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Motivation

m Kernel-based algorithms:
¥ SVMs, Kernel Ridge Regression, KPCA.
¥ arbitrary positive debnite kern&l: X xX —R
¥ kernel matrixk eR™ " .

m Computational cost for large-scale problems:
¥ I( n?) space.
¥ O(n®) time for matrix inversion or SVD.
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Example

m |nvert a large matrix with =18M
¥K! 1300TB.
3£320000x 4GB RAM machines.

| [terative methods:
¥ require matrix-vector products.
¥not suitable for very large dense matrices.

m Sampling-based low-rank approximation:
¥compute and store onlj! n columns gf
¥—» column-sampling, NystrSsm method.
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This Talk

m Algorithms
® Empirical results

m Guarantees

Mehryar Mohri - Courant & Google page 4



Low-Rank Approximation

m Positive debnite symmetric matkx R™ "
¥ singular value decomposition (SVR) UIU T
¥ bestk -rank approximatiork .= U, X, U/

m QObjectives

¥ pbnd approximatioK, oK, in linear time with
respect ton .

¥minimize reconstruction erroffk — K|
with¢=2, F

¥ similar loss in learningx (hs) ! L & (&)
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Nystrsm Approximation

(Williams & Seeger, 2000; Drineas and Mahoney, 2
m Sampling: columns froR— C

C
K = W n Kgl
Ka1| Koo
a K<I .
Approximationk <| whenk=1, eg.to
K = CW /[C'. Ko — Koy WKy,

m Computational cost:
¥ SVD ofw :0(?) .
¥ computation ofK D(nlk) .
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Nystrsm Woodbury Approximation

(Williams & Seeger, 200C
m Matrix inversion lemma:

I+ K) !
~ (AL + ﬁ)_l

= (A\I+ CW/{C'")"
= %(I - C@I + WZCTCD”W;;CT).

1

Inversion of amx!l matrix
Instead of amxn one.
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Applications

m Examples
¥ Spectral Clusteringouwices et al., 2004)
¥ Kernel Ridge Regressi@fres, MM, and Taiwalkar, AISTATS 2010)
¥ SupportVector Machinggine and scheinberg, 2001)
¥ Kernel Logistic RegressiQusmarker et al, 2007)

¥ Manifold Learnin@umar and Talwalkar, 2008)
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Large-Scale Manifold Learning

m NystrSm Isomap on 18M web faces:
¥ largest-scale study to date.

m Visualization suggests good embedding
¥ PeopleHopper on Orkut.

Shortest path between images of various celebrities
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Fixed Sampling

m Fixed distribution over columns:
¥ uniformo(1).
¥ diagonab(n) .
¥ column-normo(n?) .

® Empirical results:

¥ uniform sampling w/o replacement: best rest
and fastest for real-world datasets
(Kumar, MM, and Talwalkar, 20Q9)

¥method typically used In practice.
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Adaptive Sampling

m Adaptive selection of columns, pre-processing:
¥ sparse greedy approximati@ola and schoelkopf, 2000
¥incomplete Cholesky decompositi@fhe and

Scheinberg, 2002; Bach and Jordan, 2002)
¥ ad aptlve NyStré M Kumar, MM, and Talwalkar, ICML 2009)
¥ k'meanSZhang,Tsang, and Kwok, 2009)

® Results:
¥ can achieve better performance.
¥ but very costly, no parallelization.
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Ensemble Nystrsm

(Kumar, MM, and Talwalkar, NIPS 20(
m Samplel=pm+ s columns.

¥ psamples,,...,S, of size
¥ validation sample of size

m Approximation convex combination qf base
NystrSm approximations.

p
Kens =Y pKr,  withpeA.
k=1

m Computational costO(pm?®+ pmkn+ C(l)) .
¥ parallelization: cost similar to single Nystrsm.
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Ensemble Weights

m Uniform:ur = 1/p.

m Exponentiafy. =exp(! !'!.)/Z , with

¥nzolearning parameter, normalization factor
ande; error of r th expert.

m Regression based weights:

P N 2
min Aluf3 + || D i Kr — K
' r=1

-
¥ similar with a Lasso-type objective.

¥in practice: non-negativity condition and
regularization have small effects.
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Ensemble Nystrsm - Experiment
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m Relative error:!
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Ensemble Nystrsm - Experiment
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Ensemble Nystrsm - Experiment

Ensemble Method 7 MNIST
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Ensemble Nystrsm - Experiment
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Ensemble Nystrsm - Experiment

Large Scale Ensemble Study
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m Fixed-time constraint. 1M points.
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Nystrsm Learning Bounds

(Kumar, MM, and Talwalkar, NIPS 20
®m Theorenm assume that the columns are drawn

uniformly w/o replacement. Then, for afiy0 ,w
probability at least! !

K" Kensla , 1K™ Kyl 1 #P—
K1, ik, O %F 1+ logr

m Similar bounds for Frobenius norm. More favore
bounds for ensemble Nystrsm.
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Kernel Stabllity

(Cortes, MM, and Talwalkar, AISTATS 20:
a Scenario

¥ samples=((x1,y1), ..., (Xn, Yu)) ! (X" Y)™.
¥ training withk ' instead oK
¥ testing with the true kernel function.

m Question

¥how does the use of the approximate kern€l
affect the learning performance?

¥ algorithm-dependent.
¥ bounds in terms ofK' — K|
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Kernel Stablility - Ridge Regressi

(Cortes, MM, and Talwalkar, AISTATS 20:
m Optimization problem

max ! (K4 AonI)! —2! " y.

m Theorem assume thahax(K (X, X), K (X, x)) <R?
andly|! M | then
2
vxeX, |h’'(x) —h(x)| < RI)ZM
"0

1K' — K2

m Similar guarantees for several other algorithms
SVMs, SVR, kernel PCA.
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Kernel Ridge Regression + Nystrs

(Kumar, MM, and Talwalkar, NIPS 20
m Theorentunder the same kernel stabllity

assumptions and for uniform sampling w/o

replacement, for any>0 , with probability at
leastl! !

1w
Ve € X, |h'(x) — h(z)| <

kM . "
)\%m ”K _KkH2+ %Kmax 2+|Og%
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Conclusion

m Ensemble Nystrsm algorithm.
¥signibcant performance improvement.
¥ very large-scale experiments.

® Guarantees:
¥ Nystrdm learning bounds.
¥ algorithmic kernel stability.

m Better algorithms based on the combination of
spectral error and kernel stabillity.
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