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Introduction.

In its simplest form the Prisoner's Dilemma game (PD)} has two players
each of whom may cooperate or defect and as a result receives a payoff that
depends on the behavior of the pair. These payoffs are described in Table
1. The inequality R > (T + S)/2 simply entails that mutual cooperation is
more profitable than having an even chance to hurt or be hurt. Axelrod (1981)
(see also Axelrod and Hamilton 1981, and Axelrod 1984) considered repeated
performances of PD in which payoffs declined at each trial by a constant
geometric factor, w. This was viewed either as a probability of staying to
play PD again, or as an economic discount reducing later payoffs below
earlier ones. With either interpretation the payoff to any continued
strateqy, A, against another, B can then be computed and different
continued strategies compared as to the sum total of their payoffs. These
continued strategies, henceforth to be called strategies, are rules which
specify, perhaps probabilistically, what a player should play on a given trial

as a function of the game up to that trial.
Table 1 here.

The sum total payoff to a strateqy A playing against strategy B is
written V(A|B). One approach to the study of evolution in a population in
which individuals are characterized by their strategies is to take the set
of V(AIB) as fitnessés. The game theoretic view of evolution then considers
a population in which all individuals present use strateqy B and which is
confronted by a mutant strategy A. A 1is said to invade the population if

V(A{B) > V(B|B). [If V(A|B) = V(B|B) then Maynard Smith (1974) defines
invasion to occur if V(AJA) > V(B|A)].
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It is usual to consider the level of cooperation achieved for the
population as a whole in terms of those strategies such that, if the majority
of the population adopted them, cooperation would be the most common outcome
at each trial of PD. One such strategy is TIT FOR TAT (TFT) where the
player X cooperates on the first trial and subsequently does what Y did on
the previous trial. The potential for cooperation is high when TFT s
frequent because when two opponents each play TFT they will cooperate on
every trial. When the individuals (i.e. strategies) are assumed to compete at
random, Axelrod (1981, see also Axelrod and Hamilton 1981) showed that the
very uncooperative strategy all-D, where the player defects every time,
cannot be invaded. Further, TFT cannot be invaded provided that the

discount parameter w satisfies the inequality

SR T -
w > max( ¥ — R g ) . (1)

When (1) holds, these two results suggest that in a population defined by the
parameters of Table I and w, an initially small frequency of coogperative
strategies cannot increase to the state where the whole population is
cooperative.

Within the repeated PD paradigm, two approaches have been suggested by
which cooperation might successfully invade a population of defectors,
Axelrod (1981) suggested that if cooperative strategiéts preferentially play
against other cooperative strategists, rather than against random opponents,
cooperation may increase. Peck and Feldman {1986) allow payoffs to depend on
the frequency of cooperation. Under either of these assumptions conditions

may be derived that allow all-0 to be invaded.




A departure from the above standard parametric definition of PD that
allows cooperation to evolve was suggested by Thomas and Feldman (1986). They
suggested that the probability of continued interaction could depend on the
players' behavior at the current play of the game. This was termed a

behavior-dependent context and two special examples were considered. In the

first, a player's continuation probability depends on his own current play.

In the second, it depends on that of his opponent. In the former case, for

example, if the player plays cooperate (C) he continues to play with chance
w and if he defects (plays D) he continues to play with chance u. This we
shall call Model I. In the latter case the player stays in the game with

probabilities w and u according to whether his opponent plays C or D

at the current trial. This is called Model II. The qualitative rationale for
this extension of the usual PD model was made in terms of whether the player
sees himself as a leader or follower respectively.

Thomas and Feldman show that in these extended PD models there are
substantial areas of w > u for which TFT can invade all-D (in the sense
defined above). For the first model they also demonstrate that TFT and
allD may invade each other for a well-defined set of (u, w) pairs. This
raises the interesting possibility of a stable dimorphism in which both TFT
and all-D coexist.

In population biology, and evolutionary theory in general, the existence
of such polymorphic states is of importance for two reasons. First, variation
of a trait within a population is often observed. Possible reasons for the
existence and/or maintenance of this variation may be inferred from models of
the forces that are believed to affect the trait, and from these models the
strength of the forces may be experimentally measured. The use of

heterozygote advantage to explain a genetic dimorphism like sickle cell anemia



is an example. Second, a dimorphism, or more generally a polymorphism, may be
regarded as a transient phase in an ongoing evolutionary process. [t is then
theoretically important to determine the ranges of parameters that allow
further invasion and a higher level of polymorphic variability to be
established, those that maintain the status quo, and those that result in
eventual loss of the polymorphism.

Whereas the game-theory approach produces conditions for invasion by a
mutant "strategy, it does not in general provide information about subsequent
evolution. For this the dynamics of the system must be specified in full.
From these dynamics polymorphic equilibria (if any) and conditions for their
stability may be derived. Indeed any evolutionary information that emerges
from the game-theoretic analysis must also be extractable from the dynamic
analysis. The opposite implication is not true.

In this paper we make a dynamic analysis of the extended PD system
developed by Thomas and Feldman and derive conditions under which three
strategies coexist in a stable equilibrium. Most of our analysis is for the
case where the player perceives himself as the leader, namely Model I. As we
shall see, this model allows a greater chance of polymorphism than does Model
[1. Under these conditions the dichotomy TFT and all-D is qualitatively
insufficient to describe the evolution. We go on to show how Axelrod's (1981)
notion of clustering is dynamically equivalent to inbreeding in evolutionary
genetics. We conclude with some general remarks on models of evolutionary

dynamics of which the PD models are a special case.

Two Dimensional Dynamics: TFT and all-D.
The prototypical conflict between a cooperative and an egotistical
strategy is that between TFT and all-D. We represent the gain to each

playing against the two possible opponents as the two rows of a matrix:
.



Playing Against

TFT alt-D
TFT R/{1 - w) S + Pw/(l - u)
gain to (2)
all-D T+ Pu/(l - u) P/{(1 - u}

Each entry in the matrix (2) is the result of continued trials of the PD. As
suggested by Axelrod, in evolutionary terms these may be regarded as fitnesses
of the strategy heading a row in competition with that heading the column,

Now assume that at one point in time, a generation, individuals with these
strategies meet at random and play the continued PD that results in the
total payoffs in the matrix (2). Suppose that at time t (t = 0,1,2,3...)
the fraction of individuals with TFT is X¢ with y, =1 - x adopting
al1-D. A recursion for x; 1is produced by considering the average gain to
TFT, which plays TFT with chance x;, and gains R/{1 - w) as a result,
and plays allD with chance y, and gains S + wP/(1 - u) as a result.

Thus the average fitness of the strategy TFT against both alternatives is
Wi, = xtR/(l - W) + yt[S + wP/(1 - u)] (3)
Similarly the average fitness of all-D against both alternatives is
Wy, = xt[T + Pu/(1 - u)] + ytP/(l - u) . (4)

The constitution of the next generation, t + 1, is the result of competition

between TFT and all-D with fitnesses Wi, and Wo, respectively. Thus



E ¥

X Xy (x R/(1 = w) +y [S +wP/(l - u)]y (5a)

t+l
Yea1 = yt{xt[T +Pu/(1 - u)]+ ytP/(l - u)} (5b)

£1

where w 1is the sum of the right sides of (5a) and {5b) and is the mean
fitness of the whole population. (5a) and (5b) provide a complete
representation for the dynamical behavior of the population.

Consider the representation of (5a) for example as Xpp1 = f(xt). Then
the equilibria of the recursion are those values of ; that solve x = f(x),
namely

=1 (6a}

and

.~ [S(1L -~ u) - P{1 -w)1/(1 - u) (6b)
T+ Pu/(l - u) ~R/{T -w) + 1501 -u) =PI =W I/ = u)

-~

The first two are called fixation states and are monomorphic. xp, if it
exists, i.e. if 0 < ;p <1, 1is polymorphic; at ;p both TFT and all-D
exist. Now the dynamical analysis of (5a) and {5b) is facilitated by a very
important property of the function f in the representation above. We refer
to the fact that f(+) 1is a monotone increasing function. This allows the
global stability properties of the equilibria (6) to be inferred from their
Tocal stability properties.

The local stability of the equilibria is determined by linearizing the
recursion (Sa) (or (5b)) near the equilibrium, The equilibrium is locally
stable if the resulting linear transformation is stable, that is, if its
leading eigenvalue is less than unity in absolute value. Instability occurs
if the leading eigenvalue is greater than unity in absolute value. Since the
transformation (5a) is one dimensional, this procedure is extremely simple

here. In fact ;0 =0 is locally stable if
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lim Xe 41

- < 1 .
X, *Xg Xy (7)
i,e, if
S{1 - u) <P{1l -w), {8a)
and is locally unstable if
S{1 - u) > P(L -w) . (8b}

Thus if S{(1 - u) > P(1 - w} an initially small fraction of TFT introduced

where the population is largely all-D will increase. In other words, TFT

will invade all-D when (8b) holds. Similarly ;1 =1 is stable or unstable
according to whether
R P
1—-W>T+T—-u—u- (93)
or
1 -Rw <T+ 1 fuu (9b)

If (9b) holds, alil-D will invade a population that is entirely TFT.
Now consider ;p‘ For 0 < ;p <1 either both (8a) and (9a) must hold,
or both (8b) and (9b). In the case that both (8b) and (9b) hold, it is not

difficult to see that

UL (10)
X=Xp

-~

so that xp is locally stable. In fact, since f is monotone increasing,



;p is globally stable in this case. On the other hand, when (8a) and (%a)
hold, ;p is unstable and it divides the region such that xg > ; entails

-~

that x; converges to X = 1, while xg < xp entails that x; converges
to X0
Remark. The conditions have been written as strict inequalities to eliminate
the problem of unit eigenvalues. With unit eigenvalues the linear analysis
cannot produce the stability conditions and second order analysis is
required. While this is possible in the one-dimensional case, it may not be
in higher dimensions, so we do not pursue it further here.

The conditions (8b) and (9b) may be rewritten as

w> (P =S +Su)/P= fa(u) (8b%)
and

w<[T-R-(T-R-PWIIT - (T -Puls= f(u) (9b*)

{in accord with the definitions of Thomas and Feldman). For a nonempty region
of overlap of the validity of both (8b*) and {9b*), it is straightforward to

see that we must have ST > RP + S{(T - P)u. For this to hold, the inequality
ST > PR (10)

is necessary. Under this condition we have the graphical representation of
(8b*) and (9b*) given originally by Thomas and Feldman, and again here for
completeness as Figure 1,

The conditions for invasion of TFT by all-D and of all-D by TFT
using the dynamic analyses above are the same as those computed by Thomas and

Feldman (1986) using the game-theoretic arguments that do not involve the
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recursions (5). The existence and stability of ;p’ however, does not enter
into the game-theoretic analysis. Such polymorphic equilibria are important

for higher dimensional analysis.

Higher Dimensional Analysis.

Thomas and Feldman (1986), in their game-theoretic analysis of Model I,
suggested that there were six strategies whose accumulated payoffs in
playing TFT were such that they might invade TFT. These strategies were
all-C (ccC...), aal-D (almost all1-D, CDDD...), alt-CD (alternating CD,
¢pcocD,..), aal-C (bCCC...), alt-DC (DCDCDC...), and all-D (DDD...). Among
these all-C has somewhat special status vis a vis TFT because in
competition with each other their accumulated payoffs are the same,
R/(1 - w). In competition with the other strategies, however, TFT and all-
C accumulate different payoffs. TFT can be invaded by all-D and aal-D

under the same condition, namely

T-R - (T -R=Pu_

W<y = Al (9b*)
and by aal-C, alt-CD and alt-DC if
T -R+ Su _

w < T- (R -3 = fz(U) - (11)

In addition the conditions for any of the other six strategies to invade
al1-D can be shown to be (8b*), w > fa(u). Under each of the conditions
(8b*), (9b*) and (11) a single "resident" strategy is invaded by a mutant
strategy. We have seen in the previous section, however, that two strategies

might coexist. It is therefore important to derive conditions under which
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such a polymorphic population is invaded by a new mutant strategy. The
dynamic approach developed in the previous section for two strategies extends
naturally to higher dimensional interactions.

We begin by computing the payoffs to each of TFT and the six strategies
mentioned above playing against all of the same seven strategies. These
payoffs are represented by a 7 x 7 matrix which is given in Table 2,

The points we wish to make are evident from analysis of TFT, all1-D and
any of the other strategies except all-C. Replacing TFT by all-C does
not alter the qualitative picture. First we note that the functions f,(u)}
and f,{u) do not intersect for 0 < u <1 and that fi{u) < fp{u) in this
range if T +S > P +R. Thomas and Feldman define fy(u) = min(f,(u),
falul). Tﬁen if w < fy(u) any of the strategies in Table 2 (obviously
excluding all-C) invades TFT in both the game-theoretic and dynamic
senses. Further if w > f3(u) any of the six strategies invades all-D. Ffor
the regions w < fy(u) and w > f3(u) to overlap, as in Figure 1 we
require ST > PR, With this as background we consider the evolution of a
population in which the three strategies TFT, all-D and aal-D exist.

The three dimensional dynamical model takes x4, yy and 2z, to be the
frequencies of individuals playing TFT, all-D and aal-D respectively at
time t, with x4 + yy + z¢ = 1. From the payoff matrix Table 2 the

recursion for the evolution of the population is

2
WX T XX T-%jg *y (S ¢ T“EEEQ + 2z, (R + 5w + lpf =)} (12a)
- - Pu P Pu
- - Puw Pw Pw
Wz, zt{xt(R + Tw + T~ u) + yt(S + T'TTTT) + zt(R * T u)} (12¢)

=10-



where w, 1is the sum of the right hand sides.

t

Table 2 here.

The evolution described by (12) may usefully be regarded as occurring in
a triangle such that each vertex represents a strategy and the frequency of a
strategy at a point in the triangle is proportional to the perpendicular
distance from the vertex for that strategy to the opposite edge. Thus each
edge of the triangle represents the dimorphic state where one strategy is
absent. This geometrical analogy is widely used in population genetics.

There are three monomorphic equilibria, states of fixation in a single

strategy, f, = (1,0,0), jy = (0,1,0) and = (0,0,1) corresponding to the

5
population being 100% TFT, 1002 al1-D and 100% aal-D respectively. In
the previous section we saw that polymorphism is possible between TFT and
all-D. This we call an x-y polymorphism and it resides on the x-y edge of the
triangle. It exists and is stable with respect to perturbations on the x-y
edge under the conditions w < fy{u), w > f3{u) (see Figure 1). Clearly the
possibility also exists of equilibria on the y-z and x-z edges. Finally, an
equilibrium of the form x + 0, ; +0, z+0 is conceivable. From (12)
there may be only one such completely polymorphic isolated equilibrium

point. We proceed to the analysis of these equilibria.

S

Fixation states: Fixation in TFT, f, = (1,0,0) 1s stable to invasion by

all-D and aal-D if w> fl(u), and is unstable to invasion by each of

these if w < fy(u).
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Fixation in all-D, fy = (0,1,0) 1is stable to invasion by TFT and
aal-D if w < f3(u) and is unstable to invasion by these if w > f3(u).

Fixation in aal-D, f, = (0,0,1) is stable or unstable to invasion by
TFT according to whether w < fi{u) or w > fa(u). It is stable or unstable

to invasion by all-D according to whether
w>[T-R+ulR+P-T)]/P= felu) (13)

or w< fg(u). [We omit f, here because it was used with a different
meaning by Thomas and Feldman].

Each of these stability conditions for fixation in monomorphic states is
simple to derive because the linear approximations to (12) near these
fixations involve diagonal matrices. For example in the case of fixation in

aal-D, the transformation near the point (0,0,1) that approximates (12) is
= A R (14)

where the matrix A is

R + Sw + Pwo/(1 - u)

R+ Pw/(T - u) 0
0 T + Pu/{l - u)
R + wP(l - u)

Now it is easy to see that fg(u) » fy(u} with equality only at u = 1.
Thus if w < fj(u) and w > f3(u) all three of these strategies are mutually
invadable, from states of monomorphism. Thus, in view of the discussion of

two dimensional dynamics, under these conditions each of the three
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dimorphisms TFT-all-D, TFT-aal-D, ali-D-aal-D 1is stable when considered in
the absence of the third strategy.

This naturally raises the issue of invasion by the third strategy when
the other two are in a state of polymorphic equilibrium, In the geometrical
analogy these equilibria are points on the interior of the three edges of the
frequency triangle and the question is one of stability of these points to
invasion by the missing one.

Dimorphic equilibria: aal-D missing: In this case the edge equilibrium

is (;1, 1 - ;1, 0) with

: S(1 - u) - P(1 - w) e
bUs-u) - e ow ¢ HL W0 - W) ¥ Pl - W) - ROL - )

(See (6b)). Invasion by aal-D will occur from the neighborhood of this

point provided

lim §+1 >1, (17)
zt+9 t
Xp>Xq

namely

;ICR +Tw + Puw/(1 -u)] + (1 - 21)55 + P/ (1 - u)]

= = >1. (18)
X R/(1 - w) + (1 - xl)[S + Pw/{1 = u)]

Obviously (18) is true if R/(1 - w) <T + Pu/{l - u) which is equivalent
to w < fi(u). Thus (;1, 1 -,;1, 0) 1is stable or unstable to invasion by
aal-D according to whether w > fi(u) or w < fi(u).

TFT missing: Here the dimorphic equilibrium is (O, }2, 1 - 92) where
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- T-Ra-P+ulR+P-T)
( u)

Y2 T - R- P ruR+P-T) +5(1 - (19)

- P{l - w) *
and this is stable with respect to perturbations in the y-z boundary if
w> fa(u) and w < fg{u). In the same way as before this equilibrium is

unstable to invasion by TFT if

X
1im :+1 >1,
xt+9 t
yt*yZ

which occurs if S{(1 - u) > P(1 - w). That is TFT 1invades or does not
invade the all-D-aal-D equilibrium according to whether w > f3(u) or
w < fafu).

all-D missing. Here the TFT-aal-D equilibrium is (;3, 0, 1 - ;3)

where

s S(1 - u) = P(1 - w) (20
X3 T -y =PI - W) + T -uJ(l = w) = Pu(l -w) = R(IL - uJ * )

which is stable in the x-z edge if w < f;(u) and w > fy{u). This

equilibrium is unstable to invasion by all-D if

Y
Tim t+l >1,
yt+9 yt
Xy *X3

which occurs if

T+ Pu/(1 -u)> ;3[R + Tw + Puw/(1 - u)] + (1 - §3)ER + Pw/(1 - u}] . (21)

Condition (21) holds if w < fy(u) and w< fg{u). As we saw before
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filu) < fs{u). Hence if w < fi(u) the x-z edge equilibrium is unstable to
invasion by all-D. If w > fy(u) but w < fg{u) it is conceivable that
invasion occurs.

We may summarize as follows. If w < fi(u), w> f3(u) then all edge
equilibria are stable with respect to perturbations in their edges and
unstable with respect to invasion by the third strategy. Thus, under the
condition stated in the previous section that TFT-all-D maintain a stable
dimorphism none of the three edge equilibria is stable to invasion by the
third.

The final possibility for an isolated equilibrium is a full polymorphism,

i.e. one in which all three strategies have positive frequencies. Such an
equilibrium exists if (12) with the time subscripts removed has a solution

with x>0, y>0, z>0. Define

K = [P(l -w) - S(1 -u)l/{l - u) (22a)
_ R Pu

L= T-w ' "T-u (22b)

M=R=-T+P-S+g " = [S(1 - u) - P(L -w)]. (22¢)

Then at equilibrium

2
~ K A -~ K
x=D—,y-g—I‘, z=rl‘ {23a)
where
D =KZ+ ML +LK. (23b)

Then (23a) is a valid equilibrium if K >0, L>0, M>0 or K <O,
L <0, M<0. The condition K <0 1is simply w> f3(u) while L <0

-15-



entails w < fi(u). When K <0, L <0 vatidity of the equilibrium

requires M <0 or

(R =T)(1 -u) =Pu+P=5S(1 -u) +wlS(1l -u) -P(1 -wl<0. (24)

But when L < 0, i.e. w < fi{u) we also have w < fg{u). That is,

(R -T)(1 -u) - Pu < -wP . (25)

Substitute (25) into (24) and the left side of (24)

<[Pl =w) -S{1 -u)J(1 -w)
<0

if w> fa(u).

Thus, the conditions w < fi(u), w> f3(u) guarantee a valid polymorphism,
Now suppose K > 0, L >0 then w < fa(u), w> fi(u). From (24) it is easy
to see that if S+ T >R +P, M <0 and the equilibrium is invalid. On the
other hand if S + T < P + R then the situation is as depicted in Figure 2.
In the region w < fa{u), w > fg(u) it is possible that M > 0. This is the

case in which all vertex and edge equilibria are stable to all invasions.

Local stability of the three strateqy polymorphism.

Stability of the polymorphic equilibrium (23) to small perturbations in
(x,y,z) is determined by linearizing (12) in the neighborhood of (23). If the
leading eigenvalue of the resuliting matrix transformation is less than unity

in absolute value, the equilibrium is locally stable. If it is greater than
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unity, the equlibrium is locally unstable.

linear transformation is defined by a 2x2 matrix.

In the present case the local

In the recursion (12) let

us rewrite the three equations, with the obvious substitutions, as

X1

X

where obviously b =h and d=F

X

Y

Zz

this notation the polymorphism (23) becomes

AX

Ay

AZ

where A

~

Y=y+ Ey. Z =z + €,e

is the sum of the right sides.

tel - xt(axt + byt + czt) {12a')
pe1 = Yeldxg +oey, + fzi) (12p")
t+1 = zt(gxt + hyt + th) ’ (IZC')
and a, b, ¢, d, e, f, g, h, k > 0., With
bf + ch + ek - bk - ec - fh {23c)
dc + fg + ak - dk - af - gc (23d)
gh + hd + ae - ge - bd - ah (23e}
Near (23) write x = X + €y
Then €, % e T &y and the resulting linear

approximation to (12), written with primes to indicate the next generation, is

where

|+ (e=d)y + yL{a-b)x + (d-e)y + (g-h)z]

[}
€y y
]

E €
Z Z

(26)

(f=d)y + yl(a=c)x + (d-f)y + (g-k)z]

-

w

w

(h-g)z + z[(a-b)x + (d-e)y + (g-h)z]

W

1+ (k-)z + 2[(a-c)x

(d-f)y + (g-k)z]

-17-
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The eigenvalues of B are, therefore, the roots of a quadratic equation

Q(rx) = 0 and the following properties of Q may be verified.
(1) The sign of Q1) 1is the same as that of
fb + ch + ek - bk - ec - fh . (28}

When (28) is positive then for existence of the equilibrium the right
sides of (23d) and (23c) must also be positive, and in this case each
of the three dimorphic edge equilibria is invaded by the third
strategy.

(i1} Q'(l) > 0 when the right sides of (23) are each positive

(iii} Q(-1) >0 and Q'({-1) < 0. From properties (i), (ii), (ii{) it
follows that if the eigenvalues are real then the polymorphism is
stable.

{(iv) If the eigenvalues are imaginary they are less than unity if the
determinant of B 1is Tess than unity. In appendix A we show that
det B < 1 wunder the condition w < fy(u). Thus imaginary eigenvalues,

if they exist, must be less than unity in absolute value.
The conclusfon is that when w < fi(u), w > f3(u) all boundary

equilibria are unstable and the polymorphism with TFT, all-D and aal-D is

locally stable.
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Other three strategy cases.
Under the condition w < f;(u), TFT is invaded by all-D and aal-D.

Thomas and Feldman show that if w < fz(u) with
fa(u) = (T - R + Su)/[T = (R - S)ul

then the other strategies alt-CD, alt-DC, aal-C invade TFT., Thus, if

W < miﬁ[(fl(u), fa(u)] = fy(u), TFT will be invaded by all strategies (all-
C excepted). Further, if w > fa(u), all-D will be invaded by all
strategies. A natural question is whether TFT, all-B and any third
strategy can be polymorphic. It is not difficult to show that TFT and all-
D invade each of the strategies alt-CD, aal-C, alt-DC when w < fy(u},

w > fa(u). In fact it appears that some range of (u, w) values exists in
which TFT and all-D may coexist with any of the other strategies. We have
not gone on to the analysis of 4 strategies {or more) but model ! appears to

be conducive to the formation of higher-dimensional polymorphisms.

Model [I: Behavior dependent on opponent's play.

In this model the probability of playing again (the discount rate) is
w or u according to whether your opponent cooperates or defects. As
pointed out by Thomas and Feldman, optimal strategies against TFT in this
case are all-D and alt-DC (all-C 1is neutral against TFT)}, On the other
hand, no strategy can invade all-D (in the game-theoretic sense). Consider,
for example, TFT, all-D and alt-DC with frequencies x, y, and 2z in

the present generation. Then ‘in the next generation we have

; x' = x{xR/(l - w) + yts + PU/(}. - U)] + Z(S + Tu)/(l - uw)} (293)

-19-



"= oy (x[T + Pw/(1 - u)) +yP/(1 -u) +2z(P+ Tu)/(l - uw)} (29b)

9]
o
]

Z{x{T + Sw}/(1 - uw) + y(P + Su)/(1 - u2) + z(P + Ru) (1l - uw)} (29c)

1
~

where w is the sum of the right sides. Using the same analysis as above, it

becomes clear that fixation in all-D, ; =1, 1is a stable monomorphic
equilibrium for all parameter values that satisfy the PD,
From (29) fixation in TFT 1is unstable to the introduction of alt-DC

u > R -T(1 - W)R; Sw(l - w) . 91(") . (30)

Obviously, if w < (T - R)/T, u > gy(w). If w> (T -R)/T then (30) does
provide a constraint on u, as shown in Figure 3. Further, all-D invades

TFT if

T(1 -w) =R +Pw(l -=w) > [T(1 -w) =-Rlu, (31}

which is obviously true if w < (T - R)/T. When w > (T = R)}/T, all-D

invades TFT provided

u>R= Ta E f)Tzlpf(i)- W) = gylw) . (32)

Thus if u > max(gy(w), gp(w)), TFT will be invaded by both all-D and
a]t-DCo
Returning to (29) it is clear that all-D always invades from fixation

in alt-DC (since T > R). TFT invades alt-DC if

u> (P -S8)/T -R) (33)

-20-
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which may occur if S + T >R + P, The double hatched region of Figure 3
represents the set of (u, w) points for which alt-DC invades TFT, and vice
versa, and where all-D invades TFT. A cursory numerical search has
revealed no equilibria with all three strategies present in this case. It
appears that when the invader is a follower, as we envisage in model II,
cooperation has much less chance of long term success than when the invader

acts as a leader.

Clustering or assortative meeting.

Axelrod (1981) pointed out that when w = u, so that all-D cannot be
invaded by TFT when the continued PD 1is played between randomly chosen
partners, invasion might occur when partners are chosen non-randomly. In
particular, if TFT 1is the invading strategy, and individuals playing TFT
choose with probability pp to play only with TFT, while with probability
1 - pp they choose partners a random, then when py is large enough TFT
may invade. Axelrod termed this clustering. The dynamic formulation of this
process is assimilar to Wright's (1921) model of assortative mating. A
discussion of a similar process by Eshel and Cavalli-Sforza (1982} invoked the

term assortative meeting. These authors demonstrated that the process of

assorting may allow initial increase of traits which in the absence of
assorting were destined to extinction (see also Cavalli-Sforza and Feldman,
1983).

Return now to the recursion (5) for the evolution of TFT and all-D,
and suppose that p, and pg are the respective probabilities that TFT

and all-D assort. Then (5) becomes
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2
(1 - py)~ x (1 - pa)(1 - pgly
# xpay = Kellpg # ———n—LIR/(L = w) + — AR (s« 0T} (34)
(1 - pg)°y (1 = py){1 - pglx
Wype = Yylleg * 1 P/ - u) : 3 Bt (1 + ) (340)

where w is the sum of the right sides and Q = (1 = pa)x¢ + (1 - Pgly;.
Except for the asymmetry in the fitness (34) is similar to population genetic

models of mixed assorting and random mating with selection, Clearly TFT

increases when rare if

R Pw P(1 - w) -5S(1-u)
pA[’l—-—w'S-l_u1>( s . (35)

This is equivalent to Axelrod's game-theoretic criterion. When w =u as in
Axeirod's original treatment, the right side is positive since P > 5, and
the left side is positive since R > P, In this case if R - P 1is large
compared to (P - S)(1 - w) then p, does not have to be too large for (35} to
hold. Note that condition (35) differs from that expected from the analyses
of Hamilton {1971} and Hines and Maynard Smith (1979) (see also Aoki, 1984)
who included a coefficient of relatedness among members of the cluster as part
of an overall fitness for each strategy.

The inclusion of assorting may permit the initial increase of TFT, but
it may not result in its taking over the population. Suppose for example
that pg = 0 and that {9b) holds so that all-D inﬁreases when rare in a
population of mostly TFT strategists. I[f {35) holds, then there is a

polymorphic equilibrium with the frequency of TFT at

R Pw P(l1 - w
s pAEI WS " T u:| + s+ 1 -u ]

_R_ o _ P Pw o . _R .
S i T e A TR Al poware

(36)

>
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Axelrod {1981) gives the example in the case u =w with R/(l - w) = 30,
P/(1 -w) =10, S+ Pw/(1 -w) =9, in which case py > 1/21 allows TFT
to increase when rare. If we take T + Pw/(l - w) =35 and pp = 0.05 > 1/21,
then from (36) x is about 1%. If py = 0.1 then x is about 17%.

Thus, unless the value of T + Pw/(l -~ w) 1is specified, the ultimate
evolutionary fate of TFT, even though it may invade all-D, cannot be
determined. Nevertheless, as is generally the case in the evolution of social

traits which are individually disadvantageous, assortative meeting or

clustering enhances the chance that TFT increases when sufficiently rare.

Discussion.

OQur model I where an individual's own previous behavior determines his
probability of staying in the game certainly allows for the increase of TFT
from an initially rare state. Model Il does not. Model [ also allows for
polymorphism among strategies, the analysis of which is best carried out using
the full dynamics of the system. The game-theoretic and dynamic approaches
must agree when one strategy is fixed and a second is introduced at low
frequency.

Although there is currently considerable interest among animal
behaviorists in making the identification between observed aspects of social
behavior and the PD game, with special emphasis on TFT, our analysis
suggests that caution-is necessary. The nature of the decision making process
(if any) in animal conflicts is poorly understood. Yet the two simple cases
described above illustrate how dependent evolutionary prediction must be on
this process. In particular, situations in which the previous behaviors of
both participants interact to affect payoffs or continuation probabilities
might produce an even broader spectrum of evolutionary trajectories than we

have reported
-23-



The three strategy dynamic (12} is a particular case of the system

a.. X y i=1,2, 3 (37)

" .
L e

II.M L7

t %i,t+1 T XLt ;

with w,_ = When = a this is the familiar dynamic

t
for three a

HRA R R Ry My 7 %
e

leles at one locus in population genetics. In this symmetric

—t e

situation the condition for stability of a three allele polymorphism is
commonfy referred to as Mandel's criterion (Mandel, 1959; see also Kingman,
1961). The condition is that the determinants of the principal submatrices,
Ay for the 1ith, alternate in sign; i.e. (-1)i+1 8; > 0 for i=1, 2, 3.

It is somewhat surprising that with the asymmetric fitness matrix in (12)
the condition that determines the local stability of the 3-strategy
polymorphism (23) is also Mandel's criterion, namely that expression (28) be
positive. This is surprising because it is well known that for (37) with a
general asymmetric matrix "aij" stability of the polymorphic equilibrium is
not equivalent to Mandel's criterion. (See e.g. Cockerham et al. 1972).

How freguently does Mandel's criterion give the wrong result? We sampled

3

4000 sets of (a i,je1

} at random from a uniform distribution on (0, 1). Of

1]
these, 965 produced polymorphic equilibria (;1, X2 ;3) with 0 < ;i <1,

Lx; = 1. Stability of these equilibria was determined globally (and locally)
and the determinants of the principal minors of naiju computed. Of the 965,
210 were stable and of these 24 produced a violation of the alternating
determinant condition, 755 were unstable and of these 15 satisfied Mandel's
criterion for stability. Thus, in only about 4% of the cases was there
disagreement between true stability and Mandel's criterion for symmetric

fitness matrices.
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Appendix A, Evaluation of det B

It is required to evaluate det B under the definition of a, b, ¢, d,
e, f, g, h, kK given by comparing (12a), {12b), (12¢) with (12a') (12b'),
(12c') respectively. In fact the equilibrium (23) will be locally stable if
the eigenvalues of B in (26a) are imaginary and if det B < 1. Expanding

(27), we have det B <1 if

xyl(e - d +a - b)(ax + by +c2) + 2]
+ ;zt(k -g+a- c)(a; + b} + cz) + ;Az]
+yzl(k - £ + e - h)(ax + by + cz) + xa,]

<0 (A1)

where Al’ .

,» 85 are the right sides of (23c), (23d), {23e) respectively.

Now, when each of the three pure fixation states and each of the three edge

dimorphic equilibria is unstable, Al, 62’ A3 are all positive and

(e -d+a-b),{k-g+a-c), (k-f+e-~-nh) are all negative.

Considering only the terms in x } z it is sufficient to show
A+cle-d+a-b)+blk-g+a-c)+alk-f+e-nhn)<0, (A2)
where A = Ay + 8, + LP Expanding, {A2) holds if

(c +e-f){a-9g)+(a-d)(b+k-h)+ale-h+k-Ff)
+ ek - bc + (b - h){f - c)
<0. ' (A3}
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Now b >e, ¢ >k when the vertices are unstable. It therefore remains to

show that

(c+e-f)la-g)+(a=-d{b+k=-h)+(b-h}{f-c)<0, (A4)

i
=2

Now in the present case b and

WR/(1 = W) = T = Pu/(1 - u)]

{a - g)

(13

wia - d) . (A5)

Substituting (A4) into (A5) and replacing a, ¢, e, f; k, d by their

expansions from (12), the left side of (A4) becomes

3
R + r2 b Py - WT + R ¥ Swe k1) L (A6)

The first bracketed term of {A6) is negative when w < fi{u) and R >S5 + 7T
from the specification of PD. Hence the second bracketed term is positive.
We have therefore shown that the (A4) is true and the determinant of B is

Tess than unity.
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