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SUMMARY

In the spectral stochastic finite element method of analyzing an uncertain system, first the

underlying uncertainty is represented using a set of random variables and then the quantities of interest

such as response are represented as functions of these random variables. A Galerkin projection then

yields a block system of deterministic equations with coupling among various blocks. Solving this

coupled system is the main computational burden of the whole method. Computation becomes more

challenging as the size of the physical system and the level of uncertainty grow, and a solution to

this challenge is addressed in this paper. Usually an iterative solver such as conjugate gradient is

used to solve this large system of equations. To accelerate the convergence of the iterative solver, an
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incomplete block-diagonal preconditioner is used here. The preconditioner is applied using a domain

decomposition based solver called finite element tearing and interconnecting - dual primal (FETI-DP).

Application of the preconditioner requires solving one particular system of equations for multiple right

hand sides. To accelerate the computation associated of this repeated solving, a particular variant of

the FETI-DP solver is used which is adapted for solving a given system for multiple right hand sides

efficiently by re-using a Krylov subspace. It is observed through a numerical study that the proposed

method is scalable in a parallel computing environment — a property inherited from the FETI-

DP. Furthermore, re-usage of the Krylov subspace greatly reduces the overall computational cost.

Therefore the proposed method has the promise to make the uncertainty quantification of realistic

systems tractable. Copyright c
 2008 John Wiley & Sons, Ltd.

key words: polynomial chaos; stochastic finite element; domain decomposition; uncertainty; large

system; preconditioner; CG; FETI

1. INTR ODUCTION

A realistic analysis and design of physical systems must take into account uncertainties

contributed by various sourcessuch as manufacturing variabilit y, insu�cien t data, unknown

physicsand aging. In a probabilistic framework theseuncertainties are �rst modeledasrandom

quantities with assignedprobabilit y distributions. The probabilistic nature of the responseof

the uncertain system under deterministic or random loading is then estimated using various

available methods such as spectral stochastic �nite element methods (SSFEM). In SSFEM

the random parametersand external random forcesare �rst modeled using square-integrable

random variables and processes.The processesare further discretized using a denumerable

set of random variables. The set of all of these random variables is called the set of basic
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SSFEM FOR LAR GE SYSTEMS 3

random variables. The responseis next represented using a set of polynomials in these basic

random variables. When the basic random variables are Gaussian, the natural choice of a

set of orthogonal polynomials in these variables becomesthe set of Hermite polynomials,

and the resulting representation is called the polynomial chaos expansion(PCE) [20]. Once

the coe�cien ts of this representation | referred to as chaos coe�cien ts | are estimated,

any statistical quantit y such as mean, standard deviation and probabilit y density function

(PDF) of the responsecan be derived in a straightforward way. When the physical domain

of the problem is also discretized using, for example, deterministic �nite element bases,the

approximation spacefor the entire problem naturally becomesa tensor product spacede�ned

on the cartesian product of the physical and random domains.

Consider a linear elliptic equation with uncertain parameters where the physical domain

is discretized using an n degreesof freedom (dof) �nite element model, and the response is

represented using a P-term PCE. For this problem, in order to estimate the chaoscoe�cien ts

when a Galerkin projection is used to minimize the residual of the governing equation

[20, 13, 14], the stochastic problem is translated into the following systemof linear deterministic

equations

Ku = f ; K 2 RnP � nP ; u; f 2 RnP ; (1)

where the matrix K has the form

K =

2

6
6
6
6
6
6
6
6
6
6
4

K 11 K 12 : : : K 1P

K 21 K 22 : : : K 2P

: : : : : : : : : : : :

K P 1 K P 2 : : : K P P

3

7
7
7
7
7
7
7
7
7
7
5

; K ij 2 Rn � n (2)
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A detailed derivation of this equation is presented in the following section. The matrix K is

block-sparse,whereeach of the blocks K ij is of size(n � n) and is alsosparseitself. The block-

sparsity results from the properties of the polynomial chaos bases,while the sparsity within

the individual blocks results from the deterministic �nite element discretization. Clearly the

problem size| which can be characterizedby the number nP | dependson (i) the sizeof the

physical systemand spatial meshresolution | that a�ects n, and (ii) the level of uncertainty

| that a�ects P. The majorit y of the current literature addressessolvabilit y of Eq. (1) for

small or medium problems.However, as the problem sizegrows, either through P or n, solving

this system becomesmore challenging, as the memory and computational time requirement

tend to a prohibitiv e range. Development of e�cien t computational techniques to solve this

problem has therefore emergedas an active area of research in recent years[21, 16, 1, 12].

The system (1) can be e�cien tly solved using an iterativ e technique such as the block

Gauss-Jacobi[12], MINRES, or conjugate gradient (CG) algorithm [21, 16, 1] | the solver

usedin this paper. A closer inspection of the block-sparsestructure of the matrix K suggests

that a block-diagonal preconditioner could be usedto acceleratethe convergenceof CG, thus

resulting a preconditionedconjugategradient (PCG) algorithm. It hasbeenobservedthat such

a preconditioner indeedhelpsimproving the convergence[21, 16, 1]. In this paper an incomplete

block-diagonal preconditioner is used. When the underlying uncertainty in the system is

Gaussian in nature, this preconditioner coincideswith the block-Jacobi preconditioner used

in [21, 16], and di�ers by a set of scaling factors to the diagonal blocks that is absent in

[1]. It is argued later in this paper that these scaling factors are important in improving the

preconditioner.

The application of this preconditioner requiressolving an (n � n) linear systemof equations
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SSFEM FOR LAR GE SYSTEMS 5

repeatedly, for di�eren t right hand sides. The coe�cien t matrix in this linear system

correspondsto the meanpart of the sti�ness matrix, therefore sparse,symmetric, and positive

de�nite. The main goal of this paper is to acceleratethe application of the preconditioner. In

[16] the preconditioner was applied using an approximate inversion technique, in [21] it was

applied using matrix factorization, and in [1] a CG algorithm wasusedfor this purpose.In all

of thesepapers, the needof a better method for applying the preconditioner is pronounced.

In this paper a domain decomposition based solver called �nite element tearing and

interconnecting (FETI) is used to apply the preconditioner. FETI can be viewed a class of

methods rather than a single method becausethere exist several versions of it [2, 5, 4, 7].

In a FETI formalism, the physical domain is divided into a number of subdomains, with one

or a few subdomains assignedto each processorin a parallel computing environment. The

main computational burden is then reducedto solving a number of subdomain-level problems

and a problem involving a set of Lagrangevariables de�ned on the subdomain interfaces.The

latter problem is solved using an iterativ e method, where the equilibrium at each subdomain

is enforced at each iteration and the continuit y acrosssubdomain boundaries is satis�ed at

convergence.It has been implemented successfully in various applications of deterministic

analysisand is found to have good scalability when properly implemented [5]. In this paper, a

particular version of FETI solver named as FETI-Dual Primal or FETI-DP [7] is used.

Sincethe application of the preconditioner requiressolving the samelinear systemrepeatedly

with di�eren t right hand sides,a multiple right hand sidesversion of FETI-DP [8, 6] is used

here that acceleratesthe convergenceof the PCG method. In this version, the whole or a part

of the Krylo v subspacegeneratedduring the �rst FETI-DP solve is stored, and this subspace

is usedfor choosing the initial iterate for the subsequent applications of FETI-DP . It is noted
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that an overlapping additiv e Schwarz domain decomposition method with the similar Krylo v

subspacere-usagetechnique is usedto apply a preconditioner in a recent paper [9] where the

uncertainty model is special in the sensethat it allows selectionof a doubly orthogonal random

polynomial basisset such that the matrix K becomesblock diagonal. Our work treats a more

generalmodel of uncertainty and the model usedin [9] is a special caseof this generalmodel.

In the following section the ingredients of the SSFEM are presented and Eq. (1) is derived.

In section 3 issuesrelated to solving this large linear system are presented. The incomplete

block-diagonal preconditioner that is usedin this paper is alsode�ned in this section.In section

4 the domain decomposition method FETI-DP and its adaptation to multiple right hand sides

are intro duced. The implementation details of the PCG solver and the preconditioner are

described in section 5. A numerical study is next conducted and presented in section 6. From

the study it is observed that the proposedFETI-DP basedpreconditioner works as a great

accelerator for solving the coupled system. This acceleration is further improved by re-using

the Krylo v subspacein the multiple right hand sidesversionof FETI-DP . The paper endswith

and a few concluding remarks.

2. SPECTRAL STOCHASTIC FINITE ELEMENT METHODS

Let (
 ; F ; P) denote the underlying probabilit y spaceof uncertainty, where 
 denotesthe set

of elementary events � , F denotesa � -algebraon that event set, and P denotesthe probabilit y

measure.Let the physical domain D be a closedinterval in the spaceRd, where d is 1, 2 or 3

and x be a point in this domain. Considerthe second-orderelliptic partial di�eren tial equation

(pde) to hold almost everywhere(a.e.) in 
 :
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SSFEM FOR LAR GE SYSTEMS 7

�r � (a(x; � )r u(x; � )) = f (x; � ) x 2 D; (3)

u(x; � ) = 0 x 2 @D ;

whereu(x; � ); f (x; � ) : D � 
 ! R. The uncertain parametersin this equation are embeddedin

the coe�cien t a(x; � ) and in the external forcing function. Here the processa(x; � ) is bounded

away from zero, and f must satisfy the squareintegrabilit y condition

Z




Z

D
f 2(x; � )dxdP(� ) < 1 : (4)

Since the random processesa(x; � ) and f (x; � ) are in�nite dimensional objects, for

computational purpose they are further discretized using a suitable basis set in the space

of square-integrable random variables L 2(
). For example, when the covariance of a process

is known then the Karhunen-Lo�eve (KL) expansion[20] can be usedfor such discretization. A

�nite-dimensional representation of theseprocessesyields the random vector ξ = f � i (� )gi = m
i =1 ,

which completely characterizes the uncertainty in the underlying system. In general these

random variablesmay not be completely independent of each other, and their joint distribution

will be non-Gaussianin general.This set can be transformed to a function of an independent

Gaussianvector using various techniques [19, 24]. Therefore, without loss of generality, ξ is

assumedto be a vector of independent standard normal random variables. In literature, m

is often referred to as the stochastic dimension of the problem. Since u, the responseof the

system, will also be a function of ξ, therefore u(x; � ) can now be denoted as u(x; ξ).

Let the function p(ξ) denote the joint probabilit y density function of the random vector ξ.

The integration
R


 �dP(� ) or
R

Rm �p(ξ)dξ is mentioned here as the expectation operator Ef�g .

Let the physical approximation spacebe a deterministic �nite element spaceH 1
0 (D) with the
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shape functions denoted as f N i (x)gi = n
i =1 . The responseof the system is next represented in a

tensor product Hilb ert spaceasu(x; ξ) 2 H = H 1
0 (D) 
 L 2(
), with the inner product de�ned

as

(u; v)H 1
0 (D ) 
 L 2 (
) =

Z

Rm

� Z

D
r u(x; ξ) � r v(x; ξ) dx

�
p(ξ)dξ = E

� Z

D
r u(x; ξ) � r v(x; ξ) dx

�
:

(5)

A set of bases should be chosen in the random space L 2(
) to represent the stochastic

counterpart of the responseu(x; ξ). In this paper the polynomial chaosbases[17, 23, 20] are

used.Accordingly, any squareintegrable random variable, vector or processcan be represented

using a basisset f  i (ξ)gi = 1
i =0 , where the basesare chosento be Hermite polynomials in the set

of orthonormal variables ξ. The bases i have the following properties :

 0 � 1 ; Ef  i g = 0 for i > 0 ; and Ef  i  j g = � i;j Ef  2
i g ;

where � i;j denotes the Kronecker delta function. For computational purpose, only a �nite

number of bases| P are used.P dependsupon m, the stochastic dimension of the problem

and the highestdegreeof polynomials retained | alsoreferredto asthe order of expansion.For

example,whenξ = f � 1; � 2g, that is, the stochastic dimensionis two, a second-orderpolynomial

chaosexpansioncorresponds to P = 6, and the corresponding polynomials  i (� 1; � 2) are [20]

 0(� 1; � 2) = 1 ;  1(� 1; � 2) = � 1 ;  2(� 1; � 2) = � 2 ;

 3(� 1; � 2) = � 2
1 � 1 ;  4(� 1; � 2) = � 1� 2 ;  5(� 1; � 2) = � 2

2 � 1 :

Besidesthe Hermite polynomials, other basessuch asother typesof polynomials [11] or wavelet

bases[18] are also often used.Although in this paper only the Hermite polynomials are used
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SSFEM FOR LAR GE SYSTEMS 9

throughout, the framework is equally valid for such other bases.Using both the deterministic

or physical basesf N i (x)gi = n
i =1 and the stochastic basesf  j (ξ)gj = P � 1

j =0 the approximation û(x; ξ)

to the responseu(x; ξ) can be represented as

û(x; ξ) =
i = nX

i =1

j = P � 1X

j =0

ui;j N i (x) j (ξ); N i (x) 2 V (D);  j (ξ) 2 L 2(
) : (6)

The chaoscoe�cien ts u( j ) (x) :=
i = nP

i =1
ui;j N i (x) completely capture the probabilistic description

of the random quantities involved. For example, the mean and variance of the responseat a

physical location x can be readily computed from the above expansionas

Mean = �u(x) =
i = nX

i =1

ui; 0N i (x); Variance= V ar(û(x)) =
i = nX

i =1

j = P � 1X

j =1

(ui;j N i (x))2 Ef  2
j g : (7)

The statistical moments of the stressand strain quantities can also be computed, often using

a numerical technique [10].

To obtain the representation (6) the coe�cien ts ui;j are neededto be estimated, which is

achieved using the intrusive or Stochastic Galerkin �nite element method [20, 13, 14]. First

de�ne a bilinear form B(u; v) : H � H ! R as

B(u; v) =
Z

Rm

� Z

D
a(x; ξ)r u(x; ξ) � r v(x; ξ)dx

�
p(ξ)dξ 8 u; v 2 H : (8)

The variational form is then constructed as

B(u; v) = V(v) 8 v 2 H (9)

where V(v) : H ! R is a bounded linear functional de�ned as

V(v) =
Z

Rm

� Z

D
f (x; ξ)v(x; ξ)dx

�
p(ξ)dξ : (10)
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The positivit y and boundednessof the coe�cien t a(x; ξ) almost everywhereimplies continuit y

and coercivity of the bilinear form B(u; v). Under these conditions the Lax-Milgram lemma

[25] guaranteesthe existenceand uniquenessof the solution of the variational formulation (9).

Let the processa(x; ξ) be represented as

a(x; ξ) =
L � 1X

i =0

a( i ) (x) i (ξ) ; (11)

which can be, for example,KL expansionor PCE. Using Eqs. (8), (10) and (11), using the PCE

representation of u(x; ξ) as in Eq. (6), and choosing v(x; ξ) to be N k (x) l (ξ), the variational

form (9) can be written as

i = nX

i =1

j = P � 1X

j =0

ui;j

Z

Rm

[K (ξ)]k ;i  j (ξ) l (ξ)p(ξ)dξ =
Z

Rm

f k (ξ) l (ξ)p(ξ)dξ (12)

8k = 1: : : n; l = 0 : : : P � 1; and  l (ξ) 2 L 2(
)

where K (ξ) is an (n � n) matrix whoseelements are random variables, expressedas

K (ξ) =
L � 1X

r =0

K ( r )  i (ξ) ; K ( r ) 2 Rn � n (13)

where the (k; i )th element of the matrix K ( r ) is

Z

D
a( r ) (x)r N i (x) � r Nk (x)dx : (14)

and

f k (ξ) =
Z

D
f (x; ξ)Nk (x)dx : (15)

Eq. (12) can be written as Eq. (1). Although described for an secondorder elliptic equation,

this expressionis obtained for generalelliptic equations of the form L(u(x; � )) = f (x; � ).

In a computer implementation, the matrices K ( i ) for i = 0; : : : ; L � 1 are computed by calling

the usual �nite element sti�ness computation routine L times, only changing the coe�cien t
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SSFEM FOR LAR GE SYSTEMS 11

a( i ) (x) in each call. Physically, K (0) refers to the mean sti�ness and other K ( i ) -s refer to the

random 
uctuation around the mean. Next let us intro duce the notations

u( i ) =

8
>>>>>>>>>><

>>>>>>>>>>:

u1;i

u2;i

�

un;i

9
>>>>>>>>>>=

>>>>>>>>>>;

2 Rn ; f ( i ) =

8
>>>>>>>>>><

>>>>>>>>>>:

Ef f 1(ξ) i g

Ef f 2(ξ) i g

�

Ef f n (ξ) i g

9
>>>>>>>>>>=

>>>>>>>>>>;

2 Rn ; i = 0; : : : ; P � 1; (16)

where f k (ξ) are de�ned in Eq. (15). As mentioned earlier, f (ξ) is also discretized using KL

or PCE, and the expectation operations in the above equation can be evaluated using the

orthogonality of the random bases.As a special example, when f (ξ) is deterministic, say

f (ξ) = f , then in the above equation only f (0) survivesand the other f ( i ) s vanish. Using the

notations intro duced, the terms K , u and f in Eq. (1) can be written as

K =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

L � 1X

i =0

K ( i ) Ef  i  0 0g
L � 1X

i =0

K ( i ) Ef  i  1 0g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 0g

L � 1X

i =0

K ( i ) Ef  i  0 1g
L � 1X

i =0

K ( i ) Ef  i  1 1g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 1g

: : : : : : : : : : : :
L � 1X

i =0

K ( i ) Ef  i  0 P � 1g
L � 1X

i =0

K ( i ) Ef  i  1 P � 1g : : :
L � 1X

i =0

K ( i ) Ef  i  P � 1 P � 1g

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

(17)

u =
�

u(0) ; u(1) ; : : : ; u(P � 1)
	 T

; f =
�

f (0) ; f (1) ; : : : ; f (P � 1)
	 T

(18)

The matrix K is block-sparsewhich follows from the sparsity of the triple products Ef  i  j  k g;

the diagonal blocks are always non-zero. The sparsity depends upon the representation Eq.

(11), the types of bases i used, and the order of expansion.A general and conciserecipe of

this sparsity cannot be suggested.For a known type of representation of the uncertain system

parameters and response,the sparsity can be found through computation. For example, in a
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linear statics problem | usedin the numerical study here | when the random 
uctuation of

the Young's moduli of �v e structural components are expressedas seconddegreepolynomials

of Gaussianrandom variables and the displacement �eld is represented in fourth order PCE,

the resulting sparsity pattern is shown in Figure 2. Increasingor decreasingthe order of PCE

will augment or remove someof the branchesin this matrix.

3. SOLUTION OF THE LINEAR SYSTEM

The resulting system in Eq. (1) is actually a system of systemsof equations. As mentioned

in Eq. (13) and the discussionfollowing it, the (n � n) blocks are linear combinations of the

�nite element sti�ness matrices K ( i ) . When n is large | which is the casewhen a �ne mesh

resolution is neededin the physical domain, or when P is large | which is the casewhen the

systemhas many random parametersand the levels of variation of theseparametersare high,

then solving this system becomeschallenging. As any other large-scaleproblems, an attempt

to solve this coupled system naturally brings forth a number of issuesrelated to solution

methodology and implementation. Speci�c implementation details are discussedin section 5.

The solution methods and the preconditioning aspects are discussed�rst.

The matrices K ( i ) are the �nite element sti�ness matrices, therefore symmetric. Therefore

the matrix K is alsosymmetric. To e�cien tly usethe symmetry and sparsity while solving Eq.

(1) iterativ ely, two good candidates are the MINRES algorithm and CG | if the system is

positive de�nite. In this paper the assumeduncertainty model of the parametersensuresthat

the matrix K (ξ) is positive de�nite almost everywhere, it implies that the matrix K is also

positive de�nite. In this caseCG becomesa strong choice as the solver.

For solving large scale linear systemsthe preconditioners have been playing an important
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SSFEM FOR LAR GE SYSTEMS 13

role [15]. Using a preconditioning matrix M the system (1) is transformed as

solve MKu = Mf ; (19)

here M should be chosensuch that (i) MK is well-conditioned, if possibleM � K � 1, (ii) M

should be easily computable. To this end, the matrix K needsto be examinedclosely.

The matrix K (0) corresponds to the sti�ness matrix of the mean system, thus it is positive

de�nite, provided the systemis properly constrained by su�cien t boundary conditions. Using

the orthogonality of the chaospolynomials it can be shown that the matrix K (0) contributes

only toward the diagonalblocks of the matrix K and not to the o�-diagonal blocks. This can be

interpreted as the diagonal blocks have a contribution from the mean system properties, and

often also from the 
uctuation part of these properties | depending upon the expansionof

K (ξ) in Eq. (13), whereasthe o�-diagonal blocks have contributions only from the 
uctuation

part. For such matrices it is often expected and has been observed that a block-diagonal

preconditioner helps to acceleratethe convergence.In this paper an incompleteblock-diagonal

preconditioner is used,which is de�ned as

M =

2

6
6
6
6
6
6
6
6
6
6
4

1
Ef  2

0 g K � 1
(0) 0 : : : 0

0 1
Ef  2

1 g K � 1
(0) 0 0

: : : : : : : : : : : :

0 0 : : : 1
Ef  2

P � 1 g K � 1
(0)

3

7
7
7
7
7
7
7
7
7
7
5

: (20)

The reason for deviating from the block-Jacobi preconditioner is as follows. In general, the

diagonal blocks of the matrix K are not equal, therefore in the block-Jacobi preconditioner, the

diagonal blocks in M alsowill be di�eren t. However, in our construction of the preconditioner,

all the diagonal blocks in M are kept assame| except the scaling factors, which allows using
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a multiple right hand sides version of a linear solver. Since only the mean part K (0) of the

diagonal blocks is retained, the preconditioner is called as incomplete block-diagonal. It can

be shown that for a Gaussian model of K (ξ), that is, when in Eq. (13) the only non-zero

coe�cien ts K ( i ) -s are K (0) and the onescorresponding to � i -s, the preconditioner M coincides

with the block-Jacobi preconditioner [21, 16]. In [1], a similar preconditioner asabovewasused,

except there wasno 1
Ef  2

i
g factor in the diagonal blocks. The reasonwe chosethe factor is that

in the i th diagonal block of K , the coe�cien t of K (0) is Ef  2
i g. It was also substantiated by

numerical experiments, although the results are not mentioned in this paper, that this factor

helps improving the convergence.

Each application of the preconditioner M requires the samematrix K (0) to be inverted P

times. Note that this is the count for each PCG iteration. However, in the PCG algorithm the

action of the preconditioner is implemented asa systemsolving approach rather than requiring

the accessto K � 1
(0) . Thus, a system

K (0) z = d (21)

needsto be solved instead of computing K � 1
(0) explicitly , where z; d 2 Rn , and d varies. The

matrix K (0) is sparse,and large for large-scaleproblems. Thus an iterativ e solver can be used

to this end. Since this system needsto be solved repeatedly for di�eren t right hand sides,a

solution method that can reducethe computational cost in successivesolving is greatly desired.

Herea domain decomposition basedsolver namedFETI-DP (with multiple right hand sides)

is usedto solve K (0) z = d.
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4. DOMAIN DECOMPOSITION

With the progress of parallel computing technology, the domain decomposition techniques

have emergedase�cien t choice for solving large-scalesystems.As the namesuggests,in these

techniquesthe computational domain is decomposedinto a set of subdomains,asshown in Fig.

3, and a divide-and-conquerstrategy is developed that permits using multiple processorsmore

e�cien tly than the traditional single domain approaches.Here a particular family of domain

decomposition methods called FETI is considered. FETI methods are iterativ e methods

where typically one or more subdomains are assignedto one processorand the subdomains

communicate with each other through a set of Lagrange multipliers � 2 RN λ ; N � << n

de�ned at subdomain boundaries. The equilibrium of each subdomain is satis�ed at each

iteration whereas the continuit y of the displacement �eld is achieved at convergence.The

computational burden of solving K (0) z = d reducesdown to solving a much smaller interface

problem as

A� = g ; A 2 RN λ� N λ ; �; g 2 RN λ ; (22)

actual expressionsfor A and g can be found in [7]. This problem is again solved using PCG

algorithm with a suitable preconditioner. In this paper this PCG will be referred to as the

inner-PCG to distinguish it from the PCG usedto solve Eq. (19), which will be referred to as

the outer-PCG.

The FETI methods have gonethrough, and are still going through a seriesof modi�cations

aimed at improving the performanceand adapting with various applications [2, 5, 4, 7]. Here

only the FETI-DP version [7] is discussed.This method was developed to achieve scalability

for fourth-order plate and shell problems. Detailed description of the method can be found in
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[7].

... YYY A FEW COMMENTS on role of preconditioning on scaling issues.... Also the

following formula on the condition number of the interface problem is to be presented in a

proper context

� = O
�

1 + log
�

H
h

�� m

m � 3 ; (23)

where h characterizes the mesh size and H characterizesthe subdomain size. YYY NEEDS

more discussionon convergence? such as what happens when the number of elements are

increasedkeepingthe number of subdomains �xed etc.

As can be seenfrom Eq. (20), application of the incomplete block-diagonal preconditioner

requires solving the samesystem of equations with di�eren t right hand sides.When a FETI-

DP solver is usedto implement this preconditioner, e�ectiv ely the problem reducesto solving

repeatedly Eq. (22) for di�eren t right hand sides,which can be written as

A� j = gj ; A 2 RN λ� N λ ; � j ; gj 2 RN λ ; j = 1; : : : ; nr hs ; (24)

where nr hs denotes the number of right and sides for which the system is to be solved.

Computational cost of this repetitiv e solving can be greatly reduced by re-using the Krylo v

subspacesusedby the PCG algorithm usedto solve Eq. (24). For FETI-DP , a strategy of re-

using the Krylo v subspace,which will be referred to hereasFETI-DP-mrhs, wasdemonstrated

in [8, 6] and further used in various applications such as acoustic scattering [22]. Outline of

the idea is as follows. Consider for j = 1 the system A� 1 = g1 is solved, the generatedKrylo v

subspaceS1 is stored. For j = 2 onward the initial iterate � 0
j will be chosenfrom subspaceS1

and the successive iterates will be selectedfrom the spaceA-orthogonal to S1.
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In FETI-DP the storagerequirement for the Krylo v subspaceand the overall computational

cost correspondsto � , a vector de�ned only on the interface dof and not on the entire domain,

which implies N � << n. Clearly this is a signi�can t saving compared to many other solvers

where the required resourcecorresponds to n.

At this point, the essential ingredients of implementing the incomplete block-diagonal

preconditioner (20) to solve the linear system of systems(1) using PCG algorithm are ready.

For implementing the preconditioner, the physical domain D is decomposedinto a number of

subdomains, and the FETI-DP-mrhs is used.The implementation details are presented in the

following section.

5. IMPLEMENT ATION

Key points of the computer implementation of the outer-PCG solver and the FETI-DP-

mrhs preconditioner are presented in this section. Issues related to storage, matrix-v ector

multiplication, load balancing, and a few �ne details about implementing the FETI-DP are

addressedhere. To facilitate the discussiondi�eren t levels of computation are de�ned and

outlined in Figure 1.

A distributed memory systemis usedin computation; only the memory is usedto store the

matrices and vectors. Let the whole physical domain be decomposedinto N s subdomains. A

few subdomains are assignedto each processor.That meanseach processoris responsible for

constructing and storing the matrices and vectorsand performing computations corresponding

to a �xed set of subdomains. Each of the non-zero matrices K ( i ) 2 Rn � n ; i = 0; : : : ; P � 1

are constructed accordingly. One important factor should be consideredin this assignment of

subdomains among the processorsis load balancing. Any vector v 2 RnP is �rst divided into
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for i = 1 : until convergence// Level L-1 : Outer-PCG iteration to

// solve Eq. (1)
. . .

// Preconditioning

for j = 1 : P (Level L-2)

// Solve K (0) z = d for varying d, as explained in Eq. (21), using FETI-DP mrhs;

// the pivotal task is to solve A� j = gj in Eq. (24)

if i=1 and j=1

Perform inner-PCG iterations to �nd � 1

Store the Krylo v subspaceS1

else

Find the initial iterate � 0
j from S1

Perform inner-PCG iterations to �nd � j

Update S1 by new search directions (optional)

end

Figure 1. Outline of computation

P number of n-dimensional blocks as

v =

8
>>>>>>>>>><

>>>>>>>>>>:

v(0)

v(1)

�

v(P � 1)

9
>>>>>>>>>>=

>>>>>>>>>>;

; v( i ) 2 Rn : (25)

Computation and storage of each of the vectors v( i ) are distributed among the processorsin

accordancewith the distribution of the subdomains among the processors.
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5.1. Computational implementation details at various levels

5.1.1. LevelL-1 : The outer-PCG iterations The initial iterates for the outer-PCG iterations

are taken as zero vectors, and the stopping criteria is set as the relative residual | de�ned as

the ratio of the 2-norms of the residual and the right hand side | to be lessthan 10� 8. Each

iteration requires computation of a matrix-v ector (mat-vec) product Kv for a given vector

v 2 RnP . To minimize computational burden this mat-vec product is implemented at the

block level [16]. To this e�ect, �rst the vector v is divided into P number of n-dimensional

blocks as described in Eq. (25). From Eqs. (17) and (25)

Kv =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

L � 1X

i =0

P � 1X

j =0

K ( i ) Ef  i  j  0gv( j )

L � 1X

i =0

P � 1X

j =0

K ( i ) Ef  i  j  1gv( j )

�
L � 1X

i =0

P � 1X

j =0

K ( i ) Ef  i  j  P � 1gv( j )

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

; v( j ) 2 Rn : (26)

The block level mat-vec products K ( i ) v( j ) for i = 0; : : : ; L � 1; K ( i ) 6= 0; j = 0; : : : ; P � 1

are computed �rst and the resulting products are stored. Finally, the mat-vec product Kv is

computed using linear combinations of theseK ( i ) v( j ) , as expressedin Eq. (26). Here the triple

products of the random variables Ef  i  j  k g, 0 � i; j; k � P � 1 are computed only onceand

are stored as a three-dimensionaldensearray.

5.1.2. LevelL-2 : Preconditioning and FETI-DP-mrhs The FETI-DP preconditioner routine

is calledonly whena non-zeroright hand side(rhs) is encountered. The Dirichlet preconditioner

[7] is used for the FETI solver. The coarseproblem within FETI-DP [7] is augmented as

described in [7, 3]. Sparsedirect solvers are used to solve the subdomain level problems and
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the coarseproblem.

Unlessotherwise mentioned, at most 1000search directions in the Krylo v subspaceS1 are

stored at any stagethe FETI-DP-mrhs.

6. NUMERICAL STUDY

To conduct the numerical study a linear statics problem is considered.A cylinder head of

a car engine is consideredas the structure which has uncertain material properties. For a

deterministic loading, the goal is to estimate the statistics of the response using SSFEM.

Three �nite element modelsof the cylinder headwith three di�eren t meshsizesare considered.

Thesethree models will be referred to here as CH1, CH2 and CH3, a typical model is shown

in Figure 4. The model CH1 has 54 198 dof, CH2 has 335 508 dof and CH3 has 2 290 437

dof. All the models are built using three types of elements : 3-D 8-node brick elements with

3dof/node, 3-D 3-AQR shell elements with 6dof/node, and 3-D 6-node pentahedral elements

with 3dof/node. The cylinder head is made with �v e di�eren t components. The Young's

modulus E i of the materials of these�v e components are assumedto be independent random

variables, expressedas

E i = �E i +
� E ip

2
(� 2

i � 1) i = 1; : : : ; 5 : (27)

Here �E i are the meanvalues,� E i
are the standard deviations, and � i are independent standard

normal random variables.To ensurepositivit y of the Young's modulus a constraint is imposed

as � Eip
2

< �E i for all i . In the present study � E i
is assumedto be 20% of �E i for all i , which

satis�es this constraint. An arbitrarily chosen static force is applied to the structure. The

rigid body modes are removed from the structure by properly constraining at the boundary.
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The displacement �eld is represented using fourth-order polynomial chaosexpansion,the total

number of chaos polynomials in this expansionbecomesP = 126. The chaos coe�cien ts are

estimated by solving Eq. (1) by the PCG method, and using an incomplete block-diagonal

preconditioner as de�ned in Eq. (20).

In the �rst stepof the numerical study Eq. (1) is solvedfor the model CH1 using8 processors,

and using four di�eren t domain decompositions: dividing the entire domain into 22, 44, 90 and

223 subdomains, respectively. The computational time required only at the preconditioning

stage to solve Eq. (1) is presented in Table I. It is observed from this table that in terms

of computational time, there exists an optimal number of subdomains, which is 44 in this

case(also 90 is a closercandidate), amongthe four decompositions considered.In Figure 5 the

number of PCG iterations within the FETI-DP solver | alsoreferredto hereasthe inner-PCG

iterations | is plotted against the sequenceof the FETI-DP solver is called. It is observedhere

that comparedto the �rst few solves,the number of iterations dropped signi�can tly afterward,

that is, the mrhs versionof FETI-DP helped signi�can tly in reducing the computational costof

preconditioning. It is further observed in this �gure that the trend of reduction of the number

of inner-PCG iterations is almost similar for all three domain decompositions. Similar study

to �nd the optimal domain decomposition is also carried out for models CH2 and CH3 and

the results are presented in Table I I and I I I. The optimal number of subdomains for CH2 is

229 and for CH3 it is 944 (also 320 is a closercandidate).

In the next step of the numerical study, the modelsCH1, CH2 and CH3 are decomposedinto

44,229and 944subdomains,respectively. Thesenumbersarechosenconsideringthe optimalit y

study aspresented in the previousparagraph.For three modelsand their corresponding domain

decompositions Eq. (1) is solved using various number of processors,and the computational
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time and iteration counts are presented in TablesIV and V. The main observations from these

tables are as follows.

The number of outer-PCG iterations, denotedhereby N iter ;cg , doesnot changeconsiderably

with the mesh re�nement of the models. However, the number of inner-PCG iterations,

N iter ;F E T I , increasesnoticeably as the meshresolution increases.

Before moving to further observations an apparent contradiction is clari�ed here. In this

example there are P = 126 diagonal blocks in the preconditioner M de�ned in Eq. (20).

Therefore it is expected that for each outer-PCG iteration | that is, for each implementation

of the preconditioner M | the FETI-DP solver to solve K (0) z = d will be called P = 126

times. However, in these tables, when the outer-PCG iteration count N iter ;cg changesfrom

16 to 17 (third column), then the number of FETI-DP calls Ncall;F E T I changesfrom 301 to

322 (fourth column), that is, increasesby 21, and not by 126. To resolve this contradiction, a

closer look at the �nal solution u revealedthat among 126 number of u( i ) -s in Eq. (18), only

21 turned out to be non-zero. Therefore, the FETI-DP solver is called only 21 times in the

later stageof outer-PCG iterations.

To study the scalability properties, variation of the preconditioning time Tpr ec with respect

to mesh resolution and number of processorsshould be observed. From these two tables it is

observed that for a �xed number of processors,solving a 6 times bigger problem | measured

in terms of dof | takesbetween5 � 7 times CPU time.

In both of the TablesIV and V it is found that irrespectiveof the model, number of processors

or number of subdomains,preconditioning time Tpr ec dominatesthe total solve time Tsol . This

observation justi�es the emphasisof this paper on improving the preconditioning stage as it

signi�can tly improvesthe overall computational cost.
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Finally, the sensitivity of the total number of inner-PCG iterations with respect to the

dimension of the stored Krylo v subspacein FETI-DP-mrhs is studied. For the model CH2,

three di�eren t storages,1000, 2000, and 4000 vectors are considered,and the corresponding

inner-PCG iteration counts are computed and presented in Table VI. This study helps in

deciding the computational budget considering the trade-o� between the memory and CPU

time requirement.

7. CONCLUDING REMARKS

The numerical study demonstrated the successof the proposed methodology of analyzing

uncertainty in large-scaleproblems. Using the incomplete block-diagonal type preconditioner,

the preconditioned conjugate gradient PCG method could solve large problems within

a few iterations. The domain decomposition based solver called �nite element tearing

and interconnecting - dual primal (FETI-DP) worked successfully in implementing this

preconditioner. The multiple right hand sides(mrhs) version of FETI-DP helped signi�can tly

in reducing the total computational time. YYY SCALABILITY

The domain decomposition-basedapproach is a major step toward uncertainty quanti�cation

of real engineering systemsthrough e�cien t usageof parallel computation. Future research

directions on this area will include applications to various other kind of engineeringproblems.
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Figure 4. A finite element model of the cylinder head
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Figure 5. Efficiency of FETI-DP with multiple right hand sides : Here the number of inner-PCG

iterations — PCG iterations within the FETI-DP solver, noted as N iter ;F E T I in Tables IV and V

— is plotted as successive times this solver is called in the preconditioning stage of the large system

arising from the stochastic Galerkin scheme. Model CH1, the output displacement field is represented

in fourth-order chaos expansion. Re-usage of the Krylov subspace reduced the computational cost

significantly after a first few FETI-DP solves. The figure on the right is a magnified part of the figure

on the left. In this figure it is observed that the cost reduction patterns are similar for all three domain

decompositions.
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Number of subdomains Time taken in preconditioning (sec.)

22 275

44 225

90 230

223 273

Table I. CPU time required in the preconditioning stage while solving for Model CH1, the output

displacement field is represented in fourth-order chaos expansion, total 8 processors are used.

Number of subdomains Time taken in preconditioning (sec.)

64 1182

122 1142

229 1085

274 1156

Table II. CPU time required in the preconditioning stage while solving for Model CH2, the output

displacement field is represented in fourth-order chaos expansion, total 12 processors are used.
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Number of subdomains Time taken in preconditioning (sec.)

117 6634

320 4069

944 3940

2159 4405

Table III. CPU time required in the preconditioning stage while solving for Model CH3, the output

displacement field is represented in fourth-order chaos expansion, total 60 processors are used.

Model Npr oc N iter ;cg Ncall;F E T I N iter ;F E T I Tsol (sec.) Tpr ec (sec.)

CH1 12 16 301 2573 252 181

8 2573 277 207

4 2574 322 256

CH2 12 17 322 4520 1076 881

8 4530 1399 1144

Table IV. Computational performance details for models CH1 and CH2, with different number of

processors. The output displacement field is represented in fourth-order chaos expansion. N pr oc :

number of processors, N iter ;cg : total number of outer-PCG iterations, N call;F E T I : number of times

the FETI-DP-mrhs solver is called, N iter ;F E T I : total number of inner-PCG iterations (within FETI-

DP-mrhs), Tsol : total solve time, Tpr ec : time taken at the preconditioning stage, here Tsol includes

Tpr ec . The 8 processors are a subset of the 12 processors, the 4 processors are further a subset of these

8 processors. The model CH1 is divided into 44 subdomains and CH2 into 229 subdomains.
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Model Npr oc N iter ;cg Ncall;F E T I N iter ;F E T I Tsol (sec.) Tpr ec (sec.)

CH2 60 17 322 4531 748 631

CH3 60 16 301 6432 4165 3565

Table V. Computational performance details for models CH2 and CH3. The output displacement

field is represented in fourth-order chaos expansion. N pr oc : number of processors, N iter ;cg : total

number of outer-PCG iterations, N call;F E T I : number of times the FETI-DP-mrhs solver is called,

N iter ;F E T I : total number of inner-PCG iterations (within FETI-DP-mrhs), Tsol : total solve time,

Tpr ec : time taken at the preconditioning stage, here Tsol includes Tpr ec . The model CH2 is divided

into 229 subdomains and CH3 into 944 subdomains.

max
i

(si ) N iter ;F E T I

1000 4466

2000 3184

4000 2838

Table VI. Effect of the maximum dimension of the stored Krylov subspace stored on the FETI-DP-

mrhs acceleration. max
i

(si ) : maximum number of orthogonal bases stored from any Krylov subspace

Si , and N iter ;F E T I : total number of inner-PCG iterations (within FETI-DP-mrhs). Model CH2.
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