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Common Graph Analysis T echnique
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Best rank-k matrix filters out 
noise and captures “latent” 
information, which improves 

certain data mining tasks

But we may have ignored critical information
by not considering edge metadata!

Truncated SVD

Web search - HITS (Kleinberg, 1998)
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Semantic Graphs

¥ Different types of edges

¥ Examples
- WWW (anchor text)
- Subway map  [thanks Orly!]

- Email communications (time stamp, 
to/cc)



Tucker

New Paradigm:
ÒMultidimensional Data MiningÓ

+ + ...Third dimension offers more 
explanatory power: uncovers new 

latent information and reveals 
subtle relationships

Build an “adjacency tensor” such that there 
is an adjacency matrix for each edge type.
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Objective

Use DEDICOM to analyze a semantic 
graph of email communications  

changing over time
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DEDICOM

¥ DEcomposition into DIrectional COMponents

¥ Introduced in 1978 by Harshman

¥ Past applications
- Study asymmetries in telephone calls among cities
- Marketing research

¥ car switching: car owners and what they buy next 
¥ free associations of words

- words to describe hair in advertising shampoo: 
“body” evokes “fullness” more often than “fullness” 
evokes “body”

- Asymmetric measures of world trade (import/export)

¥ Variations
- Three-way DEDICOM
- Constrained DEDICOM



DEDICOM Models & Algorithms
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R AT
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All are “alternating” algorithms

¥ Generalized Takane method
¥ New algorithm

¥ Kiers’ method
¥ New algorithm

X A
R

A

AT

(Takane, 1985; Kiers et al., 1990)

(Kiers, 1993)



Mathematical Notation

¥ Scalars
¥ Vectors
¥ Matrices
¥ Tensors (3-way array) 

- frontal slices of    :

¥ Special symbols
- Kronecker product

- Hadamard product (elementwise)
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Two-way DEDICOM

X = A RA T + E

min
A ,R

!
!
! X − A RA T

!
!
!

2

F

¥ A (n x p) is an orthogonal matrix of loadings or weights
¥ R (p x p) is a dense matrix that captures asymmetric relationships

¥ Decomposition is not unique
- A can be transformed with no loss of fit to the data
- Nonsingular transformation Q:

- Usually “fix” A with some standard rotation (e.g., VARIMAX)

X ! A RA T
=X A

R AT

s.t. A orthogonal

ARAT = (AQ)(Q! 1RQ! T )(AQ)T
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New Algorithm

A new !
!
X X T

"
#

!
R R T

"
#

A T 0
0 A T

$ $  

A new =
!
X A R T + X T A R

" !
R (A T A )R T + R T (A T A )R

"
−1

.

Solving for A:
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Solving for R:
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Three-way DEDICOM

X i = A D i RD i A T + Ei for i = 1, . . . , m,

=

min
A ,R ,D

m!

i = 1

"
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"
" 2

F

¥ A (n x p) is a matrix of loadings or weights (not necessarily orthogonal)
¥ R (p x p) is a dense matrix that captures asymmetric relationships
¥ D (p x p x m) is a tensor with diagonal frontal slices giving the weights 

of the columns of A for each slice in third mode

¥ *Unique* solution with enough slices of X with sufficient variation
- i.e., no rotation of A possible
- greater confidence in interpretation of results
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New Algorithm - Updating A
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New Algorithm - Updating D
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Solving for D:

Use compression
QR factorization:

Use Newton’s method to solve the optimization problem for 

Smaller problem (p x p)
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Our Algorithm - Updating R

Solving for R:
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Algorithm Costs

A T A

X i A R T

X T
i A R

QT X iQ

QR factorization of A
O(p2n)

X i

Dominant costs:   

Updating A is most expensive part

linear in nnz of



Application: Enron Email Analysis

¥ Links consist of email communications

¥ What can we learn about this network strictly from their 
communication patterns?   (Social network analysis)
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Enron Corp.

¥ U.S. corporation involved with creating energy markets
- 7th largest by revenue

¥ EnronOnline: e-trading business
- natural gas
- electric power

¥ Investigations
- U.S. Federal Energy Regulatory Commission (FERC)

¥ energy market manipulation
¥ involved energy traders

- U.S. Securities and Exchange Commission (SEC)
¥ accounting fraud
¥ insider trading



Enron Email Data

¥ FERC collected email of ~150 employees as evidence
- Included emails saved in inbox, sent items, deleted 

items, and all other folders

¥ Released to the public in 2002 by FERC as part of their 
investigation
- To/from, date, subject, body
- Attachments and some names/emails removed
- Approx. 500,000 email messages



Smaller Enron Data Set
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Fi gu re 1: N um ber of ema i ls per mon t h in th e Enron email grap h.

biasing from prol iÞc emailers. Other weighti ngs are possible
as well.

An obvious di! culty in dealing with the Enron corpus
is the lack of informati on regarding the former employees.
Wi thout access to a corporate directory or organizati onal
chart at Enron at the ti me of these emails, it is di! cult to
ascertain the validity of our results and assess the perfor-
mance of the DEDICOM model. Other researchers using
the Enron corpus have had thi s same problem, and informa-
ti on on the parti cipants has beencollected and slowly made
available.

The Priebe data set [32] provided parti al informati on on
the 184 employees of the small Enron network, which ap-
pears to be based largely on informati on collected by Shetty
and Adi bi [36]. It provides most employeesÕposit ion and
business unit . To facilitate a better analysis of the DEDI-
COM results, we collected ext ra informati on on the parti c-
ipants from the email messages themselves. We searched
for corroborati ng informati on of the preexisting data or for
new ident iÞcation information, such as t itl e, business unit ,
or manager to help analyze our results. We also collected
some relevant informati on posted on the FERC website [9].

5. EXPERIMENT AL RESULTS
In this section we summarizeour Þndings of applying two-

way and three-way DEDICOM on the Enron email network.
Our algorithms were wri tten in MATLAB, using sparse ex-
tensions of the Tensor Toolbox [2].

Table 1 shows the A and R matri ces for a single decompo-
siti on (p = 3) of the two-way DEDICO M model. The large
adjacencymatri x X , showing nonsymmet ri c relati onsamong
employeesat Enron, related by ßows of email, is condensed
into a smaller matri x R giving the same kind of asymmetri c
relations but among ÒtypesÓ or abst ract idealized individ-
uals. In thi s case, the relati ons among elements in R are
exchangesof email. The latent components are patterns of
the same kind of ßow as among the surface objects, just
abstracted into a Òhigher levelÓsummary of patt erns.

DEDIC OM does not actually identi fy clusters, except in
special circumstanceswhen such clusters happen to exist in
the data as we are part ially seeing in the Enron data. The
components or patterns of asymmetri c relationships that it
identi Þes have loadings in A that are cont inuously-valued,
like factor loadings, rather than discrete cluster membership
assignments.

Here, DEDIC OM describes the employeesby the di" erent
latent dimensions. The Þrst factor (a1) descri bes an execu-

ti ve role that Þts many of the top executives. The second
factor (a2) descri bes a legal role, and the third factor (a3)
descri bes a pipeline employee.

The R matri ces show that most of the communication is
among employees that share the same role, as evidencedby
the large diagonal values in R . We do seesome asymmetri c
communicati on. The ent ri es in the lower tri angular por-
ti on are typically larger than the corresponding t ranspose
ent ry in the upper tri angular. This suggests that slightl y
more communication Òßows upÓthe management chain than
Òdown.Ó

As a point of reference, we comput e the singular value
decompositi on X = U# V T . Table 1 shows the Þrst three
columns of the left singular vectors (U matri x) and right
singular vectors (V matri x). BecauseX is nearl y symmetri c,
the left and right singular vectors are nearly the same. Any
di" erencesbetweenU and V indicate whether the person is
more likely to send mail (U ) or receive mail (V ).

The SVD solut ion is somewhat similar to the DEDICO M
model. Many of the same people are identi Þedand weighted
similarly by DEDICO M and SVD. However, there are many
more negativeentri esin SVD than in DEDICO M. The DEDI-
COM model also provides directional informati on between
the latent groups in the R matri x that the SVD does not
show.

Table 2 shows the A and R matri ces for three instances
(p = 2, 3, 4) of the three-way DEDICO M model. The 2-
dimensional solut ion groups the employees largely from the
legal department and those executives dealing with govern-
ment and regulatory a" airs. The 3-dimensional solut ion
adds a another role of top executi ves,and the 4-dimensional
soluti on includesthose from the pipeline businessin a fourth
role.

The aggregatecommunicati on patt ernsover the 44 months
among these 2-4 groups is summari zed in the R matri x. In
the 2-dimensional solut ion we see that most of the com-
munication is withi n each group as evidenced by the large
diagonal elements and small o" -diagonal elements. The 3-
dimensional solut ion shows some communication between
the government/regul atory a" airs people and other senior
VPÕs (dimensions 2 and 3, respectively). However, the com-
munication is substanti ally asymmetri c in that the r 2,3 ele-
ment is larger than r 3,2 . This indicates that the VPÕs were
mostl y recipientsof messageswhi le the government /regul atory
a" airs employees were senders. With the additi on of the
pipeline employeesin the 4-dimensional soluti on, we seethat
they interact almost exclusively with themselves due to the

Email communications at Enron (1998-2002)

34,427 emails among 184 employees over 44 months

¥ Limited information on the 184 employees

¥ No org chart

We used a smaller data set prepared by Priebe et al.



DEDICOM Experiment

¥ Aggregate communications
- Sparse matrix of size 184 x 184  (3007 nonzeros)

¥ Time series of communication graphs 
- Sparse tensor of size 184 x 184 x 44  (9838 nonzeros)

¥ Weighted adjacency matrix 
- scaling: x number of messages scaled by log(x)+1
- other common choices give similar results

¥ Models:
- SVD
- 2-way DEDICOM
- 3-way DEDICOM



Social Network Analysis

Communication graph 
among employees over 

all times

patterns

¥Description of employees by their roles
¥Aggregate communication patterns among roles
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DEDICOM Results
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D EDICOM SVD (lef t) SVD (ri ght)
Soluti on Soluti on Soluti on

Emplo yee 1 2 3 1 2 3 1 2 3

J. Lavorato - CEO, Enron Am erica 0.4 1 0.07 0.04 0.30 -0.07 -0.21 0.3 1 -0.09 -0.07
L. Kit chen - President, Enron Onlin e 0.2 6 0.21 0.04 0.31 0.07 -0.05 0.2 9 0.02 0.04
M. Grigsby - Directo r, West Desk Gas Tradin g 0.2 2 -0.01 -0.01 0.16 -0.09 -0.33 0.1 4 -0.06 -0.20
D. Delainey - CEO, ENA and Enro n Energy Services 0.2 0 0.06 0.06 0.20 -0.05 -0.00 0.2 0 -0.05 0.03
G. Whal ley - President, 0.1 7 0.05 0.04 0.08 -0.02 -0.02 0.2 4 -0.07 0.02
L. Taylor - Execut ive Assistant t o Greg Wh alley, 0.1 7 0.06 0.03 0.24 -0.05 -0.08 0.09 -0.01 -0.02
T. Jones - Employee, Fina ncial Tradi ng Group (ENA Legal) -0.12 0.38 -0.02 0.17 0.3 6 0.13 0.10 0.24 0.10
M. Taylor - Manager, Fin ancial Trading Group ENA Legal -0.10 0.3 5 -0.01 0.13 0.2 7 0.13 0.1 3 0.2 6 0.12
S. Shacklet on - Employee, ENA Legal -0.13 0.31 -0.02 0.08 0.2 6 0.10 0.08 0.26 0.10
S. Panus - Senior Legal Specialist, ENA Legal -0.11 0.26 -0.02 0.09 0.2 7 0.10 0.05 0.20 0.08
M. Heard - Senior Legal Specialist, ENA Legal -0.10 0.2 4 -0.02 0.06 0.2 0 0.09 0.08 0.22 0.09
E. Sager - VP and Asst Legal Counsel, ENA Legal -0.01 0.2 4 0.02 0.12 0.1 3 0.10 0.1 5 0.2 1 0.12
S. Corm an - VP, Regulatory A ! air s -0.04 -0.01 0.3 3 0.08 -0.18 0.22 0.07 -0.18 0.21
K. Watson - Employee, Transwestern Pipeline Company (ETS) -0.08 -0.03 0.3 2 0.03 -0.16 0.19 0.04 -0.18 0.22
L. Donoho - Employee, Transwestern Pip eline Company (ETS ) -0.08 -0.03 0.3 0 0.03 -0.16 0.18 0.03 -0.17 0.20
D. Fossum - VP, Transwestern Pipeline Company (ETS) ? -0.06 -0.00 0.3 0 0.07 -0.18 0.23 0.05 -0.13 0.16
M. Lokay - Admi n. Asst ., Transwestern Pipeline Company (ETS) -0.07 -0.02 0.2 8 0.03 -0.14 0.17 0.04 -0.17 0.20
K. Hyatt - Dire ctor, Asset Development TW Pip eline Co. (ETS ) -0.06 -0.02 0.2 5 0.03 -0.13 0.17 0.04 -0.14 0.17
R. Hayslett - VP, Also CFO and Treasurer -0.04 -0.01 0.2 3 0.04 -0.13 0.16 0.05 -0.14 0.16

R matrix / singular values 70.3 11.6 6.7 86.3 86.3
15.4 68.2 5.0 54.1 54.1
9.9 6.7 59.5 52.6 52.6

Figure 1:
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Social Network Analysis

Communication graph 
among employees over 

all times

¥ “Hubs” and “authorities” for different roles
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DEDICOM & SVD Results
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SVD: Hubs and Authorities in U and V
Roles more difficult to identify in singular vectors
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J. Lavorato - CEO, Enron Am erica 0.4 1 0.07 0.04 0.30 -0.07 -0.21 0.3 1 -0.09 -0.07
L. Kit chen - President, Enron Onlin e 0.2 6 0.21 0.04 0.31 0.07 -0.05 0.2 9 0.02 0.04
M. Grigsby - Directo r, West Desk Gas Tradin g 0.2 2 -0.01 -0.01 0.16 -0.09 -0.33 0.1 4 -0.06 -0.20
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G. Whal ley - President, 0.1 7 0.05 0.04 0.08 -0.02 -0.02 0.2 4 -0.07 0.02
L. Taylor - Execut ive Assistant t o Greg Wh alley, 0.1 7 0.06 0.03 0.24 -0.05 -0.08 0.09 -0.01 -0.02
T. Jones - Employee, Fina ncial Tradi ng Group (ENA Legal) -0.12 0.38 -0.02 0.17 0.3 6 0.13 0.10 0.24 0.10
M. Taylor - Manager, Fin ancial Trading Group ENA Legal -0.10 0.3 5 -0.01 0.13 0.2 7 0.13 0.1 3 0.2 6 0.12
S. Shacklet on - Employee, ENA Legal -0.13 0.31 -0.02 0.08 0.2 6 0.10 0.08 0.26 0.10
S. Panus - Senior Legal Specialist, ENA Legal -0.11 0.26 -0.02 0.09 0.2 7 0.10 0.05 0.20 0.08
M. Heard - Senior Legal Specialist, ENA Legal -0.10 0.2 4 -0.02 0.06 0.2 0 0.09 0.08 0.22 0.09
E. Sager - VP and Asst Legal Counsel, ENA Legal -0.01 0.2 4 0.02 0.12 0.1 3 0.10 0.1 5 0.2 1 0.12
S. Corm an - VP, Regulatory A ! air s -0.04 -0.01 0.3 3 0.08 -0.18 0.22 0.07 -0.18 0.21
K. Watson - Employee, Transwestern Pipeline Company (ETS) -0.08 -0.03 0.3 2 0.03 -0.16 0.19 0.04 -0.18 0.22
L. Donoho - Employee, Transwestern Pip eline Company (ETS ) -0.08 -0.03 0.3 0 0.03 -0.16 0.18 0.03 -0.17 0.20
D. Fossum - VP, Transwestern Pipeline Company (ETS) ? -0.06 -0.00 0.3 0 0.07 -0.18 0.23 0.05 -0.13 0.16
M. Lokay - Admi n. Asst ., Transwestern Pipeline Company (ETS) -0.07 -0.02 0.2 8 0.03 -0.14 0.17 0.04 -0.17 0.20
K. Hyatt - Dire ctor, Asset Development TW Pip eline Co. (ETS ) -0.06 -0.02 0.2 5 0.03 -0.13 0.17 0.04 -0.14 0.17
R. Hayslett - VP, Also CFO and Treasurer -0.04 -0.01 0.2 3 0.04 -0.13 0.16 0.05 -0.14 0.16
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Temporal Social Network Analysis
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Roles of Employees

2-Dim ens iona l 3-Di mens iona l 4-Dim ens iona l
Sol ution Solu tion Sol ution

Emplo yee 1 2 1 2 3 1 2 3 4

T . Jones - Emplo yee, Fina ncial Trading Gr oup (ENA Lega l) 0.64 -0.02 0.6 4 -0.02 0.01 0.6 4 -0.01 0.02 -0.00
S. Shacklet on - Empl oyee, ENA Legal 0.45 -0.02 0.4 5 -0.01 -0.02 0.4 5 -0.00 -0.01 -0.00
M. Tayl or - Mana ger, Fina ncia l Trading Group ENA L egal 0.38 0.00 0.3 7 -0.01 0.01 0.3 7 0.01 0.02 -0.00
S. Bai ley - Legal A ssista nt, ENA Legal 0.26 -0.01 0.2 6 -0.01 -0.01 0.2 6 -0.00 -0.01 -0.00
S. Panus - Senior L egal Special ist , ENA L egal 0.26 -0.01 0.2 6 -0.01 -0.01 0.2 6 -0.00 -0.00 -0.00
M. Heard - Senior Legal Specialist, ENA Legal 0.23 -0.01 0.2 3 -0.01 0.00 0.2 3 -0.00 0.00 -0.00
J. Ho dge - Asst General Counsel, ENA Legal 0.13 0.03 0.1 3 0.03 0.00 0.1 3 0.03 0.01 -0.00
L. Kit chen - Pr esiden t, Enro n Onli ne 0.10 0.08 0.1 1 -0.1 3 0.5 3 0.1 1 -0.0 9 0.5 3 0.00
S. Di ckson - Empl oyee, ENA Legal 0.09 -0.00 0.0 9 -0.00 0.00 0.0 9 -0.00 0.00 -0.00
E. Sager - VP and A sst Legal Counsel, ENA Legal 0.08 0.04 0.0 8 0.01 0.06 0.0 8 0.02 0.07 -0.00
J. Dasovich - Empl oyee, Governm ent Relat ionship Execut iv e -0.01 0.58 -0.02 0.5 7 0.04 -0.01 0.58 0.06 0.01
J. Ste! es - VP , Governm ent A ! ai rs -0.00 0.49 -0.01 0.5 2 -0.08 0.00 0.53 -0.06 -0.01
R. Shapir o - VP , Regula to ry A ! ai rs -0.01 0.43 -0.01 0.3 9 0.09 -0.00 0.40 0.10 -0.00
S. Kea n - V P, Chief of Sta ! -0.01 0.35 -0.01 0.3 7 -0.05 -0.00 0.37 -0.04 -0.00
R. Sanders - VP , Enron Whol esale Serv ices 0.03 0.16 0.03 0.1 6 -0.01 0.03 0.16 -0.01 -0.00
D. Delai ney - CEO, ENA and En ron Energ y Servi ces 0.01 0.12 0.01 0.0 8 0.08 0.01 0.09 0.09 -0.00
S. Corman - VP , Regula to ry A ! airs -0.00 0.08 -0.00 0.0 8 -0.01 -0.00 0.08 -0.00 0.2 0
M. Carson - Empl oyee, Corp orat e and En vi ronm enta l Policy -0.00 0.07 -0.00 0.0 9 -0.02 -0.00 0.08 -0.02 -0.00
S. Scott - Em ployee, Transwestern Pipel ine Compa ny (ET S) -0.00 0.08 -0.00 0.0 8 -0.00 -0.00 0.08 -0.00 0.04
J. Lavorat o - CEO, Enr on Am eri ca 0.02 0.12 0.02 -0.0 8 0.4 9 0.02 -0.04 0.49 0.00
M. Gri gsby - Di recto r, West Desk Gas Tradi ng 0.00 0.04 0.00 -0.04 0.20 0.00 -0.03 0.20 -0.00
G. Whal ley - Presiden t , 0.01 0.06 0.01 -0.03 0.19 0.01 -0.01 0.19 0.00
J. Ste! es - VP , Governm ent A ! ai rs 0.00 0.04 0.00 -0.04 0.19 0.00 -0.02 0.18 0.00
K. Pr est o - VP , East Power Trading 0.01 0.01 0.01 -0.06 0.19 0.01 -0.05 0.18 0.00
S. Beck - COO, 0.01 0.02 0.01 -0.05 0.17 0.01 -0.03 0.17 0.00
B. T ychol iz - VP , Mar keti ng 0.01 0.04 0.01 -0.03 0.17 0.01 -0.02 0.16 0.00
J. Arno ld - VP , Fina ncia l Enro n Onl ine 0.03 0.02 0.03 -0.05 0.16 0.03 -0.04 0.16 -0.00
J. W i ll iamson - Executiv e Assista nt , 0.00 0.02 0.00 -0.03 0.14 0.00 -0.02 0.14 0.01
K. Wat son - Em plo yee, Transw est ern Pip eli ne Company (ETS) -0.00 0.01 -0.00 0.00 0.01 -0.00 -0.00 0.01 0.5 9
M. Lo kay - Adm in. Asst. , Transwestern Pipeline Compa ny (ET S) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.4 2
L. Dono ho - Emplo yee, Transwestern Pip eli ne Compan y (ETS) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.3 5
M. McCo nnell - Empl oyee, Transwestern Pipeline Compa ny (ET S) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.2 6
L. B lai r - Emplo yee, Nor ther n Natur al Gas Pi peline (ET S) -0.00 0.01 -0.00 0.01 0.00 -0.00 0.00 0.00 0.2 2
K. Hyat t - Di recto r, A sset Dev elopm ent T W Pi peline Business (ETS) -0.00 0.02 -0.00 0.02 0.00 -0.00 0.01 0.00 0.2 0
D. Schoolcraf t - Emplo yee, Gas Con tro l (ET S) -0.00 0.00 -0.00 0.00 0.00 -0.00 0.00 0.00 0.1 8
T . Geaccone - Mana ger, (ETS) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.1 7
R. Hayslett - V P, A lso CFO and Treasurer 0.00 0.01 0.00 -0.00 0.02 0.00 -0.00 0.02 0.1 6

R mat rix 438.3 12.1 440.3 18.6 -0.9 440.2 1.6 -15.0 0.4
15.3 291.9 19.7 292.5 168.4 1.6 278.3 135.4 1.6

-17.0 104.1 216.4 -29.3 70.7 201.6 -6.2
1.4 -4.6 -7.5 172.3

Table 2: Th ree-w ay DED I COM results on th e Enron email gr aph for thr ee di ! eren t decomp ositions, p = 2, 3, 4.
Th e top 10 entries from al l rep orted col umns of A are l isted in the t able. En t ri es exceeding a th reshold of
0.06 ar e highlig hted .

D t RD t

October 2000 22.2 0.1 -0.5 0.0
0.1 19.0 4.7 0.1
-0.9 2.5 3.6 -0.1
0.0 -0.2 -0.1 3.5

October 2001 14.5 0.0 -0.9 0.0
0.0 4.1 5.5 0.1
-1.8 2.9 22.5 -0.7
0.1 -0.2 -0.8 19.1

Table 3: D t RD t mat ri ces show ing comm unicat ion
pattern s for Octo ber, 2000 and Octob er, 2001.

that it identi Þessome people who were prett y much purely
of a certain type and other people who had mixed charac-
teri sti cs. For example, a given person might ÒloadÓon both
an executive and a lawyer component or aspect, and thus
show email exchangesresembling each of these two roles to
some extent .

The entri es in matri x R descri be the communication pat-
terns between groups of the same and di! erent type. They

show how a parti cular personÕs combinati on of roles or at-
tri butes inßuences the pattern of messages he/ she exchanges
with parti cular other employeesgiven the other employeeÕs
roles or attri butes. The R matri x is asymmet ri c and of-
fers an idealized version of a directed graph involving the
components identi Þed in A .

In additi on, three-way DEDICO M shows the associated
communicati on patt erns over ti me in the tensor D . The
scales in each D t show the strength of parti cipati on of a
parti cular group for ti me period t.

In the present study, we investigated a semanti c graph
with edgeslabeled by ti me. As an alternati ve to t ime, we
point out that our semanti c graph could have incorporated
di! erent types of communication media (e.g., email, phone,
and mail communicati ons) instead of ti me in the thi rd mode.
Then an analysis with three-way DEDICOM would repre-
sent information about the vert icesacrossall forms of com-
munication (appropri ately scaled by slices of D ) in the A
and R matri ces.

Furtherm ore, DEDIC OM is not limited to the analysis of
sociometric and intercommunication data; DEDICO M may

2-Dimensional 3-Dimensional 4-Dimensional
Solution Solution Solution

Emplo yee 1 2 1 2 3 1 2 3 4

T . Jones - Emplo yee, Fina ncial Trading Gr oup (ENA Lega l) 0.64 -0.02 0.64 -0.02 0.01 0.64 -0.01 0.02 -0.00
S. Shacklet on - Empl oyee, ENA Legal 0.45 -0.02 0.45 -0.01 -0.02 0.45 -0.00 -0.01 -0.00
M. Tayl or - Mana ger, Fina ncia l Trading Group ENA L egal 0.38 0.00 0.37 -0.01 0.01 0.37 0.01 0.02 -0.00
S. Bai ley - Legal A ssista nt, ENA Legal 0.26 -0.01 0.26 -0.01 -0.01 0.26 -0.00 -0.01 -0.00
S. Panus - Senior L egal Special ist , ENA L egal 0.26 -0.01 0.26 -0.01 -0.01 0.26 -0.00 -0.00 -0.00
M. Heard - Senior Legal Specialist, ENA Legal 0.23 -0.01 0.23 -0.01 0.00 0.23 -0.00 0.00 -0.00
J. Ho dge - Asst General Counsel, ENA Legal 0.13 0.03 0.13 0.03 0.00 0.13 0.03 0.01 -0.00
L. Kit chen - Pr esiden t, Enro n Onli ne 0.10 0.08 0.11 -0.13 0.53 0.11 -0.09 0.53 0.00
S. Di ckson - Empl oyee, ENA Legal 0.09 -0.00 0.09 -0.00 0.00 0.09 -0.00 0.00 -0.00
E. Sager - VP and A sst Legal Counsel, ENA Legal 0.08 0.04 0.08 0.01 0.06 0.08 0.02 0.07 -0.00
J. Dasovich - Empl oyee, Governm ent Relat ionship Execut iv e -0.01 0.58 -0.02 0.57 0.04 -0.01 0.58 0.06 0.01
J. Ste! es - VP , Governm ent A ! ai rs -0.00 0.49 -0.01 0.52 -0.08 0.00 0.53 -0.06 -0.01
R. Shapir o - VP , Regula to ry A ! ai rs -0.01 0.43 -0.01 0.39 0.09 -0.00 0.40 0.10 -0.00
S. Kea n - V P, Chief of Sta ! -0.01 0.35 -0.01 0.37 -0.05 -0.00 0.37 -0.04 -0.00
R. Sanders - VP , Enron Whol esale Serv ices 0.03 0.16 0.03 0.16 -0.01 0.03 0.16 -0.01 -0.00
D. Delai ney - CEO, ENA and En ron Energ y Servi ces 0.01 0.12 0.01 0.08 0.08 0.01 0.09 0.09 -0.00
S. Corman - VP , Regula to ry A ! airs -0.00 0.08 -0.00 0.08 -0.01 -0.00 0.08 -0.00 0.20
M. Carson - Empl oyee, Corp orat e and En vi ronm enta l Policy -0.00 0.07 -0.00 0.09 -0.02 -0.00 0.08 -0.02 -0.00
S. Scott - Em ployee, Transwestern Pipel ine Compa ny (ET S) -0.00 0.08 -0.00 0.08 -0.00 -0.00 0.08 -0.00 0.04
J. Lavorat o - CEO, Enr on Am eri ca 0.02 0.12 0.02 -0.08 0.49 0.02 -0.04 0.49 0.00
M. Gri gsby - Di recto r, West Desk Gas Tradi ng 0.00 0.04 0.00 -0.04 0.20 0.00 -0.03 0.20 -0.00
G. Whal ley - Presiden t , 0.01 0.06 0.01 -0.03 0.19 0.01 -0.01 0.19 0.00
J. Ste! es - VP , Governm ent A ! ai rs 0.00 0.04 0.00 -0.04 0.19 0.00 -0.02 0.18 0.00
K. Pr est o - VP , East Power Trading 0.01 0.01 0.01 -0.06 0.19 0.01 -0.05 0.18 0.00
S. Beck - COO, 0.01 0.02 0.01 -0.05 0.17 0.01 -0.03 0.17 0.00
B. T ychol iz - VP , Mar keti ng 0.01 0.04 0.01 -0.03 0.17 0.01 -0.02 0.16 0.00
J. Arno ld - VP , Fina ncia l Enro n Onl ine 0.03 0.02 0.03 -0.05 0.16 0.03 -0.04 0.16 -0.00
J. W i ll iamson - Executiv e Assista nt , 0.00 0.02 0.00 -0.03 0.14 0.00 -0.02 0.14 0.01
K. Wat son - Em plo yee, Transw est ern Pip eli ne Company (ETS) -0.00 0.01 -0.00 0.00 0.01 -0.00 -0.00 0.01 0.59
M. Lo kay - Adm in. Asst. , Transwestern Pipeline Compa ny (ET S) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.42
L. Dono ho - Emplo yee, Transwestern Pip eli ne Compan y (ETS) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.35
M. McCo nnell - Empl oyee, Transwestern Pipeline Compa ny (ET S) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.26
L. B lai r - Emplo yee, Nor ther n Natur al Gas Pi peline (ET S) -0.00 0.01 -0.00 0.01 0.00 -0.00 0.00 0.00 0.22
K. Hyat t - Di recto r, A sset Dev elopm ent T W Pi peline Business (ETS) -0.00 0.02 -0.00 0.02 0.00 -0.00 0.01 0.00 0.20
D. Schoolcraf t - Emplo yee, Gas Con tro l (ET S) -0.00 0.00 -0.00 0.00 0.00 -0.00 0.00 0.00 0.18
T . Geaccone - Mana ger, (ETS) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.17
R. Hayslett - V P, A lso CFO and Treasurer 0.00 0.01 0.00 -0.00 0.02 0.00 -0.00 0.02 0.16

R mat rix 438.3 12.1 440.3 18.6 -0.9 440.2 1.6 -15.0 0.4
15.3 291.9 19.7 292.5 168.4 1.6 278.3 135.4 1.6

-17.0 104.1 216.4 -29.3 70.7 201.6 -6.2
1.4 -4.6 -7.5 172.3

Table 2: Th ree-w ay DED I COM results on th e Enron email gr aph for thr ee di ! eren t decomp ositions, p = 2, 3, 4.
Th e top 10 entries from al l rep orted col umns of A are l isted in the t able. En t ri es exceeding a th reshold of
0.06 ar e highlig hted .

D t RD t

October 2000 22.2 0.1 -0.5 0.0
0.1 19.0 4.7 0.1
-0.9 2.5 3.6 -0.1
0.0 -0.2 -0.1 3.5

October 2001 14.5 0.0 -0.9 0.0
0.0 4.1 5.5 0.1
-1.8 2.9 22.5 -0.7
0.1 -0.2 -0.8 19.1

Table 3: D t RD t mat ri ces show ing comm unicat ion
pattern s for Octo ber, 2000 and Octob er, 2001.

that it identi Þessome people who were prett y much purely
of a certain type and other people who had mixed charac-
teri sti cs. For example, a given person might ÒloadÓon both
an executive and a lawyer component or aspect, and thus
show email exchangesresembling each of these two roles to
some extent .

The entri es in matri x R descri be the communication pat-
terns between groups of the same and di! erent type. They

show how a parti cular personÕs combinati on of roles or at-
tri butes inßuences the pattern of messages he/ she exchanges
with parti cular other employeesgiven the other employeeÕs
roles or attri butes. The R matri x is asymmet ri c and of-
fers an idealized version of a directed graph involving the
components identi Þed in A .

In additi on, three-way DEDICO M shows the associated
communicati on patt erns over ti me in the tensor D . The
scales in each D t show the strength of parti cipati on of a
parti cular group for ti me period t.

In the present study, we investigated a semanti c graph
with edgeslabeled by ti me. As an alternati ve to t ime, we
point out that our semanti c graph could have incorporated
di! erent types of communication media (e.g., email, phone,
and mail communicati ons) instead of ti me in the thi rd mode.
Then an analysis with three-way DEDICOM would repre-
sent information about the vert icesacrossall forms of com-
munication (appropri ately scaled by slices of D ) in the A
and R matri ces.

Furtherm ore, DEDIC OM is not limited to the analysis of
sociometric and intercommunication data; DEDICO M may
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2-Dim ens iona l 3-Di mens iona l 4-Dim ens iona l
Sol ution Solu tion Sol ution

Emplo yee 1 2 1 2 3 1 2 3 4

T . Jones - Emplo yee, Fina ncial Trading Gr oup (ENA Lega l) 0.64 -0.02 0.6 4 -0.02 0.01 0.6 4 -0.01 0.02 -0.00
S. Shacklet on - Empl oyee, ENA Legal 0.45 -0.02 0.4 5 -0.01 -0.02 0.4 5 -0.00 -0.01 -0.00
M. Tayl or - Mana ger, Fina ncia l Trading Group ENA L egal 0.38 0.00 0.3 7 -0.01 0.01 0.3 7 0.01 0.02 -0.00
S. Bai ley - Legal A ssista nt, ENA Legal 0.26 -0.01 0.2 6 -0.01 -0.01 0.2 6 -0.00 -0.01 -0.00
S. Panus - Senior L egal Special ist , ENA L egal 0.26 -0.01 0.2 6 -0.01 -0.01 0.2 6 -0.00 -0.00 -0.00
M. Heard - Senior Legal Specialist, ENA Legal 0.23 -0.01 0.2 3 -0.01 0.00 0.2 3 -0.00 0.00 -0.00
J. Ho dge - Asst General Counsel, ENA Legal 0.13 0.03 0.1 3 0.03 0.00 0.1 3 0.03 0.01 -0.00
L. Kit chen - Pr esiden t, Enro n Onli ne 0.10 0.08 0.1 1 -0.1 3 0.5 3 0.1 1 -0.0 9 0.5 3 0.00
S. Di ckson - Empl oyee, ENA Legal 0.09 -0.00 0.0 9 -0.00 0.00 0.0 9 -0.00 0.00 -0.00
E. Sager - VP and A sst Legal Counsel, ENA Legal 0.08 0.04 0.0 8 0.01 0.06 0.0 8 0.02 0.07 -0.00
J. Dasovich - Empl oyee, Governm ent Relat ionship Execut iv e -0.01 0.58 -0.02 0.5 7 0.04 -0.01 0.58 0.06 0.01
J. Ste! es - VP , Governm ent A ! ai rs -0.00 0.49 -0.01 0.5 2 -0.08 0.00 0.53 -0.06 -0.01
R. Shapir o - VP , Regula to ry A ! ai rs -0.01 0.43 -0.01 0.3 9 0.09 -0.00 0.40 0.10 -0.00
S. Kea n - V P, Chief of Sta ! -0.01 0.35 -0.01 0.3 7 -0.05 -0.00 0.37 -0.04 -0.00
R. Sanders - VP , Enron Whol esale Serv ices 0.03 0.16 0.03 0.1 6 -0.01 0.03 0.16 -0.01 -0.00
D. Delai ney - CEO, ENA and En ron Energ y Servi ces 0.01 0.12 0.01 0.0 8 0.08 0.01 0.09 0.09 -0.00
S. Corman - VP , Regula to ry A ! airs -0.00 0.08 -0.00 0.0 8 -0.01 -0.00 0.08 -0.00 0.2 0
M. Carson - Empl oyee, Corp orat e and En vi ronm enta l Policy -0.00 0.07 -0.00 0.0 9 -0.02 -0.00 0.08 -0.02 -0.00
S. Scott - Em ployee, Transwestern Pipel ine Compa ny (ET S) -0.00 0.08 -0.00 0.0 8 -0.00 -0.00 0.08 -0.00 0.04
J. Lavorat o - CEO, Enr on Am eri ca 0.02 0.12 0.02 -0.0 8 0.4 9 0.02 -0.04 0.49 0.00
M. Gri gsby - Di recto r, West Desk Gas Tradi ng 0.00 0.04 0.00 -0.04 0.20 0.00 -0.03 0.20 -0.00
G. Whal ley - Presiden t , 0.01 0.06 0.01 -0.03 0.19 0.01 -0.01 0.19 0.00
J. Ste! es - VP , Governm ent A ! ai rs 0.00 0.04 0.00 -0.04 0.19 0.00 -0.02 0.18 0.00
K. Pr est o - VP , East Power Trading 0.01 0.01 0.01 -0.06 0.19 0.01 -0.05 0.18 0.00
S. Beck - COO, 0.01 0.02 0.01 -0.05 0.17 0.01 -0.03 0.17 0.00
B. T ychol iz - VP , Mar keti ng 0.01 0.04 0.01 -0.03 0.17 0.01 -0.02 0.16 0.00
J. Arno ld - VP , Fina ncia l Enro n Onl ine 0.03 0.02 0.03 -0.05 0.16 0.03 -0.04 0.16 -0.00
J. W i ll iamson - Executiv e Assista nt , 0.00 0.02 0.00 -0.03 0.14 0.00 -0.02 0.14 0.01
K. Wat son - Em plo yee, Transw est ern Pip eli ne Company (ETS) -0.00 0.01 -0.00 0.00 0.01 -0.00 -0.00 0.01 0.5 9
M. Lo kay - Adm in. Asst. , Transwestern Pipeline Compa ny (ET S) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.4 2
L. Dono ho - Emplo yee, Transwestern Pip eli ne Compan y (ETS) -0.00 0.01 -0.00 0.01 0.01 -0.00 0.01 0.01 0.3 5
M. McCo nnell - Empl oyee, Transwestern Pipeline Compa ny (ET S) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.2 6
L. B lai r - Emplo yee, Nor ther n Natur al Gas Pi peline (ET S) -0.00 0.01 -0.00 0.01 0.00 -0.00 0.00 0.00 0.2 2
K. Hyat t - Di recto r, A sset Dev elopm ent T W Pi peline Business (ETS) -0.00 0.02 -0.00 0.02 0.00 -0.00 0.01 0.00 0.2 0
D. Schoolcraf t - Emplo yee, Gas Con tro l (ET S) -0.00 0.00 -0.00 0.00 0.00 -0.00 0.00 0.00 0.1 8
T . Geaccone - Mana ger, (ETS) 0.00 0.00 0.00 -0.00 0.01 0.00 -0.00 0.01 0.1 7
R. Hayslett - V P, A lso CFO and Treasurer 0.00 0.01 0.00 -0.00 0.02 0.00 -0.00 0.02 0.1 6

R mat rix 438.3 12.1 440.3 18.6 -0.9 440.2 1.6 -15.0 0.4
15.3 291.9 19.7 292.5 168.4 1.6 278.3 135.4 1.6

-17.0 104.1 216.4 -29.3 70.7 201.6 -6.2
1.4 -4.6 -7.5 172.3

Table 2: Th ree-w ay DED I COM results on th e Enron email gr aph for thr ee di ! eren t decomp ositions, p = 2, 3, 4.
Th e top 10 entries from al l rep orted col umns of A are l isted in the t able. En t ri es exceeding a th reshold of
0.06 ar e highlig hted .

D t RD t

October 2000 22.2 0.1 -0.5 0.0
0.1 19.0 4.7 0.1
-0.9 2.5 3.6 -0.1
0.0 -0.2 -0.1 3.5

October 2001 14.5 0.0 -0.9 0.0
0.0 4.1 5.5 0.1
-1.8 2.9 22.5 -0.7
0.1 -0.2 -0.8 19.1

Table 3: D t RD t mat ri ces show ing comm unicat ion
pattern s for Octo ber, 2000 and Octob er, 2001.

that it identi Þessome people who were prett y much purely
of a certain type and other people who had mixed charac-
teri sti cs. For example, a given person might ÒloadÓon both
an executive and a lawyer component or aspect, and thus
show email exchangesresembling each of these two roles to
some extent .

The entri es in matri x R descri be the communication pat-
terns between groups of the same and di! erent type. They

show how a parti cular personÕs combinati on of roles or at-
tri butes inßuences the pattern of messages he/ she exchanges
with parti cular other employeesgiven the other employeeÕs
roles or attri butes. The R matri x is asymmet ri c and of-
fers an idealized version of a directed graph involving the
components identi Þed in A .

In additi on, three-way DEDICO M shows the associated
communicati on patt erns over ti me in the tensor D . The
scales in each D t show the strength of parti cipati on of a
parti cular group for ti me period t.

In the present study, we investigated a semanti c graph
with edgeslabeled by ti me. As an alternati ve to t ime, we
point out that our semanti c graph could have incorporated
di! erent types of communication media (e.g., email, phone,
and mail communicati ons) instead of ti me in the thi rd mode.
Then an analysis with three-way DEDICOM would repre-
sent information about the vert icesacrossall forms of com-
munication (appropri ately scaled by slices of D ) in the A
and R matri ces.

Furtherm ore, DEDIC OM is not limited to the analysis of
sociometric and intercommunication data; DEDICO M may
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¥ Mostly communication within roles
¥ Some large exchanges
¥ Negative values complicates interpretation

- Non-negative factorization being investigated
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Figure 2: Scales in D indicate the strength of participation of each group’s communication over time.

derive useful information from any directed graph. New pos-
sibiliti es include analyzing a network of web tra ! c between
servers over ti me or perhaps a web/ci tati on graph, where
edgesconvey authori ty among verti ces. A thi rd mode enters
when the 2-way data are categori zed by t ime, demographic,
click number, or some other feature of the data.

Finally, we suggest a few extensions to the DEDICO M
model and its application in data mining that we intend to
pursue. Fi rst, constrained DEDICO M [23] is an extension
of DEDICO M that has been suggestedin the 90Õs and pur-
sued more recentl y. The idea is to put constrai nts on the
A factors themselves so that the columns of A lie in a pre-
scribed column space. For example, in the email graph, one
might want to impose a const raint on the Þrst column of
A so that it contains only the top executives. Many other
variations are possible. Thi s procedure allows for including
domain knowledge or incorporati ng human understanding
into the problem. Ki ersand Takane[23] o" eredan algori thm
for handling di" erent subspaceconst raints on A. More re-
centl y, Rocci [33] proposed a new algorithm for Þtti ng any
constrained DEDICOM model.

Second,a nonnegative factori zation of DEDICO M, where
A and/or R are nonnegati ve, would preserve the non-negati vi ty
of the data, which could be desirable in some domains and
applications.

Finally, DEDICO M has been applied to skew-symmet ri c
data [17] and has yielded some beneÞts. There might be
ways to apply thi s technique to semanti c graphs as well.
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Summary

¥ Improvements to DEDICOM
- New procedure for finding A
- Newton step for finding D

¥ Modifications to handle large data arrays
- Compression

¥ Novel approach to social network analysis using DEDICOM
- Roles of employees
- Communication patterns among roles and over time

¥ Future research
- Nonnegative DEDICOM
- Constrained DEDICOM
- PARAFAC



More Information

¥ DEDICOM paper on Social Network Analysis:
- Tech report SAND2006-2161 available 

¥ MATLAB Tensor Toolbox:
- http://csmr.ca.sandia.gov/~tgkolda/TensorToolbox
- Tech report SAND2004-5189 available on website
- Paper to appear in ACM Trans. Math. Softw.
- sparse_tensor class to be released soon

http://www.cs.sandia.gov/~bwbader/
bwbader@sandia.gov


