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Motivation   
ωRunning time of an algorithm is sum of 3 terms:

Å # flops * time_per_flop

Å # words moved / bandwidth

Å # messages * latency

ωExponentially growing gaps between

ÅTime_per_flop<< 1/Network BW << Network Latency

ÅImproving   59%/year  vs 26%/year  vs 15%/year

ÅTime_per_flop<< 1/Memory BW << Memory Latency

ÅImproving   59%/year  vs 23%/year  vs 5.5%/year

ÅGoal : reorganize linear algebra to avoidcommunication

ωNot just hidingcommunication (speedup ¢2x ) 

ωArbitrary speedups possible

communication
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Why all our problems are solved for dense linear algebraς
in theory

Å(Talk by IoanaDumitriuon Monday)
ÅThm(D., Dumitriu, Holtz, Kleinberg) (Numer.Math. 2007)

ïGiven any matmul running in O(nw) ops for some w>2, it can be 
made stable and still run in O(nw+e) ops, for any e>0.

ÅCurrent record: wº2.38
ÅThm(D., Dumitriu, Holtz) (Numer. Math. 2008)

ïGiven any stable matmul running in O(nw+e) ops, it is possible     
to do backward stable dense linear algebra in O(nw+e) ops:
ÅGEPP,   QR 
Årank revealing QR (randomized)
Å(Generalized) Schurdecomposition, SVD (randomized)

ÅAlso reduces communication toO(nw+e) 
ÅBut constants?

8



Summary (1) ςAvoiding Communication in 
Dense Linear Algebra

ÅQR or LU decomposition of m x n matrix, m >> n
ïParallel implementation
ÅConventional: O( n log p ) messages

ÅάbŜǿέ: O( log p ) messages - optimal

ïSerial implementation with fast memory of size F
ÅConventional: O( mn/F ) moves of data from slow to fast memory

ïmn/F = how many times larger matrix is than fast memory

ÅάbŜǿέ: O(1) moves of data - optimal

ïLots of speed up possible (measured and modeled) 
ÅPrice: some redundant computation, stability?

ÅExtends to square case, with optimality results

ÅExtends to other architectures  (egmulticore)

Å(Talk by JulienLangouMonday, on QR)



Minimizing Comm. in Parallel QR

W = 

W0

W1

W2

W3

R00

R10

R20

R30

R01

R11

R02

ÅQR decomposition of m x n matrix W,  m >> n
Å¢{vw Ґ ά¢ŀƭƭ {ƪƛƴƴȅ vwέ
ÅP processors, block row layout

ÅUsual Parallel Algorithm
ÅCompute Householder vector for each column
ÅNumber of messages ́n log P

ÅCommunication Avoiding Algorithm
ÅReduction operation, with QR as operator
ÅNumber of messages ́log P



TSQR in more detail 
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Q is represented implicitly as a product          
(tree of factors)



Minimizing Communication in TSQR

W = 

W0

W1

W2

W3

R00

R10
R20

R30

R01

R11

R02Parallel:

W = 

W0

W1

W2

W3

R01
R02

R00

R03

Sequential:

W = 

W0

W1

W2

W3

R00

R01
R01

R11

R02

R11

R03

Dual Core:

Choose reduction tree dynamically

Multicore / Multisocket / Multirack / Multisite / Out-of-core:  ?



Performance of TSQR vsSca/LAPACK

ÅParallel
ïPentium III cluster, Dolphin Interconnect, MPICH

ÅUp to 6.7x speedup(16 procs, 100K x 200)

ïBlueGene/L

ÅUp to 4x speedup (32 procs, 1M x 50)

ïBoth use Elmroth-Gustavsonlocally ςenabled by TSQR

ÅSequential  
ïOOC on PowerPC laptop

ÅAs little as 2x slowdown vs(predicted) infinite DRAM

ÅSee UC Berkeley EECS Tech Report 2008-74



QR for General Matrices
ÅCAQR ςCommunication Avoiding QR for general A
ïUse TSQR for panel factorizations
ïApply to rest of matrix

ÅCost of CAQR  vs {Ŏŀ[!t!/YΩǎPDGEQRF
ïn x n matrix on P1/2 x P1/2 processor grid, block size b
ïFlops:           (4/3)n3/P + (3/4)n2b log P/P1/2   vs (4/3)n3/P 
ïBandwidth: (3/4)n2 log P/P1/2 vs same
ïLatency:        2.5 n log P / b vs 1.5 n log  P

ÅClose to optimal (modulo log P factors)
ïAssume: O(n2/P) memory/processor, O(n3) algorithm,  
ïChoose b near  n / P1/2  (its upper bound)
ïBandwidth lower bound: W(n2 /P1/2) ςjust log(P) smaller
ïLatency lower bound: W(P1/2) ςjust polylog(P) smaller
ïExtension of Irony/Toledo/Tishkin(2004)

ÅImplementation ςWǳƭƛŜƴΩǎsummer project



Modeled Speedups of CAQR vs ScaLAPACK

Petascale 
up to 22.9x

IBM Power 5
up to 9.7x

άDǊƛŘέ
up to 11x

Petascale machine with 8192 procs, each at 500 GFlops/s, a bandwidth of 4 GB/s.

./102,10,102 9512 wordsss --- Ö==Ö= bag



TSLU:  LU factorization of a tall skinny matrix
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First try the obvious generalization of TSQR:



Growth factor for TSLU based factorization

Unstable for large P and large matrices.
When P = # rows, TSLU is equivalent to parallel pivoting.

Courtesy of H. Xiang



Making TSLU Stable

ÅAt each node in tree, TSLU selects b pivot rows from 2b 
candidates from its 2 child nodes

ÅAt each node, do LU on 2b original rows selected by child 
nodes, not U factors from child nodes

ÅWhen TSLU done, permute b selected rows to top of original 
matrix, redo b steps of LU without pivoting

ÅCALU ςCommunication Avoiding LU for general A
ïUse TSLU for panel factorizations
ïApply to rest of matrix
ïCost: redundant panel factorizations

ÅBenefit: 
ïStable in practice, but not same pivot choice as GEPP
ïb times fewer messages overall - faster



Growth factor for better CALU approach

Like threshold pivoting with worst case threshold = .33 ,  so |L| <= 3
Testing shows about same residual as GEPP 



Performance vs ScaLAPACK
ÅTSLU
ïIBM Power 5  
ÅUp to 4.37xfaster (16 procs, 1M x 150)

ïCray XT4
ÅUp to 5.52xfaster (8 procs, 1M x 150)

ÅCALU
ïIBM Power 5
ÅUp to 2.29xfaster (64 procs, 1000 x 1000)

ïCray XT4
ÅUp to 1.81xfaster (64 procs, 1000 x 1000)

ÅOptimality analysis analogous to QR
ÅSee INRIA Tech Report 6523 (2008)



Petascale machine with 8192 procs, each at 500 GFlops/s, a bandwidth of 4 GB/s.

Speedup prediction for a Petascale machine - up to 81x faster

./102,10,102 9512 wordsss --- Ö==Ö= bag

P = 8192



Summary (2)  ςAvoiding Communication in 
Sparse Linear Algebra

ÅTake k steps of Krylovsubspace method
ïGMRES, CG, Lanczos, Arnoldi
ï!ǎǎǳƳŜ ƳŀǘǊƛȄ άǿŜƭƭ-ǇŀǊǘƛǘƛƻƴŜŘΣέ ǿƛǘƘ ƳƻŘŜǎǘ ǎǳǊŦŀŎŜ-

to-volume ratio
ïParallel implementation
ÅConventional: O(k log p) messages
ÅάbŜǿέ: O(log p) messages - optimal

ïSerial implementation
ÅConventional: O(k) moves of data from slow to fast memory
ÅάbŜǿέ: O(1) moves of data ςoptimal

ÅCan incorporate some preconditioners
ïHierarchical, semiseparableƳŀǘǊƛŎŜǎ Χ

ÅLots of speed up possible (modeled and measured)
ïPrice: some redundant computation
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x

Ax

A2x

A3x

A4x

A5x

A6x

A7x

A8x

Locally Dependent Entries for 
ώȄΣ!ȄΣΧΣ!8x], A tridiagonal, 2 processors

Can be computed without communication
k=8 fold reuse of A

Proc 1                                           Proc 2



Remotely Dependent Entries for 
ώȄΣ!ȄΣΧΣ!8x], A tridiagonal, 2 processors

x

Ax

A2x

A3x

A4x

A5x

A6x

A7x

A8x

Onemessage to get data needed to compute remotely dependent entries, not k=8
Minimizes number of messages = latency cost

Price: redundant work ́ άǎǳǊŦŀŎŜκǾƻƭǳƳŜ Ǌŀǘƛƻέ

Proc 1                                           Proc 2



Fewer Remotely Dependent Entries for 
ώȄΣ!ȄΣΧΣ!8x], A tridiagonal, 2 processors

x

Ax

A2x

A3x

A4x

A5x

A6x

A7x

A8x

Reduce redundant work by half

Proc 1                                           Proc 2



Remotely Dependent Entries for [x,Ax,A2x,A3x], 
A irregular, multiple processors



{ŜǉǳŜƴǘƛŀƭ ώȄΣ!ȄΣΧΣ!4x], with memory hierarchy

v

Oneread of matrix from slow memory, not k=4
Minimizes words moved = bandwidth cost

No redundant work



Performance Results

ÅMeasured

ïSequential/OOC speedup up to 3x 

ÅModeled 

ïSequential/multicore speedup up to 2.5x

ïParallel/Petascale speedup up to 6.9x

ïParallel/Grid speedup up to 22x

ÅSee bebop.cs.berkeley.edu/#pubs



Optimizing Communication Complexity of 
Sparse Solvers

ÅExample: GMRES for Ax=bƻƴ άн5 aŜǎƘέ
ïx lives on n-by-n mesh
ïPartitioned on p½ -by- p½ grid
ïA Ƙŀǎ άр Ǉƻƛƴǘ ǎǘŜƴŎƛƭέ ό[ŀǇƭŀŎƛŀƴύ
Å(Ax)(i,j) = linear_combination(x(i,j), x(i,j±1), x(i±1,j))

ïEx: 18-by-18 mesh on 3-by-3 grid



Minimizing Communication of GMRES

ÅWhat is the cost = (#flops, #words, #mess)          
of k steps of standard GMRES?

GMRES, ver.1:
for i=1 to k

w = A * v(i-1)
aD{όǿΣ ǾόлύΣΧΣǾόƛ-1))
update v(i), H

endfor
solve LSQ problem with H n/p½

n/p½

ωCost(A * v) = k * (9n2 /p, 4n / p½ ,  4 )
ωCost(MGS) = k2/2 * ( 4n2 /p , log p , log p)

ωTotal cost ~ Cost( A * v ) + Cost (MGS)
ωCan we reduce the latency?



Minimizing Communication of GMRES
ÅCost(GMRES, ver.1) = Cost(A*v) + Cost(MGS)

ωCost(W) =( ~ same, ~ same,  8 )
ωLatency cost independent of k ςoptimal

ωCost (MGS) unchanged
ωCan we reduce the latency more?

=  ( 9kn2 /p, 4kn / p½ ,  4k ) + ( 2k2n2 /p , k2 log p / 2 , k2 log p / 2)

ωHow much latency costfrom A*v can you avoid?  Almost all

GMRES, ver. 2:
W = [ v, Av, A2ǾΣ Χ Σ !kv ]
[Q,R] = MGS(W)
Build H from R, solve LSQ problem

k = 3



Minimizing Communication of GMRES
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Minimizing Communication of GMRES
ÅCost(GMRES, ver. 2) = Cost(W) + Cost(MGS)
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Minimizing Communication of GMRES
ÅCost(GMRES, ver. 2) = Cost(W) + Cost(MGS)

=  ( 9kn2 /p, 4kn / p½ ,  8 ) + ( 2k2n2 /p , k2 log p / 2 , k2 log p / 2)

ωHow much latency costfrom MGS can you avoid?  Almost all

ωCost(TSQR) =( ~ same, ~ same,  log p)
ωOops ςW from power method, precision lost!

GMRES, ver. 3:
W = [ v, Av, A2ǾΣ Χ Σ !kv ]
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Minimizing Communication of GMRES
ÅCost(GMRES, ver. 3) = Cost(W) + Cost(TSQR)

=  ( 9kn2 /p, 4kn / p½ ,  8 ) + ( 2k2n2 /p , k2 log p / 2 ,log p)

ωLatency cost independent of k, just log p ςoptimal
ωOops ςW from power method, so precision lost ςWhat to do?

ωUse a different polynomial basis
ωNot Monomial basis W = [v, Av, A2ǾΣ ΧϐΣ ƛƴǎǘŜŀŘ Χ
ωNewton Basis WN = [v, (A ς̒ 1 I)v , (A ς̒ 2 I)(A ς̒ 1LύǾΣ Χϐ ƻǊ
ωChebyshev Basis WC= [v, T1(v), T2όǾύΣ  Χϐ





Summary and Conclusions (1/2)

ÅPossible to minimize communication complexity 
of much dense and sparse linear algebra
ïPractical speedups

ïApproaching theoretical lower bounds

ÅOptimal asymptotic complexity algorithms for 
dense linear algebra ςalso lower communication

ÅHardware trends mean the time has come to do 
this

ÅLotsof prior work (see pubs) ςand some new



Summary and Conclusions (2/2)

ÅMany open problems

ïAutomatic tuning - build and optimize complicated 
data structures, communication patterns, code 
automatically:   bebop.cs.berkeley.edu

ïExtend optimality proofs to general architectures

ïDense eigenvalue problems ςSBR or spectral D&C?

ïSparse direct solvers ςCALU or SuperLU?

ïWhich preconditioners work?

ïWhy stop at linear algebra?


