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Abstract

Measures of variation in space are strongly affected by correlations
between subdivisions used for sampling. Here we consider variation in gene
frequencies across populations., Usually the variance of gene frequencies is
standardized by dividing it by the mean gene frequency times one minus the
mean (FST). Under the model of isclation by distance (usually called the
“stepping stone” model), at the stationary state the correlation between the
gene frequencies of two populations falls exponentially with the geographic
distance between them. OQur results are valid, however, for traits other than
gene frequencies, as long as their correlation with geographic distance falls
exponentially. Using this model, we derive formulas for variances of blocks
of populations of different sizes in one and two dimensional space, and
suggest that the theoretical results may be useful for understanding real
observations some examples of which are presented. We also show the effect of
gaps between the sampled populations. In the extension to 2-dimensional
spaces, we present in closed form the distributions of distances between nodes

of a lattice or of two lattices. These distributions might have applications

in ecology.






INTRODUCTION

The genetic study of an organism living over a wide area requires
sampling in different places within this area, and it is almost inevitable
that there will be genetic variation between these samples. Part of this
variation will undoubtedly be the result of adaptation to different
environmental niches, but even if the environment were homogeneous local
genetic differences due to random genetic drift would be very likely to
occur. The way in which an area is sampled has an important effect on
statistical estimates of this variation. Neili and Imaizumi (1966a,b,c), for
example, found that Fgp, evaluated in Japanese populations, depended on how
the populations were partitioned into subunits. In this paper we develop a
theory for the way in which the pattern of subdivision affects estimates of
genetic variation. This is accomplished using a classical migration model in
a situation where we vary the number of equal-sized arrays into which the
region under study is divided.

Gene frequencies have special statristical properties because of their
limitation to the interval [0,l1] and the sampling behavior that occurs at
reproduction. In addition, the pattern of migration among subpopulations
imposes a spatial structure on these frequencies. A variety of migration
distributions has been postulated since the first models of migration and
population subdivision were made (see review in Wijsmann and Cavalli-Sforza
1984) . In most of them, the probability of migration falls with distance,
usually in a Pareto-like manner, i.e. in inverse proportion to a power of
distance. This process generates a correlation between neighboring

populations, which also tends to fall with distance.






A gene frequency is a property of a population that consists of
individuals occupying a well defined space. If the population 1s distributed
homogeneously, there may be no obvious or natural subdivision of the space to
form subpopulations. It is more usual that some natural grouping into
subunits may be suggested by the geographic clustering of individuals. Ewven
in this case, however, there may be many possible spatial hierarchies with a
clear relationship between populations and areas, unless there is extreme
geographic mobility of individuals or groups. The concept of gene frequency
is therefore commonly extended from groups of individuals to clusters of
groups at some definite hierarchical level.

The evaluation of the variance among gene frequencies for populations or
areas, and its dependence on the way in which populations are combined to form
an area is complicated. In fact, the statistical properties of the gene
frequency of a larger area cannot be evaluated directly from that of its
component populations unless the relationships among the gene frequencies of
the subunits is known.

Meagures of gene frequency variation among populations have become widely
used as indicators of evolutlonary relationship. The theoretical properties
of these measures depend on the degree of subdivision of the area containing
the populations. In order for two such measures from different areas to be
compared, the patterns of subdivision for each area should, ideally, be the
same. Here we attempt to determine how measures of gene frequency variation
depend on the spatial organization of the populations studied. Knowledge of
the way in which statistics of dispersion depend on the level of subdivision
may enable us to better interpret the correlations between populations and to

understand the migration processes that produce them.



As our measure of dispersion we take the variance of gene frequencies
Py, where Py characterizes the i-th population (1 = 1,2,...,N). The mean
frequency in the system is 5. We consider the theoretical variance
n -2
r(py = p)/n

W= — — . (1)
p(l - p)

This quantity was shown by Wahlund (1928) to be equal to the relative decrease
of the expected frequency of heterozygotes in a population made by mixing
equal numbers of individuals from populations having different gene
frequencies, p;, for i =1,...,n. It was shown by S. Wright (1943) that

W can be equated to the inbreeding coefficient of subgroups (the subareas
into which a total area has been subdivided) with respect to the total

group. This variance is usually called Fgp. Here we use W because in what
follows we shall append several other subscripts to it.

Jorde (1985) has recently reviewed th; magnitudes of Fgp in human
population genetic studies. He has also shown that d;fferent subdivisions of
data aifect Fgr values. It follows that the comparison of FST values from
different sources may be meaningless, unless they are standardized in some
way. Zel et al. (1983) and Zei et al. (1986) have systematically studied the
effect of varying the number of subdivisions on large samples of surnames,
finding simple regularities which demand explanation.

In particular, the variance of the relative frequency of a surname in
Italy, standardized for the overall surname frequency by formula (1), varies
with the size of the geographic units forming the subarea from which the
population is sampled. If W is considered to be a function of the average
number of individuals N per subarea, log W decreases linearly with log ﬁ,
with a slope which, although not far from %3 is different in different parts

of Italy. This rule of dependence does not seem to satisfy any simple model.



THE MODEL

We assume that the population under study is a set of elementary
populations each of size N (effective population size)}, and nearest
neighbors exchange M migrants at every generation (i.e. with relative
frequency m = M/N). We use the unidimensional and two dimensional stepping
stone models proposed by Malecot (1951) and Kimura and Weiss (1964). In the
l-dimensional case, 1if Pi,c is the gene frequency of population 1 at

time t, it satisfies the recursion

m
Pyeer = - mpy o+ 5 (g ¢ T Piog ) (2)

A second, systematic force of change pulls the gene frequencies towards an
equilibrium value equal for all populations. This force, denoted by u,

could be mutation, or migration from an external population, or a linearized
selection process, or a combination of these, and is the same for all
populations. Under these conditions it was shown by Malecot and by Kimura and
Weiss (loc. cit.), that the asymptotic variance among different stochastic

realizations of a specific population is

£, = 1/(1 + 4N/2um) , (3)
and at the stationary state the correlation between gene frequencies of
populations which are J steps apart is approximately (see e.g. Crow and

Kimura, 1970 p. 477)



£ o= A (4)

where

A=e . (5)

Thus A 1is the stationary correlation between gene frequencies in adjacent
populations.

For a l-dimensional stepping stone model, (4) is a very good
approximation, except for extremely high values of A. For a 2-dimensional
model, the approximation is valid in a narrow range, and other approximations
should replace (3) and (4). While we do not know of a test of the validity of
the theoretical analog of formula (3) for 2-dimensional arrays, applications
to a wide range of data from human populations, including many 2-dimensicnal
examples, show that (4) is empirically valid (see e.g. Morton, 1982).

In what follows we shall estimate, for both 1- and 2-dimensional models,
the variance wb,n expected among blocks made each of n adjacent elementary
populations (units). This is a function of n, and of the number of blocks
b, the total number of units being nb = T. We also calculate the same
variance when blocks are not adjacent but separated by gaps made by £ units;
if ¢ =0 sgo that blocks are adjacent, the resulting wb,n,g is equal to
wb,n' For all of our calculations validity of (4) and stationarity are

assumed.



l-dimensional model: blocks of adjacent colonies.

We seek the variance W, among b blocks of n population units,
»

arranged as in Figure 1 which is drawn with n = 4,
Figure 1 here.

First we must compute the variance f; | among populations of one block
]
with n subpopulations, relative to that of blocks with n =1, fO,l' Here

£f5., 1is identical to f;5 in (3). In Appendix A we show using (4) that
]

fo,n _n(1 - 4%) - 2401 ~ &)
fo,1 n?(1 - a)?

. (6)

We also need the relative covariance /fo n between two blocks of n
»

fj ,n
populations situated j blocks apart. In Appendix B we show that the

covariance between adjacent blocks (j = 1) is

flo _ag - a?
0,1 nof(1 - m°

. (7)

To obtain the covariance of two blocks located j blocks apart, i.e. with

j = 1 blocks separating the two blocks in question, we simply multiply by

Ap(j“l). Thus

£y on AL yny2

f0,1 n2(1 - A)2

. (8)

Finally, dividing (6) by (8) we have the covariance between blocks at

distance j relative to the variance within a block:



£ 2 2, °
O0,n n(l - A") - 2A(1 - A")

We are now in a position to calculate the average variance between all
possible pairs of blocks which we suggest provides a reasonable representation
for Fgp 1in this situation., There are b(b -~ 1)/2 palrs of blocks across
which the average must be takenm. If x; and x, represent observed gene
frequencies in blocks which are j blocks apart then the variance among them
is obviously (%; - xk)2/2. Now viewing x; and x, as observations on the
random variables the contribution to the overall variance from these two is

(2f0,n - ij,n)lz = fO,n - fj,n
since fj,n is the variance between two blocks at distance j. Taking
account of all pairs of blocks that may be chosen in this way our value for

Fgp, namely wb,n can be obtained from

Wy o bl (b= Dy - £, )
g "2 I 55 -D  ° (10)
0,1 j=1 0,1
In Appendix C we show that this reduces to
"0 _ fon 2a[(b - 1) - A" + APP] (D
0n ., -
f0,1 fo,1 b(b - 1)[n(l ~ A%) - 2A(1 - a%)]

Some of the properties of Wb a Aare shown in Figure 2 where log Wb o is
3 3
drawn as a function of log b, for different values of A and of nb. The

curves in Figure 2 are calculated for =nb = 100, 1000 and 10,000. When A is



not too large and nb not too small, the relationship between Wb’n and b
is linear. Therefore, under these conditions, Fgp 1is proportional to b,
the number of blocks into which the area is partitioned.

A good approximation to (11), except for A large and T = nb small, is

W
fb’“ ~ b [bz - 2AC1 - &)] , (1la)

0,1 T¢( - &2

where z 1s the numerator of (6), namely z = n(l - A)2 - 281 - A™), In
fact the value computed using (l1la) is seen to be extremely close to the exact
values recorded in Figure 2 even for A as high as 0.9. A less exact
approximation to (11), which works well when A is not too high, and which
demonstrates the linearity of wb,n as a function of b for b not too

large, is

~ B/T(L - &) . ‘ (11b)

Figure 2 here.

The behavior of W suggests that by calculating the variance of gene
frequencies at each of various subdivisions of a given region, and plotting it
against the number of subdivisions, ah estimate of A can be extracted. This
estimate is independent of the geographic distance between elementary
populations. The procedure therefore offers an independent approach which can
be contrasted to the usual one in which the slope of the correlation between

pairs of villages with geographic distance is measured.
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Numerical example.

In a study of Italian populations in the upper Parma Valley (Cavalli-
Sforza, 1969) data from 75 villages were obtained concerning blood group
frequencies and demographic parameters. These data were never published in
extenso but a reanalysis of the complete set is under way (Barrai et al, in
preparation). Here we use data from 37 villages in the mountainous region
{higher than 500 m altitude) in which the effects of drift appeared in the
original analysis to be important. The roads connecting the 37 villages are
shown in Figure 3, as well as their geographic clustering. Two levels of
clustering are shown, one into 11 blocks of 3.6 villages each, on average, and
one into four blocks of 9.25 villages, on average. The Fgp value calculated
using the gene frequencies of the 37 villages, as well as the 11 block and 4
block arrangements are shown in Table 1. The Fgy values are averaged using
6 alleles (A, B, M, Ris Ry, r). It is clear that there is a marked effect of
the clustering. Fgp is reduced by a factor of 8.16 when the 4 blocks are

compared to the original 37 populations considered without clustering.

Figure 3 here.

Table 1 here,

From (1lb) we expect Fgr to be almost linear with respect to b for
small values of A and in Table 1 linearity does appear to fit quite well.
Deviation from linearity at upper values of b 1is expected in any case,
since Fgp 1is bounded by 1. The large errors associated with the estimates
of variances unfortunately preclude making much use of the deviation from

linearity for fitting purposes. With b = 4, 11, 37 and nb = 37 we obtain
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theoretical values of Wy n/fo | shown in Table 2 as functions of a selected
1 1

set of A values. The tabulated values have to be multiplied by £, before

they can be equated to the observed Fgp values. Clearly the value of A is

important in determining the dependence of Fgp on clustering (see last line

of Table 1). Indeed, as A + 0 the ratio w37,n/W4,n should approach

37/4 = 9.25.
Table 2 here.

The ratio, 8.l16, of observed values of Fgr at b= 37 and b = 4, together
with Table 2, suggest that A should take a value slightly less than 0.l.

An independent estimate of A can be obtained as an intraclass
correlation, using the difference between 1 and the ratic of the variance
between adjacent villages in Figure 3 and the variance of all pairs of
villages. This is found to be A = 0.088, in agreement with the expectation
mentioned above that A should be somewhat less than 0.l1. It is important to
note, however, that estimates such as these, based on ratiocs of variances, are
subject to large sampling error. Moreover, this approach ignores the
geographic distance between adjacent villages, which is very variable, and
therefore may underestimate the correlation.

Other estimation procedures based on the use of (3) and (5) suggest,
however, that the value of A from the Parma data should be higher. An
analysis by Barrai et al (in preparation) using the isolation-by-distance
model on these data produced a moderate éorrelation with geographic distance,
not significantly different from zero. The network of roads connecting the
villages is complicated, and appears to involve three linked circles with few

connections to the outside (Figure 3). Thus a simple isolation by distance
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model is not likely to be an adequate representation of the situation. A

simulation procedure has turned out to be more useful (Cavalli-Sforza and

Bodmer, 1970 Gh. 9).

Gaps between blocks.

An assumption made in the earlier treatment is that all blocks are
contiguous and there are no gaps between sampled blocks, although each
population may be sampled partially. Partial sampling will increase For by
a sampling variance which can be removed when sample size is known, as was
done in the numerical application to the data from the Parma Valley.

Cur procedure requires modification when there are gaps between blocks,
i.e. between the sampled populations. We will consider a regular pattern of

blocks and gaps, as in Figure 4.

Figure 4 here.

The number of population units per block is n, the total number of blocks
is b and ¢ 1is the number of population units in each gap. With £ =0 we
have fully contiguous blocks as before. The formula for the variance in this

situation, W is shown in Appendix C to be of the form

b,n;g’
"oanze | fon o 2a™la - aH? (b -1 - pa™ 4 220, | (12)
fo,0 fo,1 (1 - A"H2 b - DG - AY) - 2801 - AY)

If ¢ 1is small, W is only slightly higher than W . If ¢ 1is
b,n;.ﬁ b,n

large, however, tends to fO,n/fO,l as can be seen in Tsble 3 below,

W
b,n;2
where we have (b,n) = (100,1). Except for the highest value of A, the

effect of gaps is very modest.
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Table 3 here.

In practice, sampling is rarely done as in the numerical example given in
the earlier section, i.e. by sampling all or almost all contiguous population
units, Usually only one population is sampled in a location, and other
sampled populations are at some distance from one another. Although the
distance between nearest neighbors is far from regular, and the habitat is
rarely one—dimensional, it may be useful to give a formula derived from (12),
for the case in which the block is made of one population (n = 1), and there
are b blocks in the area studied with gaps between two adjacent ones of

length ¢ (in units of numbers of elementary populations):

Y W Vel (L - & - - Ab(“”)]
£5,1 (1 - At b(b - 1}

which must be multiplied by fO,l for comparison with empirical observations.

2-dimensional array of populations.

Suppose that the set of populations is arranged in a regular square
lattice of T x T elementary populations, and group these into square blocks
of n xn adjacent populatiomns. If T = bn, then the arrangement is a
lattice of b x b such adjacent blocks each of which contains n?
populations,

Call fO,n the probability that two genes sampled anywhere from within
one block of n x n populations are identical by descent {i.b.d.). This can

be calculated from the probability f; that two genes are sampled, one from a



population, and the other from another population at distance i from the
firgt. Here 1 1is given as "Manhattan block” distance (that is, distance

is given as number of rows + number of columms; 1i.e. between Pij and
Pi+3, j+4 the distance is 7). We assume f; 1is independent of the location
of populations in the grid and depends only on their distance apart. C(learly

we mist have
f n = Iy Dn(i)fi , (13)

where Dn(i) is the number of possible paths between two populations in an
n xn grid that produce a distance i between them. We have developed in

Appendix D a closed form for Dn(i), nanely, for 1 = 1,2,.,.,n
Dn(i) = 4nifn — 1) + 24(1 - 1)L + 1)/3 , {14a)
for i =n+3j with j = 1,2,...,n = 2

D_(1) = 2(a - NIa - P - 11/3 , (14b)

and Dn(O) = nz.

As this array may also be of some interest in other fields, e.g. in ecology,

we present in Table 4 numerical values of D,(i) for i =0,1,...,30 and
2n-2 4

n=2,...,16. Note that I Dn(i) =n ,
i=0

In order to compute the variance between blocks, we need f the

J,n’
probability that two genes, one chosen from one n x n block and the second
from another such block, at a distance J blocks apart, are i.b.d. We begin

with J =1, in which case the blocks are adjacent:

14
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3n-2

I C (1)f, , (15)
1

i=] ©

£ =
l,n/fO,l
where Cn(i) is the number of paths that are of length 1 between a
population in the first block and one in the second. An enumeration procedure

outlined in Appendix E produces the following values for C,(1).

For 1 =1,2,...,n, C(1) = ni? - 112 - 1)/3.

For 1 =nti, j = 1,2,...,0-1, C,(i) = [n(n - §)(2n + 55) + (3% - (23 - W)/3.

For 1 = 2n-1 + 3, i =12,..0,0n-1, G() =(n -3 -3+ -3+ 2)/3.
3n-2 4

Note that iil C (1) =n".

Table 5 presents the valuea of Cn(i) for n = 2,3,...,16, 1 =1,2,,..,30-2=46.
The coefficients Cn(i) are used again in the computation of f1 4
b

Clearly

£/

J,n fO,l - i+(J-1)n ° (16)

We are now in a position to compute the variance in an b x b array of
blocks, each of which consists of an n x n array of populations. There
are bz(b2 - 1)/2 ways of choosing a pair of clusters and of these Dy (J)
are J clusters apart where Dy(J) is computed for fO,n as in (13) and
(l4) with J =1,2,...,2b - 2. As in the derivation of (10), the expected

value for the variance is W 2 with
b ,n
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2,0 _ 2b;2 Dy (0)(Ey o~ £ )

$0.1 e=1  bE(bZ - 1)/2

2b-2 f

I D@L - 5
O,n 2=l O,n (an
£0,1 b2 (b2 - 1)/2
where

£ 3n-2
£,n

= § C()E .. .. .
fO,n j=1 1 i+(2-1)n

The use of these formulas depends on the availability of expressions
for fO,n and fl,n' In the two dimensional stepping stone model, a formula
for fO,l is given, but apparently has never been empirically tested with
satisfactory results. In this case for a range of u and m values, A 1is
also an exponential function of distance. The range of validity of this
approximation seems to be more restricted in the two dimensional case than for
one dimension. From empirical fitting, however, it seems that exponential

decay with distance 18 also a reasonable first approximation in two

dimensions.

DISCUSSION

The model presented here and the formulas derived help to predict the
behavior of the variance between values of a trait as a function of the kind
of geographic subdivision in the population. Our assumptions are that the
trait has reached a stationary state under a random walk model that generates
a correlation between subareas, which is higher the greater their geographic
propinquity. This correlation pattern is generated by random genetic drift of
gene frequencies, with migratory exchange between adjacent population units

(often known as the "stepping stone model").
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Under the conditions of the model, the correlation between gene
frequencies of two subareas falls exponentially with the geographic distance
between them, at rate A. In the case of gene frequencies, the varilance
between subareas is often standardized by dividing it by the mean gene
frequency times one minus the mean gene frequency. Such standardized
variances (often called Fgr) are to a large extent independent of the gene
frequencies being studied, and are closely related to kinship or identity by
descent.

The expected variation of Fgp in time and space is known; it is therefore
an important quantity to estimate, e.g. in human evolution (see e.g. Cavalli-
Sforza, 1966 and Lewontin and Krakauer 1973). The instability of Fgr
estimates observed by some authors in real populations (cited in the
introduction) are most probably due to sensitvity of this quantity to the size
of the area chosen for estimation of the variance between areas. An added
complication is that different geographic areas have very different population
densities. Ideally, one would like to carry out this analysis at the level of
"elementary” population units, but these may bhe difficult to recognize, and
may even be completely fictiomal if the population is not clustered
geographically, socially or otherwise. The present approach may still allow
evaluation of the correlation between adjacent units, real or fictional, by
determining the quantity A from the slope of the increase of Fgp with the
number of blocks into which the total area has been subdivided.

We have also examined the effect of sampling with gaps between the
subareas being sampled, and have shown that the effect of gaps on estimates is
modest, especially if A is not very large.

Extending this work to 2-dimensional lattices, the formulas derived here

produce functional relationships between W (FST) and the number of
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subdivisions of the general area which are similar to the corresponding ones
for the l-dimensional case (Fig. 2). In the 2-dimensional case, the slope

of W as a function of the number of blocks b 1is again unity in the double
logarithmic plot. Thus the relationship of W to b is one of
proportionality except for deviations that cccur at high values of b and

4, io a similar way to the l-dimensional case. Dimensionality does not,
therefore, seem to be the explanation for the deviation from proportionality
in the case of Italian surnames, which show an increase of log W with log
b whose slope is not far from 1/2. The possibility remains that for the case
of Italian surnames the values of A and b are high, in which case the
relationship between log W and log b is still not far from linearity but
not as steep as in the rest of the graph where the slope is 1.

Our analysis of 2-dimensional lattices has produced two new distributions
in closed form: one is the distribution of lengths of paths between any two
nodes of a square lattice (in Manhattan block units). This distribution is a
function of the edge length n (number of nodes per side) of the n x n
lattice, and is given numerically for n from 2 to 16 in Table 4. It is
bounded between 0 and 2n - 2, and is skewed to the left, The other
distribution is that of the lengths of paths conmnecting the nodes of a square
lattice with those of another, non-overlapping, square lattice. Lengths are
bounded between 1 and 3n - 2 if the two blocks are adjacent. If the two
blocks are not adjacent but at distance d in units of the lattice, then all
lengths are increased by d. The distribution is almost symmetrical.

Both distributions may be of some theoretical use in ecology, for
instance when the distribution of distances between pairs of plants in a

regular lattice is needed.
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Appendix A. Calculation of fo’,ﬂ/fo,1 of n populations with one block.
There are n2 ways to select two populations from each of which one gene
will be sampled. fO,l is the probability that two genes chosen from the same
population are indentical by descent (i.b.d.).l fO,n/fO,l is the average
probability of identity by descent in the block with n populations relative

to that in a single population. As always, stationarity 1s assumed.

£t = Lo’ + 2 - DA+ 20 - DA% + Lo+ 2% (Al)
0,1 n
n-l
= %—+ 35 £ (n-i)al
n i=l]
n—~1 n-1
Ll 280 -4 ) 2,y 0
n n 1 ~-A 2
n i=1

which reduces after some algebra to

fo,n _n( - &Y - 280 - AY
0,1 n?(1 - &)

s

as in (6).

Appendix B Computation of fj,n/fO,l
We consider two blocks each contalning n populations and when j =1

the blocks are adjacent. When j = 2 they are separated by a block of n

populations, etc. We first compute £, n/fo 1 and then multiply by
b 3

a3 o obtain fj,n/fO,l' For fl,n/fOI every population in each block

must be compared to every population in the other to give n2 comparisons.

Thus



f

fl’“ --15-{A + 2%+ o+ 08"+ (- DAV L+ ATy
0,1 =n
n n-1
+
- 35-{ : il + 1 - 0a™h |
n i=1 i=1
Now
n i A n n+l
r 1A = — [1 - (n+ DDA + nA 1
i=1 (1 - A)
and
n—-1 n+l n-1 n+l
s (a - i)An+i - nA 1(£ - A ) _ A . [1+ (o - I)Ap nAn-+1
i=1 (1 - 4A)

The sum of these reduces after considerable algebra to

fla_aa -4
]
f0,1 n2(1 - A)2

so that

Ein . ARGDHL ) ny

f0,1 n2(1 - A)2

Using (6) we can then write

fyon ___ant-bD¥g, _ o2
fo.n  a@1 - %) - 2801 - A
Wy
éggendix C. Evaluation of L .
£0.1
b ]

Rewrite (10) as

1.

(A2)

(a3)

(a4)

(A5)

(46)

(A7)



W £ b-l £
28 o2 BBy b - - B/ bk - D]
0,1 0,1 j=1 0,n
_ £0 2 - b;l 2pald"DHL | 4n2
0,1 j=1 b(b - 1)[n(1 - A%) - 2aC1 - A™)]
b-1 (n=§)+1,. _ 0.2
+ g 2iA 2(1 AY) _ (A8)
j=1 b(b - 1) [n(l - &%) - 2A(l - A")]
using (A7). Write (A8) as
W £
b,n O,n
o0 o R (1 -L, + L) . (49)
fo,1 to,1 12
Then after some algebra we have
L ab(1 - aMa[i - a™P7D)y
L v - D1 - a%) - 2a01 - &)
and
L = 28 PR - paP? 4+ b - AP
2 -

b(b - 1)[n(l - &%) - 2A(1 - A™)]

Combining these, (A9) reduces to

) (- 2a[b - 1 - bA" + A™®
0,1 Fo,1 b(b - 1)[a(l - A%) - 2A(1 - a™)]

which is (11).
When there are b blocks of n populations, with each pair of blocks
separated by a gap containing £ populations, the distance between two blocks

that are j blocks apart is (j - 1)n + jo. We write to indicate

fj(n),n

the compariscon between two such blocks. Then



A4

fj(z),n ) A“(j'1)+j£+1(1 _ Ap)z .
£0.1 nZ(1 - a)?
The corresponding variance is
" S 2. b-1 £,
Lamit 08 Yy gy - gy - ARy (p( - 1))
0,1 0,1 j=i 0,n

which after a considerable amount of algebra reduces to (12).

Appendix D. Two Dimensional Array of Populations: Computation of fo n*
b}
First we need to compute in an n x n grid how many populations are
0,1,2,...,2n - 2 steps apart where steps are either horizontal or vertical.
2 2

There are n“ x n“ ways of taking pairs of populations on the n x n grid if

ordering is included. Consider 3 types of pairs of populations:

{(a) n? population pairs where the pair is the same population sampled
twice. This gives nzfo.
(b) All those pairs where the second of the pair is in the same row or column

n n n
a8 the first. Including the reversed order this gives 4 ¢ T T £

1=1 j=1 ¢=j+1 71
as the contribution here.
(c) All those pairs where the second of the pair is in a different row or
n n n n
column from the first. This produces 4 ¢ I I by fk-i+ e
i1=1 j=l k=i+l ¢=j+l -]
The total is
) n n n n o n n
f =n"f +4 § I r f ., +4 f & z r f . - (ALO)
O,n 0 1=1 j=1 g=j+1 *7I i=1 j=1 k=i+1 g=j+1 K 1t2-]



By careful enumeration we may expand the coefficients of f; as follows:

fg.q = n2fg + én(n - DE) + 4lata - 2) + @ - D@ - DI,
+4[nn - N+ (n-~-DDmn-=-2)+ (- 2)(n - 1)]f3

+4[n(n -+ (a-Dm~-3)+n-2)n-2)+(n-3)n - 1)]f4 F oeree s

For k =1,2,...,n the coefficient of £, in fO,n is

k-1 :
D(k) =4 ¥ (n-1)(n-k+1) . (All)
n i=0

For k=n+j, with j =1,2,...,n - 2, the coefficient of fk is

n-j-1
)3

D (k) =4 (n -3 -4 . (Al2)

i=1

For k = 0 we have D_(0) = n’. The sums in (All) and (Al2) may be computed

in closed form as
Dn(k) = 4nk(n - k) + 2k(k - L){(k + 1)/3 , (Al3a)
for k = 1,2,...,n and
D_(k) = 2(n - Hla - H* - 11/3 , (A13b)

for k=n+3j and j = 1,2,...,n - 2. Direct computation gives
2n-2 4

T Dn(k) =n for each n.

k=0



Ab

Appendix E. Two dimensional array of populations: computation of fJ n*

The first computation is fl,n where one gene 1s sampled from one block
on the b x b grid and another from one of its neighbors on the b x b
grid. Here there is no fo term but the other two terms are adapted to cope
with pairs of populations from two adjacent n x n blocks. We first compare
populations on the same row, and then compare those of different rows. The
result is
n n n

f = I I r {f

L a +2 1 f
T §=1 g=1 k=1

i<k

(Al4)

nH -3 aHe-i+g i)

Note that in Appendix D computation of fO,n entailed that every connection
' between populations 1 and j was counted twice. For fl,n this doubling
does not occur, although there are still nZ x n2 connections.

We have devised an algorithm for computing the coefficients of f; 1in
(Al3) as follows: Define C (i) for the coefficient. Then we have different
forms for Cn(i) depending on whether 1 lies between 0 and n, n + 1 |

and 2n -1, or 2n and 3n - 2, as follows:

For i =1,2,...,n,

i-1
in+2 £ (1-2)n~2) .
£=1

€,y (1)

in + 2{i{(i - 1)n -

(L + n)i(i - 1) + i(d - 1)(21 - 1)]
2 6

i2n - 112 - /3 .

For i =n+1l, n+2, ..., 2n = 1 which we write as i =n + j with



j = 1,2,..-,!1 - 1’

n-1-4§

3 .
) =n{n - PND+2AEL@a~V@+e-PH+ I @-2){@-3-1)

=1

i—m

=n(2n - i) + 2{ L (n - 2)(2n -1 + 2) + L

=1

=1
2n-1-i

g=1

2
ma? - oy + 2092 - 320 + 10 : D _ iy + 1%(21 + 1),

+ 2[n2(n -1=-3)=-4n{n-1-3) - (2n =-3)(n -j)(n - 1 =j)/2

+(a=-1-3)=-3(2n-1-2j5/6]

=n{n - j)(2n + 5§)/3 + (3 - 1D({j + 1)(2j - n)/3.

FO]'.‘ i = 21’1, 211 + ]., ...,31:'1 - 2- Wl‘ite i
n-j
C(i) =2 £ e(n+1-3~2)
2=1
3n-1-i
=2 I 2(3n -1 -4¢)
i=1

= (- 3)n -3+ D@-=-3+2)3,

values of Cn(i) we have

=2n-1+]

using the above methods.

3n-2
f = I C (i), .
l,n =1 0 i
3n-2 4
Direct computation gives Cn(i) = n for each n.

i=1

(n-2)(2n~-41i-12)}

with j = 1,2,...,n -1.

With these
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Table 1

No. of blocks

No. of villages

FST = fO Wb,n Expected FST T
b per block (n) for linearity
37 1 .0261 + .0059 .02568
11 3.6 0080 = .0019 00804
4 9.2 0032 £ 0013 00319

*Fgr's calculated with the formula suggested by Weir and Cockerham

(1984) which corrects for sampling variance and averages over

alleles, with standard errors.

tCalculated from the regression F

ST

= .000693 b +

.00042.



Table 2. wb,n/fO,l values.

No. blocks No. villages
b in block A=,1 A= .2 A= .3 A= .4 A=.5 A= ,6
n
4 9.25 1285 1530 .1829 2198 +2660 3239
11 3.36 .3396 .3860 4361 L4893 5440 .5968
37 1 ‘ 9940 9866 H771 9646 9474 9223
Ratio last to first wb,n: 7.73 6 .45 5.34 4.39 3.56 2.85
.000787 .000868 000944

Slope of wb,n versus b:




Table 3. Variance with gaps; one—dimensional case.

A= .5 A= 9 A= .99
2 5 20 100 2 5 20 100 2 5 20 100
50 20 5 1 50 20 5 1 50 20 5 1
£ =0 058 JA38 437 980 273 478 J15 836 234 252 262 268
1 .058 139 441 .993 276 486 T42 .918 .240 .264 .304 438
5 058 J40 445 1.000 287 D11 .798 978 264 311 439 730
25 .058 140 445 1.000 .306 550 847 .999 371 491 742 .935
125 058 J40 445 1.000 .308 555 852 1.0 676 824 948 992




