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NONLOCAL DEPENDENCIES IN D A T A

Z

D

G(x; y ) � (y )dy = f (x ) ; x; y 2 D � R d

d = 1 x = ( x i ) A = [ g(x i ; y j )] = [ a ij ]
d = 2 x = ( x i 1;i 2) A = [ g(x i 1i 2; y j 1j 2)] = [ a i 1i 2j 1j 2] = [ a ( i 1j 1)( i 2j 2) ]
d = 2 x = ( x i 1;i 2;i 3) A = [ g(x i 1i 2i 3; y j 1j 2j 3)] = [ a i 1i 2 j 1j 2i 3j 3] = [ a ( i 1j 1)( i 2j 2)( i 3j 3) ]

d = 1 A = [ a ij ] matrix

d = 2 A = [ a ( i 1j 1)( i 2j 2) ] 4 �tensor / matrix

d = 2 A = [ a ( i 1j 1)( i 2j 2)( i 3j 3) ] 6 �tensor / 3 �tensor

LAR GE-SCALE ARRA YS

DIMENSION GRID SIZE MA TRIX SIZE n for mem= 1 Gb memfor n = 128

2D BEM, d = 1 n mem= n 2 11000 125 Kb

3D BEM, d = 2 n 2 mem= n 4 100 2 Gb

3D VEM, d = 3 n 3 mem= n 6 23 32 Tb



IDEA F OR TENSOR COMPRESSION

SEP ARA TE V ARIABLES!
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2 Pb
100 Mb

USE ONL Y SMALL POR TION OF D A T A!



RANK STR UCTURED APPR O XIMA TIONS

2�Z

0

�( x; y ) � (y )dsy = f (x ) ; x; y 2 @
 = ) Ax = b
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2D CR OSS APPR O XIMA TION

Find A � ~A r =
rP

q=1
u qv>

q (sum of skeletons ).

0 Initialization: p = 1 ; j 1 = 1 :

1 Compute column j p; subtract curren t appro ximation v alues

~A p: Find piv ot i p:

2 Compute ro w i p; subtract curren t appro ximation v alues

~A p: Find piv ot j p+1 6= j p:

3 Using the cross ( i p; j p) , construct a new sk eleton annihilating this cross.

4 Chec k stopping criterion, set p := p + 1 ; return to 1.



MAXIMAL V OLUME PRINCIPLE

Assume that

jj A � [ MA TRIX OF RANK � k ]jj 2 � ";

and let A b e a blo c k matrix of the form

�
A 11 A 12

A 21 A 22

�
;

where A 11 is nonsingular, k � k , and of maximal v olume among all k � k

submatrices. Then

jj A 22 � A 21A � 1
11 A 12jj C � (k + 1) ":

� S.A.Goreino v, E.E.T yrt yshnik o v, N.L.Zamarashkin, A theory of pseudo-sk eleton appro x-

imations, Line ar A lgebr a Appl. 261: 1�21 (1997).

� S.A.Goreino v, E.E.T yrt yshnik o v, The maximal-v olume concept in appro ximation b y lo w-

rank matrices, Contemp or ary Mathematics , V ol. 208 (2001), 47�51.



APPR O XIMA TION OF MA TRICES AND 3D ARRA YS

Reshaping (reordering of m ulti-indices):

a ij = a ( i 1;i 2;i 3)( j 1;j 2;j 3) = a ( i 1;j 1)( i 2;j 2)( i 3;j 3) = a ijk

i = ( i 1; j 1) ; j = ( i 2; j 2) ; k = ( i 3; j 3) :

T ensor appro ximation of a matrix:

A � ~A r =
rX

t =1

U t � Vt � W t ; U t = [ u ( i 1;j 1) t ]; Vt = [ v( i 2;j 2) t ]; W t = [ w ( j 3;j 3) t ]:

T rilinear appro ximation of a tensor (3D arra y):

A = [ a ijk ]; a ijk � ~a ijk =
rX

t =1

u i t v j t w kt :

T ensor appro x. of a matrix , T rilinear appro x. of a 3D arra y



3D ARRA YS AND MA TRICES

Slices in one mo de

A k

Matrices of slices

. . .
2A A nA 1 A 3



TRILINEAR DECOMPOSITION

a ijk =
rX

t =1

u it v jt w kt :

MINIMIZA TION ALGORITHMS

min
u;v;w

X

i;j;k

 
rX

t =1

u it v jt w kt � a ijk

! 2

:

[ + ] standard algorihms : ALS, Gau � -Newton, Damp ed LM Newton.

[ � ] costly iteration, slo w con v ergence without a go o d initial guess.

[ � ] necessit y of a priori kno wledge of r:



TRILINEAR DECOMPOSITION

a ijk =
rX

t =1

u it v jt w kt :

MA TRIX-BASED ALGORITHMS

� r = n

Generalized Sc h ur decomp ostion

A = [ A k ]; A k = UB k V > ; Q > A kZ = RB kL > :

[ + ] F ast algorithms fetc hing a go o d initial guess

[ � ] Restriction: r = n:

� r > n

Matrix metho ds for over determine d c ases

are not discussed in the literature.



TRILINEAR DECOMPOSITION

All metho ds are to o slo w

for n � 128:

TUCKER DECOMPOSITION

a ijk =
r 1X

i 0=1

r 2X

j 0=1

r 3X

k0=1

gi 0j 0k0u ii 0v jj 0w kk 0;

T ucker factors U; V; W are orthogonal matrices,

arr ay G = [ gi 0j 0k0] is m uc h smaller than A :

TRILINEAR DECOMPOSITION F OR LAR GE n
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TUCKER DECOMPOSITION

1. Consider matrices of slices

A (1) = [ a1
i ( jk ) ] = [ a ijk ];

A (2) = [ a2
j (ki ) ] = [ a ijk ];

A (3) = [ a3
k( ij ) ] = [ a ijk ];

2. Compute SV D for eac h of them.

A (1) = U � 1� >
1 ; A (2) = V � 2� >

2 ; A (3) = W � 3� >
3 ;

3. Find the T uc k er core via transformation

gi 0j 0k0 =
nX

i =1

nX

j =1

nX

k=1

a ijk u ii 0v jj 0w kk 0:

Complexit y = O (n 4) plus n 3

computations of the en tries of A :

W e suggest an algorithm with almost linear complexit y

Complexit y = O (nr 3) plus O (nr 2) computations of the en tries

of A :



3D CR OSS EXISTENCE THEOREM

Supp ose w e are a w are that

A = G � i U � j V � k W + E; jjEjj = "

holds for some U; V; W and G. Then there exist matrices U 0; V 0

and

W 0

of sizes n 1 � r 1 , n 2 � r 2 and n 3 � r 3 and consisting of some r 1

columns, r 2 ro ws and r 3 �b ers, of A , resp ectiv ely , and a tensor G0

suc h

that

A = G0 � i U 0 � j V 0 � k W 0 + E0;

where

jjE 0jj C � ( r 1r 2r 3 + 2 r 1r 2 + 2 r 1 + 1) ":

I.Oseledets, D.Sa v ost y ano v, E.T yrt yshnik o v,

T ucker dimensionality r e duction of thr e e-dimensional arr ays in line ar time ,

submitted to SIMAX, 2006.



3D CR OSS APPR O XIMA TION

Complexit y = O (n 2)
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Find A � ~A =
rP

q=1
A q � wq:

1 Compute the slice A kp; subtract appro x. v alues

~A :

Find piv ot A kp:

2 Compute a �b er wp; subtract appro x. v alues

~A : Find piv ot kp+1 6= kp:

3 Sk eleton A kp � wp n ulli�es the slice-b y-�b er cross.

4 Chec k stopping criterion, set p := p + 1 ; return to 1.



3D CR OSS APPR O XIMA TION

Complexit y = O (nr 4)

Find A � ~A =
r 2P

q=1
u q � vq � wq:

1 Compute a cr oss appr oximation of the slice A kp =
rP

q=1
u pqv>

pq;

subtract appro x. v alues

~A :

Find piv ot A kp (HO W CAN WE DO THIS?)

2 Compute a �b er wp; subtract appro x. v alues

~A : Find piv ot kp+1 6= kp:

3 Sk eleton

rP
u pq � vpq � wp n ulli�es the slice-b y-�b er cross.

4 Chec k stopping criterion, set p := p + 1 ; return to 1.



NUMERICAL RESUL TS

a ijk = 1 =
p

i 2 + j 2 + k 2; 1 � i; j; k � n

Ranks and appro ximation accuracy

1:10� 3 1:10� 5 1:10� 7 1:10� 9
n r err r err r err r err

64 7 3:7710� 4 11 3:9110� 6 14 5:710� 8 18 2:2110� 10

128 8 5:1910� 4 12 5:9210� 6 17 2:0010� 8 20 5:6310� 10

256 9 4:1110� 4 14 6:410� 6 19 3:4610� 8 23 4:510� 10

512 9 4:9310� 4 15 6:6710� 6 21 2:9210� 8 26 3:2710� 10

1024 10 5:4710� 4 17 3:2110� 6 23 3:9510� 8 29 4:7310� 10

2048 11 4:9810� 4 18 5:2610� 6 25 6:8310� 8 31 5:9410� 10

4096 11 8:410� 4 19 4:2510� 6 27 3:5610� 8 34 3:3810� 10

8192 12 6:810� 4 20 6:0010� 6 28 5:810� 8 36 3:6610� 10

16384 13 2:6910� 4 22 4:7810� 6 30 5:6510� 8 39 2:6710� 10

32768 13 8:5210� 4 23 6:0910� 6 32 7:1610� 8 41 5:5110� 10

65536 14 6:2710� 4 24 6:5210� 6 34 7:8910� 8 43 1:4110� 9



NUMERICAL RESUL TS

a ijk = 1 =
p

i 2 + j 2 + k 2; 1 � i; j; k � n

Ranks and memory sa vings

1:10� 3 1:10� 5 1:10� 7 1:10� 9
n full r mem r mem r mem r mem

64 2Mb 7 11 14 18

128 16Mb 8 12 17 20

256 128Mb 9 14 19 23

512 1Gb 9 15 21 26

1024 8Gb 10 17 23 29

2048 64Gb 11 18 25 31

4096 512Gb 11 19 27 34

8192 4Tb 12 2.5Mb 20 4Mb 28 5.2Mb 36 7Mb

16384 32Tb 13 5Mb 22 8Mb 30 11Mb 39 15Mb

32768 256Tb 13 10Mb 23 17Mb 32 24Mb 41 20Mb

65536 2Pb 14 21Mb 24 36Mb 34 51Mb 43 64Mb



NUMERICAL RESUL TS

a ijk = 1 =( i 2 + j 2 + k 2) ; 1 � i; j; k � n

Ranks and appro ximation accuracy

1:10� 3 1:10� 5 1:10� 7 1:10� 9
n r err r err r err r err

64 8 3:4310� 4 12 2:1810� 6 15 4:110� 8 18 5:6310� 10

128 9 4:2510� 4 13 5:8110� 6 18 2:0610� 8 21 5:2610� 10

256 10 4:410� 4 15 3:8910� 6 20 2:8610� 8 24 4:7810� 10

512 11 4:0710� 4 17 3:4910� 6 22 3:7810� 8 27 4:5510� 10

1024 12 4:7810� 4 18 6:2710� 6 24 5:3910� 8 30 3:710� 10

2048 12 4:0510� 4 20 3:7310� 6 26 6:2110� 8 33 3:3110� 10

4096 13 3:810� 4 21 5:2410� 6 28 5:1110� 8 36 2:3710� 10

8192 14 6:1410� 4 22 4:5610� 6 31 2:8510� 8 38 3:7810� 10

16384 15 8:0810� 4 24 4:1910� 6 32 4:10� 8 41 5:6510� 10

32768 15 8:210� 4 25 4:6610� 6 34 5:4110� 8 44 2:410� 10

65536 16 2:9810� 4 26 5:6910� 6 36 6:4610� 8 46 4:3810� 10



NUMERICAL RESUL TS

a ijk = 1 =( i 2 + j 2 + k 2) ; 1 � i; j; k � n

Ranks and memory sa vings

1:10� 3 1:10� 5 1:10� 7 1:10� 9
n full r mem r mem r mem r mem

64 2Mb 8 12 15 18

128 16Mb 9 13 18 21

256 128Mb 10 15 20 24

512 1Gb 11 17 22 27

1024 8Gb 12 18 24 30

2048 64Gb 12 20 26 33

4096 512Gb 13 21 28 36

8192 4Tb 14 22 31 38

16384 32Tb 15 5Mb 24 9Mb 32 12Mb 41 15Mb

32768 256Tb 15 11Mb 25 19Mb 34 26Mb 44 33Mb

65536 2Pb 16 24Mb 26 40Mb 36 54Mb 46 69Mb



NUMERICAL RESUL TS

a ijk = 1 =( i 2 + j 2 + k 2)3=2; 1 � i; j; k � n

Ranks and appro ximation accuracy

1:10� 3 1:10� 5 1:10� 7 1:10� 9
n r err r err r err r err

64 7 3:8110� 4 11 3:4510� 6 15 2:0310� 8 18 2:5410� 10

128 8 2:9510� 4 12 5:3710� 6 16 5:3610� 8 20 5:5910� 10

256 8 3:8210� 4 13 6:6810� 6 18 6:0910� 8 23 2:1710� 10

512 8 3:5610� 4 14 3:9610� 6 20 3:7710� 8 25 4:2610� 10

1024 8 3:7310� 4 15 3:9210� 6 21 4:6610� 8 27 3:6810� 10

2048 8 3:7210� 4 16 2:2110� 6 23 2:5810� 8 29 4:8110� 10

4096 8 3:7410� 4 16 3:8410� 6 24 2:510� 8 31 4:5310� 10

8192 8 3:7410� 4 16 4:1410� 6 25 4:9210� 8 32 1:0210� 9

16384 8 3:7610� 4 16 6:1610� 6 25 5:1410� 8 34 9:3810� 10

32768 8 3:7510� 4 16 4:8210� 6 26 5:4610� 8 36 3:4510� 10

65536 8 3:7510� 4 16 9:0010� 6 26 7:7810� 8 37 5:2810� 10



THEOR Y: TENSOR RANK ESTIMA TES

Asymptotically smo oth generating function: a ij = F (src i � obsj )

jD pF (� ) j � cdpp!kvkg� p; 8p � 0:

p = ( p1; : : : ; p m ) ; p = p1+ : : :+ pm ; D p =
@p1 : : : @pm

(@v1)p1 : : : (@vm )pm
:

T ensor grids:

src i = ( x 1; : : : ; x d) ; obsi = ( y1; : : : ; y d)

THEOREM.

r �
�
c0 + c1 log h � 1�

pd� 1 + �;
jf A � ~A r gij j � c2
 pksrc i � obsj kg:

E.E.T yrt yshnik o v,

T ensor appro ximations of matrices generated b y asymptotically smo oth

functions, Sb ornik: Mathematics 194 , No. 5-6 (2003), 941�954

(translated from Mat. Sb. 194 , No. 6 (2003), 146�160).



THEOR Y: TENSOR RANK ESTIMA TES

Appro ximation error ( d = 3 )

" abs = c2
 pk� kg; " = " rel = c2
 p

r �
�
c0 + c1 log h � 1� �

c3 log " � 1 + c4
� 2

+ �:

On almost uniform grids h � 1 � n

r � c log n log 2 " � 1:



PRA CTICAL PR OOF

a ijk = 1 =
p

i 2 + j 2 + k 2; 1 � i; j; k � n

T ensor rank v ersus arra y size

+3:236 + 1:945x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ b, òî÷íîñòü 10� 7

.

21621521421321221121029282726

40
35
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10
5
0

r � log n



PRA CTICAL PR OOF

a ijk = 1 =
p

i 2 + j 2 + k 2; 1 � i; j; k � n

T ensor rank v ersus appro ximation error

� 1:000 + 5:000x
� 1:000 + 5:000x + 0:000x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ b, ðàçìåð 216

.

10� 910� 810� 710� 610� 510� 410� 310� 2

50
45
40
35
30
25
20
15
10
5
0

r � log " � 1



PRA CTICAL PR OOF

a ijk = 1 =( i 2 + j 2 + k 2) ; 1 � i; j; k � n

T ensor rank v ersus arra y size

+2:782 + 2:127x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ c, òî÷íîñòü 10� 7

.

21621521421321221121029282726

40
35
30
25
20
15
10
5
0

r � log n



PRA CTICAL PR OOF

a ijk = 1 =( i 2 + j 2 + k 2) ; 1 � i; j; k � n

T ensor rank v ersus appro ximation error

+0:619 + 5:024x
+2:107 + 4:369x + 0:060x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ c, ðàçìåð 216

.

10� 910� 810� 710� 610� 510� 410� 310� 2

50
45
40
35
30
25
20
15
10
5
0

r � log " � 1



ASYMPTOTICS OF TENSOR RANK

Theory

r . log n log 2 " � 1

Practice

r � log n log " � 1

+3:182 + 1:455x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ a, òî÷íîñòü 10� 9

.

21621521421321221121029282726

30

25

20

15

10

5

0

+2:300 + 2:609x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ b, òî÷íîñòü 10� 9

.

21621521421321221121029282726

50
45
40
35
30
25
20
15
10
5
0

+1:445 + 2:827x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ c, òî÷íîñòü 10� 9

.

21621521421321221121029282726

50
45
40
35
30
25
20
15
10
5
0

+7:673 + 1:873x

Ð àíã àïïðîê ñèìàöèè: ìàññèâ d, òî÷íîñòü 10� 9

.

21621521421321221121029282726

40
35
30
25
20
15
10
5
0

+1:119 + 2:524x
+1:119 + 2:524x + 0:000x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ a, ðàçìåð 214

.

10� 910� 810� 710� 610� 510� 410� 310� 2

30

25

20

15

10

5

0

� 0:548 + 4:440x
� 1:589 + 4:899x � 0:042x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ b, ðàçìåð 214
.

10� 910� 810� 710� 610� 510� 410� 310� 2

45
40
35
30
25
20
15
10
5
0

+1:452 + 4:440x
+0:411 + 4:899x � 0:042x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ c, ðàçìåð 214

.

10� 910� 810� 710� 610� 510� 410� 310� 2

45
40
35
30
25
20
15
10
5
0

� 4:500 + 4:250x
� 2:268 + 3:268x + 0:089x2

Ð àíã àïïðîê ñèìàöèè: ìàññèâ d, ðàçìåð 214

.

10� 910� 810� 710� 610� 510� 410� 310� 2

40
35
30
25
20
15
10
5
0



TENSOR SOL VER WITH TENSOR VECTORS

Z

D

1

jx � y j
� (y )dy = f (x ) ; x; y 2 D = [0 : 1] 3

Au = f; u ijk ; f ijk on the grid n � n � n:

grid size n 16 32 64 128 256 512

full matrix 128 Mb 8 Gb 512 Gb 32 Tb 2 Pb 128 Pb

tensor format 50 Kb 200 Kb 1:1 Mb 5 Mb 22 Mb 96 Mb

time 0:3 sec 1:5 sec 12:4 sec 48 sec 2:5 min 16 min



F AST SIMUL T ANEOUS OR THOGONAL REDUCTION

TO TRIANGULAR MA TRICES

Given n � n r e al matric es A 1; :::; A r , �nd ortho gonal n � n matric es Q and

Z such that matric es

B k = QA kZ

ar e as upp er triangular as p ossible .

� I.Oseledets, D.Sa v ost y ano v, E.T yrt yshnik o v,

F ast simultane ous ortho gonal r e duction to triangular matric es ,

submitted to SIMAX, 2006.



SIMUL T ANEOUS EIGENV ALUE PR OBLEM

Given r e al matric es A 1; :::; A r , �nd ortho gonal Q and Z making matric es

QA 1Z; :::; QA r Z as upp er triangular as p ossible.

DEFLA TION STEP:

QA kZ �
�

� k v>
k

0 B k

�
, QA kZe 1 � � ke1

A kx = � ky; x = Ze 1; y = Q> e1:



ALGORITHM. Giv en r real matrices A 1; :::; A r of size n � n , �nd orthog-

onal matrices Q and Z suc h that the matrices QA kZ are as upp er triangular

as p ossible:

1. Set m = n; B i = A i ; i = 1 ; :::; r; Q = Z = I:

2. If m = 1 then stop.

3. Solv e the sim ultaneous eigen v alue problem B kx = � ky; k = 1 ; :::; r:

4. Find m � m Householder matrices Qm , Z m suc h that

x = � 1Q>
m e1; y = � 2Z m e1:

5. Calculate Ck as (m � 1) � (m � 1) submatrices of matrices

bB k de�ned

as follo ws:

bB k = QB kZ =
�

� k v>
k

" k Ck

�
:

6. Set

Q  
�

I (n � m )� (n � m ) 0
0 Qm

�
Q; Z  Z

�
I (n � m )� (n � m ) 0

0 Z m

�
:

7. Set m = m � 1; B k = Ck and pro ceed to the step 2.



Gauss-Newton algorithm for the sim ultaneous eigen v alue problem

nX

j =1

A k
ij x j = � ky i : (1)

In tro duce r � n matrices

(a j )ki = A k
ij ; k = 1 ; :::; r; ; i = 1 ; :::; n ; j = 1 ; :::; n;

and a column v ector � = [ � 1; :::; � r ]>

. Then (1) b ecomes

nX

j =1

x j a j = �y > : (2)

Gauss-Newton: linearize the system pro ducing an o v erdetermined linear system

and then solv e it in the least squares sense.

nX

j =1

bx j a j = 4 �y > + � 4 y > ; bx = x + 4 ; jj bx jj 2 = 1 : (3)



Gauss-Newton:P n
j =1 bx j a j = 4 �y > + � 4 y > ; bx = x + 4 ; jj bx jj 2 = 1 :

Exclude 4 y and 4 � k :

Hy = he1; C� = ce1

using Housholder matrices H and C (of sizes n � n and r � r ) suc h that

nX

j =1

bx j ba j = ce14 by > + h4 b�e >
1 ; (4)

ba j = Ca j H > ; 4 by = H 4 y; 4 b� = C 4 �:

Problem (4) is split in to t w o indep enden t problems:

� T o �nd

bx , minimize jj
P n

j =1 bj x j jj 2
F ; jj x jj = 1 ; where the matri-

ces bj are obtained from

ba j b y replacing the elemen ts in the �rst

ro w and column b y zero es.

� Then, 4 by and 4 b� can b e determined from the equations

(
nX

j =1

bx j ba j )k1 = h4 b� k ; k = 2 ; :::; r; (
nX

j =1

bx j ba j )1i = c4 by i ; i = 2 ; :::; n:



F or the t w o unkno wns 4 by1 and 4 b� 1 , w e ha v e only one equation, so one of

these unkno wns can b e c hosen arbitrary .

Ha ving obtained the new

bx , w e prop ose to ev aluate y and � b y the p o w er

metho d as follo ws:

e� = by; ey = b> �; (5)

where

b =
nX

j =1

bx j a j :



Our main problem is one of �nding the minimal singular v alue of a matrix

B = [ v ec (b1) ; :::; v ec (bn )] ;

where the op erator v ec transforms a matrix in to a v ector taking the elemen ts

column-b y-column.

Therefore,

bx is an eigen v ector (normalized to ha v e a unit norm) for

the minimal eigen v alue of the n � n matrix � = B > B :

� bx = 
 min bx:

The elemen ts of � are giv en b y

� sl = ( bs; bl )F

where ( �; �)F is the F rob enius (Euclidian) scalar pro duct of matrices.

T o calculate the new v ector

bx , w e need to �nd the minimal eigen v alue

and its eigen v ector of � .

Solution consists of the t w o parts:

1. Calculation of the matrix � .

2. Finding the minimal eigen v alue and the corresp onding eigen v ector of the

matrix � .



Since only one eigen v ector for � is to b e found, w e prop ose to use the shifted

in v erse iteration using x from the previous iteration as an initial guess.

COMPLEXITY = O (n 3) .

Straitforw ard implemen tation of Step 1 includes

O (n 2r + nr 2) (calculation of bj ) + O (n 2rn ) (calculation of the B > B )

arithmetic op erations.

The total cost of the step 1 is

O (n 3r + n 2r + nr 2) :

Ho w ev er, � can b e computed a w a y more e�cien tly without the explicit com-

putation of the Householder matrices.


