aa
number _ 1 2 3

and ¢, m are l or 2. The parameter th1 ts the probability that a

»am
child of genotype 1 is of phenotype 1 if its mother and father have
genotypes ¢ and h and phenotypes t and m respectively.

Our intention here is to construct a2 model in which the phenotypic
dichotomy is between milk use and nonuse by adults, and where the gene
influences the ability to hydrolyze the milk sugar, lactose into its
constituent monosaccharides glucose and galactose. In most mammals the
production of lactase I which mediates this hydrolysis declines at an early
age. Thus, after weaning most humans, for example, are unable to catabolize
large amounts of ingested lactose. Such people are called lactose mal-
absorbers, and suffér from a number of familiar symptoms such as flatulence,
intestinal cramps, and diarrhea. An interestihg exception to this common
state of affairs occurs in human populations which have high frequencies of
lactose absorbers. The latter individuals are able as adults to completely

metabolize sugar without exhibiting the intolerance symptoms. (It should be
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noted that intolerance to lactose may depend on other factors so that the
correlation between lactose absorption and intolerance is not complete.)

Simoons (1978) comprehensively reviewed the data on population
frequencies of absorption and malabsorption around the world. He concluded
that unmixed ethnic groups can be classified either as absorbers (with 0-30%
malabsorbers) or as malabsorbers (60-100% malabsorbers). Durham (1986)
considered a subsample of 60 populations from Simoons compilation and found
that among hunters and gatherers the frequency of lactose absorbers is low
(average 12.6%) as it is among recently dairying agriculturalists (11.9%) and
non-dairying pastoralists (15.5%). Among the dairying populations of Northern
Europe the frequency averages 91.5%.

This correlation between lactose absorption and the history of dairying
was first observed by Simoons (1969) and McCracken (1971). They proposed a

coevolutionary hypothesis for the evolution of the bicchemical trait of

lactose absorption., Lactose absorption segregates in families from Mexican,
Nigerian, Jewish, Pima Indian, Asian and Northern European populations as an
autosomal dominant gene (Johnson et al, 1977). Both Simoons and McCracken
suggest that the cultural trait, dairying, provided a positive selective
pressure for lactose absorbing genotypes by enabling lactose absorbers to add
fresh milk to their food supply. In times of food shortage, lactose absorbers
would have an additiona) source of nutrition that would not be available to
malabsorbers, and would have increased fitness as a result. This is called
the "culture historical“ hypothesis for the association between dairying and
lactose absorption.

In the situation where absorbers benefit by milk use, malabsorbers may
also increase their food supply by processing milk in such a way that lactose
is broken down. This would entail a general fitness advantage to “users* over

"nonusers”.



Aoki (1986) developed a stochastic model for the joint evolution of
lactose tolerance and milk use using two dimensional diffusion
approximations. Using an estimate of about 6000 years ago for the advent of
datrying be concluded that with effective population sizes of 100-500
selection coefficients larger than 5% for lactose absorbers using milk must be
invoked to explain present frequencies of lactose absorption in dairying
populations. In a second study Aoki (1987) has extended Fisher's (1937)
theory for the wave of advance of an advantageous gene to & pair of
interdependent waves, one for the frequency of the lactose absorption allele
and the other for the frequency of milk use. He was not satisfied that
reasonable parameters produced speeds of the travelling waves compatible with
archeological estimates of the rate of spread of farming by Ammerman and
Cavalli-Sforza (1984). One reason for this, as noted by Aokt, may be an
increasing selective advantage to absorbers at Northern latitudes.

In the treatment we now present, genotype-related differences in vertical
transmission of the trait of milk use are included; this was omitted from
Aoki's models. In addition, genetic differences in the rate of oblique
transmission are considered. The model is in fact a diploid extension of the
haploid sexual model with uniparental transmission that we have discussed
above. The two phenotypes 1 and 2 are now called “"user" and "nonuser" of milk
(or dairying). There are three genotypes AA, Aa, aa with A dominant to
a such that AA and Aa are absorbers, with the same vertical transmission
rates, We fnclude AA and Aa in the symbol X and aa is written a.
Transmissfon is uniparental (for example, from just the mother); an
offpsring's probability of becoming a user depends only on whether the mother
is a milk user and if she is an absorber. The other parent plays no role in

phenotypic transmission. The transmission rates are summarized as follows:
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Relative transmission rates

Transmitting for offspring
parent ug u3 nl na
ug 8, 61* l - J l - 61*
u3 §,* 8o 1 - 6,* 1 -4,
nx 0 0 1 1
n3 0 0 1 i

Superimposed on the entries in the table must be the relevant probabilities
for genetic transmission,

Now let uy, up, uj be the frequencies of the user phenotype of -
genotypes AA, Aa and aa respectively, with Nys Np, N3 the corresponding
frequencies of nonusers. Selection occurs prior to mating and the fitness
differentials also reflect the genetic dominance. Thus, users of genotype
AA and Aa each have fitness 1 +s; relative to 1 - s, for users of
genotype aa and 1 for all nonusers. After mating, vertical transmission
from the transmitting parent occurs, folloawed by oblique transmission. As
before, frequencies are censused after oblique transmission and before
selection. The frequencies after vertical transmission are written with a
tilde, while primes indicate the completed recursion for variables after

oblique transmission. Then we have

TZGI = §,[u, (1+s)) + uy(L+s;)/2Jup (145y) ¢ np + [uy(14s)) + n,1/2) (40a)

TZGZ » 61{[u1(1+sl) + u2(1+sl)][u2(1+sl) + nZ]IZ + u1(1+sl)[u3(1-sz) + n3]

+ uy(148;)[uy (14s)) + 0 1/2 + uy(14s) )ug(les,) + n,y3/2)

+ §,%{u{l-s,)[u,(1+s,) + n, + u2(1+sl) + nal}
2" (u3(1-5,)0u; (145) + 0y + Sp——=+ =]} . (400)



Tza3 a 51*{u2(1+51)[u2(1+51) + 02)1/4 + u2(1+51)£u3(1'52) + n3]/2}

+ 8,{ug(1-5,)[uy(14s)) + n,1/2 + uq(l=s,)fuz(l-s,) + n 0} (40c)

Tzn

L = (1-8))u (14s) + uy(1+s,)/2](uy (1484} + ny + Eu;(1+sl) *n,1/2}

+

12 (1-61)(0uy (1+sy) + uy(l+sy)Ilup(lesy) + 172 + uy(les))lug(l-s,y) + ng]

+

u2(1+sl)[u1(1+sl) + n1]/2 + u2(1+sl)Eu3(1-sz) + n3]/2}
u2(1+sl) Ny
+ (1'52*){U3(1'52)[U1(1*51) + "1 *“‘-z-'“‘ +‘2‘J}
N up(lesy) my Ny
+ {0+ 5 ug(lasy) + gy # S+ 5=] + (ny+ 5=)[u;(1+s,)
o e uy(l+sy) . ;3] . (40e)

T2;3 = (1'61*){U2(1+51)Euz(l*sl) + nz]/4 + U2(1+51)[u3(1‘52) + né]/Z}
+ (1-62)(U3(1-52)C02(1+51) + nzllz + U3(1-52)CU3(1-52) * 03]}
n, “2(1+52) n,
+ (n3+ T)[u3(1-sz) Nyt -2—} . (40f)

where

T = (uy +up)(l +s59) +uz(l =5s3) +np +np +n3. (40g)

(ny+n,/2){uy(14sy) + 0y + [uy(14sy) + 0,1/2} (40d)
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