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Sparsification

Approximateany graphGby a sparse
graphH.

G

Z Nontrivial statement abouiG
Z His faster to compute with thas



Cut Sparsifiers [Bencz#r A OC A O

HapproximatesG if
for every cutS2V
sum of weights of edges leavir)s preserved

~

Can findH with O(nlogng?) edges irO(m)  time



The Laplacian (quick review)

Quadratic form
z.:V —R

:BTLGaC — Z cuv(x(u) — 37(7)))2
uvekl
Positive semidefinite
Ker(Lg)=span() if Gis connected



Cuts and the Quadratic Form

For characteristic vectors € {0,1}" of SCV

JJELGzCS = Z cuv(z(u) — 37(7)))2
uvel

= 2. Cw

wve(S,S)
= wtg(S, S)

So BK says:

<1l4e Vze{01}"



A Stronger Notion

For characteristic vectozs € {0,1}", S CV

JJELGzCS = Z cuv(z(u) — 37(7)))2
uvel

= 2. Cw

wve(S,S)
= witg (S, 5)

So BK says:




Why?



1. All eigenvalues are preserved

By CourantFischer,
(1 = e)A(G) S XN(H) < (1 +e)Ni(G)

GandH have similar eigenvalues.

For spectral purpose$; andH are equivalent.



1. All eigenvalues are preserved

By CourantFischer,

(1 = e)Ai(G) < A(H) < (1 +e)A(G)

GandH have simi}ar}\walues.
\

cf. matrix sparsifiers
[AMO1,FKV04,AHKO05]

ILG — L2 <€
\- /

For spectral pury Nt.




2. Linear System Solvers

Conj. Gradient solve Az = b in

VE(A)ymlog(1/e)

71\

max(z'Az)  nnz(A) ignore
min(xz! Ax)

(time to
mult. by A)



2. Preconditioning

Find easy3 that approximatesA .
Solve B—1 Ax = B~ 1p instead.

VE(B™LA)(m + solve(B)) log(1/e)

w1 Az Time to solve

Max 08
xz* Bx Byzc

: 1 5
min . (mult.by B—1)




2. Preconditioning

| 4 )
Find eas\F sA .

SoveB—Y UseB=L? |stead.

_ y
VE(B™LA)(m + solve(B)) log(1/e)

/ AN

1+ ¢

1 — €

K —

= O(1) ?




2. Preconditioning

~

Find eaS)B( SpielmanTeng pA -

Solve B—1

r 34/ # O|Héay.
Nearly linear time.

J

\_
VE(B™LA)(m + solve(B)) log(1/e)

/

AN

— Iogo(l) n O(m 10g©(1) n)




Examples



Example: Sparsify Complete Graph by
Ramanujan Expander

Gis complete om vertices. A;(Lg) = n

Hisd-regular Ramanujan graph\;(Lg) ~ d
Ni(gLH) ~n



Example: Sparsify Complete Graph by
Ramanujan Expander

Gis complete om vertices. A;(Lg) = n

Hisd-regular Ramanujan graphX;(Lz) ~ d
Ni(gLH) ~n
a:T(%LH)a: 1
vl Lox
- Each edge has weight (n/d)

So,7H Is agood sparsifielGor




Example: Dumbell

d-regular
Ramanujan
times n/d

d-regular
Ramanujan
times n/d



Example: Dumbell

d-regular
Ramanujan
times n/d

d-regular
Ramanujan
times n/d

G=G1+ Go+ G3
t1'Gr = 21 Gix + 21 Gox + 21 Gz



Example: Dumbell. Must include cut edge

e

X(V) = 0 here T X(V) = 1 here
Only this edge contributes to
XTLeX = Cuu(X(U) i X(v))?

(u;v)2E

If eBH;: x'Lyx=0



Results



Main Theorem

————————————————————————————————————————————————————————————————

EveryG=(V,E,containsH=(V,F,d)with
. O(nlognk?) edges such that:



Main Theorem
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EveryG=(V,E,containsH=(V,F,d)with
. O(nlognk?) edges such that:



Main Theorem

————————————————————————————————————————————————————————————————

. EveryG=(V,E,c)xontainsH=(V,F,d)with
. O(nlognk?) edges such that:

————————————————————————————————————————————————————————————————

Improvesr " + 0 &Y
Improves O(nlo§n) sparsifiers 3 4 0 ®1 ¥



How?

Electrical Flows.



Effective Resistance

ldentify each edge of G with a unit resistor

Rafr(e)is resistance between endpoints of e

o 1 o

N

e




Effective Resistance

ldentify each edge of G with a unit resistor

Rafr(e)is resistance between endpoints of e

1
U, LV
Resistance of 1 1
path is 2 ©



Effective Resistance

ldentify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

1
U O
Resistance of 1 1
path is 2 © 1
1=2+ 1=1

Resistance from u to v
IS

2=3



Effective Resistance

ldentify each edge of G with a unit resistor

Rafr(e)is resistance between endpoints of e

m@ i(u;v):2:3>m -1 P

1/3 -1/3 -
i (u; Q) %@4;) = 1=3
0




Effective Resistance

ldentify each edge of G with a unit resistor

Refr(e)is resistance between endpoints of e

'd N\
@ @
/ \\ I‘\\
/ \ II N

. = potential difference between endpoints Wheril
flow one unit from one endpoint to other

__________________________________________________________________



Effective Resistance

Refr(e) = Pspanning Tle € T

r # EAl AOA AO



