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The determination of quasicrystal �QC� surface structures is a challenge to current surface structure tech-
niques. Low-energy electron diffraction �LEED� is the primary technique for the determination of periodic
surface structures, but application of dynamical LEED to quasicrystals requires the use of many approxima-
tions. In this study, two different approaches were used to apply dynamical LEED to the structure of the tenfold
surface of decagonal Al73Ni10Co17. One method �method 1� involves the use of a quasicrystalline model along
with approximations that average over the composition and local geometries. The other method �method 2�
uses periodic models that approximate the actual local QC structure �approximants� in more exact, atomistic
calculations. Although the results using the two methods were consistent, the results of the approximant
analysis �method 2� suggested a different way to apply the approximations in method 1, resulting in a better fit
between experimental and calculated beams. Thus, periodic approximant structure models can provide a
simpler and more efficient method for the determination of local geometries in QC surfaces, and may also
facilitate analyses using quasicrystal models.

DOI: 10.1103/PhysRevB.73.184203 PACS number�s�: 61.14.Hg, 61.44.Br, 68.35.Bs

INTRODUCTION

Because of the growing interest in using quasicrystalline
�QC� substrates as templates for producing quasicrystalline
overlayers or nano-ordered arrays having quasicrystalline
order,1 the characterization of the structure, morphology, and
composition of the surfaces is very important. Low-energy
electron diffraction �LEED� is a primary technique for deter-
mining surface structures, and it has already been applied
successfully to various QC surfaces.2 The determination of
surface geometries using dynamical LEED requires multiple-
scattering calculations to obtain the diffraction intensities
from model structures. These intensities are then compared
to experimentally measured diffraction intensity spectra. Al-
though the calculation of the multiple scattering is very
computer-time-and-space intensive, the development of ever-

faster and bigger computers has allowed LEED analyses for
structures having ever larger unit cells. In the case of a QC,
however, there is no periodically repeating unit cell, and
therefore the number of different atomic environments is in-
finite. The calculation of the multiple scattering, therefore,
requires the use of some rather severe approximations to
make the analysis tractable.3,4

An earlier LEED analysis of the Al-Ni-Co QC5 was car-
ried out for a 14-Å-thick slab using the so-called “average
transfer matrix approximation �ATA�,” which replaces each
layer by an atom having the average scattering properties of
all atoms in that sublayer. This method is referred to in this
paper as method 1. The number of different chemical envi-
ronments in each sublayer is approximated using the “aver-
age neighborhood approximation �ANA�,” which replaces
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the geometrical environment of each atom with an average
environment. In addition, the calculation is further simplified
by the “diagonal dominance approximation,” where only the
diagonal terms in the scattering matrix are retained in the
calculation. With these approximations, reasonably good
agreement was obtained between the experimental and cal-
culated intensities. However, the nature of the approxima-
tions means that much of the geometrical information that
one normally seeks in a structure analysis has been lost.

Because of the dominant influence of multiple scattering
in LEED, the intensity spectra measured in LEED are
strongly influenced by the local structures.6 The success of
the technique called diffuse LEED,7 which is used to deter-
mine local geometries of disordered surfaces by measuring
the diffuse scattering in LEED patterns, attests to this. Be-
cause these approximations used for QC structures are nec-
essary only to make the multiple scattering calculation trac-
table, in this paper we propose a different approach. Instead
of carrying out an approximate calculation on an “exact” QC
structure, we have carried out an exact calculation on an
approximate structure. This method is referred to here as
method 2. The approximate structure used is periodic instead
of a quasiperiodic, but it contains local structures that are
expected to be present in the QC structure. Since the struc-
ture is well defined, this method allows the positions of in-

dividual atoms to be considered in the analysis. We have
applied this approach here to the tenfold surface of decago-
nal Al-Ni-Co. In this paper, we expand on our previous
“method 1”5 analysis and present new results using the
“method 2” approach.

EARLIER WORK ON d-Al-Ni-Co STRUCTURES

Decagonal Al-Ni-Co falls into the polygonal class of
QC’s,8 with tenfold quasiperiodic order in the plane perpen-
dicular to its periodic direction. Its tenfold symmetry is ap-
parent in the macroscopic QC’s, which typically are grown
as rods or needles having their axes parallel to the periodic
direction, and possess decagon-shaped edges on the cylindri-
cal surface.9 Decagonal QC’s have been studied using many
experimental techniques because they have been available as
thermodynamically stable, large, high-quality samples for
several years. The stable Al-Ni-Co QC structure was discov-
ered by Tsai et al. in 1989,10 and its phase diagram has been
extensively studied.11–13 Al-Ni-Co alloys have at least eight
different types of quasicrystalline phases, which exist at vari-
ous compositions and temperatures.14 The composition of the
sample used in this study, Al73Ni10Co17, falls into the basic
Co-rich phase. The phase that has the best-characterized bulk
structure, however, is the basic Ni-rich structure.

Structural studies of the basic Ni-rich structure suggested
that it has a period of about 4 Å along its periodic direction,
while the other structures of Al-Ni-Co have diffuse scattering
in their x-ray diffraction patterns, which indicate an 8 Å pe-
riod. The structure of the basic Ni-rich phase has been stud-
ied by several different techniques, including electron dif-
fraction and microscopy15–18 and x-ray diffraction.19,20 These
studies offered several different bulk structure models and
prompted several additional models.18,21–25 Two subsequent
x-ray diffraction studies20,26 were able to rule out some of
these proposed models for the bulk structure, including ones
that were based on configurations of identical clusters. The
conclusion from the high-resolution synchrotron x-ray dif-
fraction study by Cervellino et al.26 was that the only model
that is consistent with all of the experimental data consists of
recurring structure motifs �clusters� which are not all identi-
cal in terms of their atomic arrangements, but which them-

TABLE I. Different atom groups �sublayers� in one QC model
layer. Coordination, nearest-neighbor �NN� distance, number of at-
oms of each type, and the percentage out of all atoms in one layer
are given. The coordination of atoms in the outer border and in the
center of the slab may differ from these values.

Group name Coordination
NN

distance �Å�
Atoms in
one layer %

TM-1 �Co� 4 or 5 2.43 110 12

TM-2 �Ni� 3 2.43 140 15

Al-1 1 2.24 165 17

Al-2 2 2.43 300 32

Al-3 3 2.43 145 15

Al-4 4 or 5 2.43 85 9

TABLE II. Miller indices, parallel and perpendicular space components of the diffraction vectors, and
magnitude of the perpendicular diffraction vector for the beams used in the analysis, The magnitude of the
perpendicular diffraction vector is inversely proportional to the spot brightness �energy-averaged� in the
diffraction pattern. Beams are sorted with respect to the brightness of the spot, starting with the brightest.

Miller
index H�x �Å−1� H�y �Å−1� H�x �Å−1� H�x �Å−1� �H��

1331 0 4.32 0 −0.24 0.24

1221 0 2.67 0 0.39 0.39

011̄0 0 1.65 0 −0.63 0.63

1111̄ 3.14 0 0.74 0 0.74

1332 0.97 4.01 −0.60 0.58 0.83

1231 0.60 3.50 0.97 0.07 0.97

1001̄ 1.94 0 −1.20 0 1.20
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selves have a perfectly quasiperiodic spatial arrangement
based on a pentagonal Penrose tiling. Some of the structural
details determined in this study rely on certain other mea-
surements, in particular the extended x-ray-absorption fine-
structure �EXAFS� study of Zaharko et al., which was able
to distinguish between Co and Ni local structures.27 This
structure is consistent with the results of a more recent total-
energy based Monte Carlo prediction.28,29 Interestingly, this
x-ray study determined that the periodic spacing is about
8 Å, and not 4 Å, as had been suggested by most other stud-
ies for the basic Ni-rich structure, and the ability to make this
distinction is attributed to the higher-quality dataset used in
this analysis.26

The structure proposed by Cervellino et al.26 consists of
four different planes of atoms within the 8 Å period. The
model consists of two flat layers interspaced with two puck-
ered layers �i.e., flat, puckered, flat, puckered� with the per-
pendicular �to the plane� displacements of the two puckered
layers being opposite in sign.26 With increasing Co content in
this family of QC’s, the intensity of the diffuse scattering that
indicates the 8 Å period has been observed to increase. Al-
though there have been no similar large dataset x-ray studies
carried out on the Co-rich phases, it has been suggested that
the increasing diffuse scattering is due to increasing disorder
in the stacking of the planes.20,26

The tenfold surface structure of Al-Ni-Co has been stud-
ied previously using scanning tunneling microscopy �STM�,
both in the cleaved form30 and in cut/polished form.5,31–34.
These studies were carried out on samples having various
compositions, but common features were observed in each
study. On the cleaved surface, evidence for clusterlike struc-
tures was observed, and heat treatments were found to cause
only slight changes to the composition of the surface. The
STM images of the polished tenfold surface showed a flat,
unreconstructed terrace structure, with terraces separated by
rough-edged steps of 2.0–2.2 Å height. An earlier spot-
profile-analysis low-energy electron diffraction �SPA-LEED�
study of this surface had found essentially the same result,
i.e., that the step heights correspond to a single atomic step
�about 2 Å�.35 Each terrace has local points of fivefold sym-
metry, which are related by a mirror operation to those in
adjacent terraces, consistent with a tenfold screw operation
along the periodic axis. The points of fivefold symmetry ap-
pear as pentagonal arrangements of protrusions, and the
spacing between the pentagons is related by powers of the
golden mean �.31 A more recent STM study identified two
different types of pentagonal features.33 That study, which
also included SPA-LEED and He-atom scattering �HAS�
measurements, demonstrated that the structure of the surface
is consistent with a truncation of the bulk structure, and that

TABLE III. The momentum vectors, 5D indices, and corresponding approximant indices. Only one each of the symmetry-equivalent 5D
vectors and momentum vectors is shown.

Model
Momentum vector

�qx ,qy� �Å−1� 5D index Approximant indices

H1 �0 1.65� �0 −1 −1 0 0� �2 −2 0�, �0 −2 0�, �−2 −1 0�, �−3 −1 0�, �−3 0 0�
�1.94 0� �−1 0 0 −1 0� �3 −2 0�, �−1 −2 0�, �−3 −1 0�, �4 −1 0�
�0 2.67� �−1 −2 −2 −1 0� �3 −3 0�, �0 −3 0�, �−3 −2 0�, �5 −2 0�, �−5 0 0�
�3.14 0� �1 1 −1 −1 0� �5 −3 0�, �−2 −3 0�, �2 −4 0�, �−5 −1 0�, �6 −1 0�

�0.60 3.50� �−1 −2 −3 −1 0� �5 −4 0�, �−1 −4 0�, �3 −4 0�, �−3 −3 0�, �6 −3 0�,
�−6 −1 0�, �7 −1 0�, �−7 2 0�, �5 2 0�

�0 4.32� �−1 −3 −3 −1 0� �5 −5 0�, �0 −5 0�, �−5 −3 0�, �8 −3 0�, �8 −3 0�, �−8 0 0�
�0.97 4.01� �−1 −3 −3 −2 0� �6 −4 0�, �−2 −4 0�, �2 −5 0�, �3 −5 0�, �−3 −4 0�,

�7 −4 0�, �−7 −1 0�, �8 −1 0�, �−8 2 0�, �6 2 0�
H2 �0 1.65� �0 −1 −1 0 0� �−1 −3 0�, �3 −2 0�, �4 0 0�

�1.94 0� �−1 0 0 −1 0� �−3 −3 0�, �0 −4 0�, �4 −1 0�
�0 2.67� �−1 −2 −2 −1 0� �−2 −5 0�, �5 −3 0�, �6 0 0�
�3.14 0� �1 1 −1 −1 0� �−4 −5 0�, �0 −6 0�, �7 −2 0�

�0.60 3.50� �−1 −2 −3 −1 0� �−4 −6 0�, �1 −7 0�, �6 −5 0�, �8 −1 0�, �7 3 0�
�0 4.32� �−1 −3 −3 −1 0� �−3 −8 0�, �8 −5 0�, �10 0 0�

�0.97 4.01� �−1 −3 −3 −2 0� �−5 −7 0�, �1 −8 0�, �6 −6 0�, �9 −2 0�, �9 3 0�
B1 �0 1.65� �0 −1 −1 0 0� �2 −3 0�, �3 −2 0�, �3 0 0�, �0 −3 0�, �2 2 0�

�1.94 0� �−1 0 0 −1 0� �1−4 0�, �4 −1 0�, �3 −3 0�, �3 1 0�, �−1 −3 0�
�0 2.67� �−1 −2 −2 −1 0� �3 −5 0�, �5 −3 0�, �5 0 0�, �0 −5 0�, �3 3 0�
�3.14 0� �1 1 −1 −1 0� �2 −6 0�, �6 −2 0�, �5 −5 0�, �5 2 0�, �−2 −5 0�

�0.60 3.50� �−1 −2 −3 −1 0� �3 −7 0�, �7 −3 0�, �6 −5 0�, �5 −6 0�, �7 −1 0�,
�1 −7 0�, �5 3 0�, �−3 −5 0�, �1 −6 0�, �−6 1 0�

�0 4.32� �−1 −3 −3 −1 0� �5 −8 0�, �8 −5 −0�, �8 0 0�, �0 −8 0�, �5 5 0�
�0.97 4.01� �−1 −3 −3 −2 0� �3 −8 0�, �8 −3 0�, �7 −6 0�, �6 −7 0�, �8 2 0�,

�2 −8 0�, �6 3 0�, �−3 −6 0�, �2 7 0�, �−7 −2 0�
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its structure can be identified with a random �as opposed to
ideal� quasicrystalline tiling.

This was also the conclusion of a different STM study.34

In that study, ion scattering spectroscopy �ISS� and Auger
electron spectroscopy �AES� were employed to determine
the surface composition, which was found to be Al-rich and
having an average atomic density about 35% lower than a
bulk-truncated plane.

EXPERIMENT

The QC used in this study was grown at Ames Laboratory
by a slow cooling technique, as described previously.36 Re-
sulting quasicrystals, up to several mm in length and diam-
eter, were separated from the remaining melt by decanting in
a centrifuge. The composition of this sample, measured by
electron microprobe analysis, is Al73Ni10Co17. According to
the phase diagram for Al-Ni-Co,14 this composition falls into
the region of the basic Co-rich phase. The resulting rod,
about 5 mm in diameter with its axis parallel to the periodic
direction, was cut to a thickness of about 2 mm and polished
on both sides using a diamond abrasive. The final polish was
done using 0.25 �m size grit, and the resulting surfaces had
the appearance of mirrors. Laue diffraction was used to
verify that the surface was within 0.5° of the tenfold orien-
tation.

The sample preparation in ultrahigh vacuum consisted of
Ar ion bombardment �500 eV ions� for about 30 min, fol-
lowed by annealing for 6–8 h at temperatures up to 1060 K,
as measured by a K-type thermocouple and an optical py-
rometer �using emissivity=0.35 �Ref. 32��. The quality of the
surface, as judged by the quality of the LEED pattern, was
observed to improve with extended annealing. After prepara-
tion, the LEED pattern was observed to have well-defined
spots and relatively low diffuse scattering, as shown in Fig.
1. The symmetry of the LEED pattern is tenfold, due to the
presence of two equivalent surface terminations rotated by

36°.2 The impurity level was below detectablility, measured
by AES, as shown in Fig. 2.

AES was used to monitor the composition of the surface
during the in situ preparation process, to compare it with the
bulk composition of Al73Ni10Co17. With the assumption of
uniformity of the composition of the surface plane, we used
a standard method to derive the chemical composition of the
surface from the AES data;37,38 because of the intrinsic dif-
ficulty in discriminating the Ni and Co peaks �which overlap
in the energy range of 600–800 eV�, we considered those
elements only as transition metals. After a typical cycle of
sputtering, the chemical composition of the surface derived
with this method was Al63TM37. The same surface after a
cycle of annealing at T=1060 K had a chemical composition
of Al71TM29. A similar increase of Al concentration after
annealing was observed using ISS from a similar AlNiCo
surface,34 although in that case, the composition after anneal-

TABLE IV. Perpendicular coordinates �z� for each atom in the top four layers of the H1 approximant. The positive direction is toward the
bulk. The numbers associated with the atomic labels in the first layer represent the atoms as shown in Fig. 4�a�. TM-1=Co; TM-2=Ni.

Layer 1 Layer 2 Layer 3 Layer 4

z �Å� Identity z �Å� Identity z �Å� Identity z �Å� Identity

0.00±0.08 Al-3 1 2.00±0.12 Al-2 4.2±0.2 Al-1 6.37 Al

0.00±0.08 Al-3 1 2.00±0.12 Al-2 4.23±0.10 Al-2 6.37 Al

0.04±0.11 Al-1 2 2.1±0.2 Al-2 4.23±0.10 Al-2 6.37 Al

0.12±0.04 TM-1 3 2.1±0.2 Al-2 4.26±0.12 Al-4 6.37 Al

0.14±0.04 TM-2 4 2.11±0.06 TM-2 4.26±0.10 TM-2 6.37 Al

0.15±0.09 Al-2 5 2.11±0.06 TM-2 4.27±0.08 TM-1 6.37 Al

0.15±0.09 Al-2 5 2.2±0.2 Al-3 4.27±0.11 Al-2 6.37 Al

0.16±0.06 Al-2 6 2.2±0.2 Al-3 4.27±0.11 Al-2 6.37 Al

0.16±0.06 Al-2 6 2.24±0.07 TM-2 4.3±0.2 Al-2 6.37 TM-1

0.26±0.10 Al-4 7 2.26±0.06 TM-1 4.32±0.11 Al-3 6.37 TM-2

0.28±0.04 TM-2 8 2.3±0.2 Al-4 4.32±0.11 Al-3 6.37 TM-2

0.28±0.04 TM-2 8 2.4±0.2 Al-2 4.34±0.05 TM-2 6.37 TM-2

0.32±0.13 Al-2 9 4.34±0.05 TM-2

FIG. 1. LEED pattern from Al-Ni-Co for a primary beam energy
of 68 eV and sample T=60 K.
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ing was found to be Al89TM11. In that same study, AES,
which probes the top several layers as opposed to just the top
layer in ISS, was found to give a composition closer to that
of the bulk,34 consistent with the measurements presented in
Fig. 2.

The LEED intensities were measured using a rear-view
LEED system, with the electron beam at normal incidence to
the surface. The sample temperature was held at 60 K, as
measured by the thermocouple, to minimize thermal effects.
The data were acquired using a monochromatic CCD camera
interfaced to a personal computer via a Data Translation
frame grabber board. Data were acquired in steps of 1 eV,
and for each energy step, 20 images were acquired and av-
eraged to reduce electronic noise, and stored for later analy-
sis. The I�E� curves were extracted by integrating the spot
intensity in circular windows centered on the diffraction
spots. The background intensity for each spot was deter-
mined by fitting a planar background to the perimeter of the
integration window. The background was then subtracted
from the integrated intensity. The intensity curves from
symmetry-equivalent spots were averaged to improve the
statistics. Finally, the I�E� curves were smoothed using a
three-point smooth.

LEED COMPUTATIONS

Method 1: QC structure model

The initial coordinates used for the atoms of one QC layer
in this study are those determined by the x-ray diffraction
study of Steurer et al.19 for Al70Ni15Co15. The top view of
one layer of atoms is shown in Fig. 3. The separation be-
tween the transition metals �TM� and aluminum atoms is also

TABLE V. Perpendicular coordinates �z� for each of the atoms in the top three layers of the approximant B1. The positive direction is
toward the bulk. The numbers associated with the atomic labels in the first layer represent the atoms as shown in Fig. 4�c�. TM-1=Co;
TM-2=Ni.

Layer 1 Layer 2 Layer 3

z �Å� Identity z �Å� Identity z �Å� Identity

0.0±0.2 Al-4 1 1.8±0.3 Al-3 4.10 Al

0.00±0.12 Al-1 2 1.8±0.3 Al-3 4.10 Al

0.00±0.12 Al-1 2 1.9±0.2 Al-2 4.10 Al

0.00±0.03 TM-2 3 1.9±0.2 Al-2 4.10 Al

0.00±0.03 TM-2 3 1.9±0.2 Al-1 4.10 Al

0.00±0.14 Al-2 4 1.9±0.2 Al-1 4.10 Al

0.00±0.14 Al-2 4 2.0±0.3 Al-4 4.10 Al

0.01±0.06 TM-1 5 1.98±0.09 TM-2 4.10 Al

0.05±0.12 Al-3 6 1.98±0.09 TM-2 4.10 Al

0.05±0.12 Al-3 6 2.0±0.3 Al-1 4.10 Al

0.08±0.12 Al-1 7 2.09±0.06 TM-1 4.10 Al

0.08±0.12 Al-1 7 2.09±0.06 TM-1 4.10 Al

0.15±0.08 Al-4 8 2.10±0.13 TM-1 4.10 Al

0.15±0.08 Al-4 8 2.2±0.3 Al-2 4.10 Al

0.16±0.12 Al-2 9 2.2±0.3 Al-2 4.10 Al

0.16±0.12 Al-2 9 2.19±0.12 TM-2 4.10 Al

0.19±0.04 TM-2 10 2.19±0.12 TM-2 4.10 TM-1

0.19±0.04 TM-2 10 2.2±0.3 Al-3 4.10 TM-2

0.2±0.2 Al-3 11 2.2±0.3 Al-3 4.10 TM-2

0.2±0.2 Al-3 11 4.10 TM-2

0.3±0.3 Al-1 12 4.10 TM-2

FIG. 2. Auger spectra from Al-Ni-Co after different stages of
the preparation procedure: after sputtering �black curve� and after
annealing �gray curve�. At this preparation stage, there is still a
small amount of residual C.
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based on the same study. This structure model is very similar
to that determined by the later study for Al70Ni23Co7,26 ex-
cept that it does not explicitly include fractional occupancy
of the atom sites, and the buckling of the layers was not
included. Because it is difficult to distinguish between Co
and Ni atoms by x-ray or electron diffraction, no distinction
of TM atoms into Ni and Co was made in the initial dataset.
Most of the atoms in the coordinate set thus reside on the
vertices of a rhombic Penrose tiling with edge length 2.43 Å,
which is related to the pentagonal Penrose tiling by an infla-
tion symmetry operation.26

Although the phase studied in this paper, the basic Co-rich
structure, is not the same as those studied in the x-ray dif-
fraction studies, the diffraction pattern is similar, and accord-

ing to Ritsch et al.,14 only a few weak additional reflections
are observed in the basic Co-rich phase compared to the
basic Ni-rich phase. The Co-rich phase is thought to exhibit
more disorder and random tiling compared to the perfect
tiling of the basic Ni-rich phase. In our study, no additional
spots in the diffraction pattern were observed.

In this calculation, the atoms in each QC layer are sepa-
rated into six different groups �sub-layers�. The atoms that
belong to each group are treated as if they have the same
scattering properties parallel to the surface �ANA�. The tran-
sition metals are separated into two groups depending on the
types of their nearest neighbors �NN�. In the EXAFS study,27

different local environments for transition-metal atoms in the
d-Al-Ni-Co QC were proposed. For Ni, the NN distribution
is found to be bimodal, i.e., there are two characteristic NN
distances, suggesting that both Al and TM atoms are present.
For Co, the distribution appears to have just one NN distance
corresponding to Al atoms. In this calculation, group TM-1
has only Al as NN, and atoms in group TM-2 have a bimodal
NN distribution, with the nearest neighbors being either Al
or Ni. This separation is somewhat artificial since LEED is
not very sensitive to the difference between Ni and Co at-
oms, but the separation allows for the possibility of buckling
between the two groups of TM metals.

The separation between different groups of aluminum at-
oms has been done using simply the number of nearest
neighbors �whether they are Al or TM�. Group Al-1 corre-
sponds to atoms that are coordinated to one atom. This atom
pairs with its equivalent atom in the layer below or above it.
The NN distance is short, 2.24 Å, which indicates that the
occupancy of these sites cannot be 1.00. In these calcula-
tions, the occupancy of atoms of this type is fixed at 0.50.
Al-2 and Al-3 atoms have coordinations of 2 and 3, respec-
tively, and together with the TM-2 atoms, form the 10-rings
that consist of pentagons that are rotated by 36° in alternat-
ing layers. These 10-rings form decaprismatic columnar
clusters.19 The center of a pentagon in a columnar cluster can
be either empty or filled. The last group of Al atoms, Al-4, is
the group of atoms that reside in the center of these penta-
gons, and thus have coordination 4 or 5. The centers of the
pentagons can be occupied only in every other layer; other-
wise there would be unreasonably short �2.04 Å� NN dis-
tances.

Since most of the atoms in the coordinate set reside in the
vertices of the rhombic Penrose tiling with an edge length of
2.43 Å, the dominant NN distance is 2.43 Å. This is, in gen-
eral, too short for an Al-Al bond, but is more reasonable for
an Al-TM bond �atomic radii in bulk for Ni, Co, and Al are
1.43, 1.25, and 1.25 Å, respectively�. To reduce the number
of unfavorable Al-Al bonds, the occupancy of all atoms is set
to 0.90 �apart from the atoms in the Al-1 group, which have
an occupancy of 0.50� at the beginning of the analysis. The
method of using partial occupancies was exploited in the
x-ray diffraction study of the basic Ni-rich phase as a means
of preventing unphysical NN distances, of creating structures
that have realistic densities, and also of introducing disorder
into the structure.26 The different atom groups are summa-
rized in Table I. The QC slab used in the calculation is built
by stacking the layers described above in an ABAB sequence,
where the layers A and B are related by a 36° rotation. Indi-

TABLE VI. Average interlayer spacings dz and intralayer buck-
lings � for the best-fit structure for all models. The best Pendry
R-factor for each model is given on the last line.

Parameter H1 �Å� H2 �Å� B1 �Å� QC �Å�

dz12 �average� 2.01±0.09 2.0±0.2 1.9±0.2 1.84±0.13

dz23 �average� 2.1±0.1 2.1±0.2 2.14±0.14

dz34 �average� 2.1±0.1 2.0±0.2

dzbulk 2.04 2.04 2.03 2.04

�1 �average� 0.08±0.06 0.1±0.2 0.07±0.1 0.06±0.1

�2 �average� 0.1±0.1 0.08±0.1

�3 �average� 0.04±0.1 0.03±0.1

RP 0.26 0.36 0.26 0.32

FIG. 3. �Color online� Top view of the fivefold QC layer. The
different atomic groups are described in Table I.
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vidual layers have fivefold symmetry, but by virtue of this
stacking sequence, the unrelaxed slab possesses a tenfold
screw axis. In these calculations, a slab thickness of about
14 Å �eight layers� and a radius of about 50 Å was used.

The interlayer distance of the bulk structure, 2.04 Å,19,26

was used as a starting point in this calculation. The 8 Å
period discussed before is not necessarily relevant to the sur-
face layers and was not explicitly included here. However, its
presence �or not� can manifest itself in the variable interlayer
spacing and the buckling of the layers. The separation of the
different atom types, discussed in the previous section, was
done in the top four layers. In the bottom two layers, the
fraction of Ni and Co atoms, relative to the total number of
TM atoms, was set to 0.4 and 0.6, respectively. This gives a
corresponding composition of Al74Ni11Co15 for these two
layers, compared to the measured bulk composition of
Al73Ni10Co17. Intralayer buckling was allowed between the
different atom types �sublayers� in the four top layers and the
two bottom layers were constrained to be planar. This kind of
separation produces 26 free geometrical parameters, which
gives a data length of 68 eV per parameter.

The LEED calculations for the QC model were carried
out using the LEED program of Moritz39 that had been modi-
fied for quasicrystalline stuctures,4 including the ATA and
ANA approximations. The agreement was tested using the
Pendry R-factor.40

Method 2: Periodic approximant structure models

Periodic approximants for quasicrystalline d-AlNiCo are
constructed by imposing a linear phason strain to the atomic
surfaces of the five-dimensional �5D� hypercubic lattice.41

Periodic structures for many different alloys, including
d-Al-Ni-Co, are given at the alloy database website http://
alloy.phys.cmu.edu/. The unit cell size for the various
d-Al-Ni-Co approximants range from 25 to 214 atoms per
unit cell. The choice of approximant used in the quantitative
LEED calculation is limited by both the computer power
available and by the size of the experimental data set.

In this analysis, three different approximants were used,
shown in Fig. 4. The H1 and H2 approximants represent
similar local structures, but H2 has a unit cell that has twice
as many atoms as H1. Both models are based on local struc-
tures that are dominated by pentagons of transition-metal
atoms. The third approximant used, B1, represents a different
local structure, which consists of overlapping decagons of
transition-metal atoms.

The H1 approximant structure �Fig. 4�a�� has 25 atoms
per unit cell, in two periodically repeating layers of 13 and
12 atoms, respectively. The composition of this structure is
Al68Ni24Co8. There is a mirror plane in the unit cell. The H2
approximant structure �Fig. 4�b�� has 50 atoms per unit cell,
in two repeating layers having 26 and 24 atoms per layer.
This unit cell has no reflection symmetry, but its composition
is also Al68Ni24Co8. Figure 4�c� shows the B1 approximant
structure, which has 40 atoms per unit cell, divided into two
layers of 21 and 19 atoms, respectively. There is a mirror
plane in this unit cell, which has the composition
Al72.5Ni20Co7.5. Because LEED cannot distinguish between

FIG. 4. �Color online� Top view of the model structures of the
approximants a� H1, b� H2, c� B1. The dashed lines show the unit
cell. The larger circles correspond to atoms in the top layer, and the
smaller circles to atoms in the second layer. The numbers are used
to identify atoms in Tables IV and V.
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Co and Ni, the compositions of the approximants can be
considered to be Al68TM32 for H1 and H2, and Al72.5TM27.5
for B1.

Since we are using periodic structures to approximate
quasiperiodic structures, we need to match the diffraction
beams of the two types of structures. The beam indexing was
done in the following way. Five basis vectors are needed to
generate the reciprocal lattice of a decagonal QC. The dif-
fraction vector H� can be calculated from

H� = �
j=1

5

hjb j , �1�

where hj are Miller indices and

b j = b�sin	2�j

5

,cos	2�j

5

,0�, j = 1, . . . ,4 �2�

and

b5 = b5�0,0,1� , �3�

where b=1.02 Å−1 and b5=0.78 Å−1.42 Four of these basis
vectors point to the corners of a regular pentagon �the fifth
corner of the pentagon is a linear combination of the other
four� and the fifth basis vector is perpendicular to the surface
�i.e., parallel to the tenfold axis�. The Miller indices of the
four independent unit vectors parallel to the surface are
�10000�, �01000�, �00100�, and �00010�. The unit vector per-
pendicular to the surface is �00001�. The indexing scheme is
shown graphically in Fig. 5. Seven different diffraction
beams were used in this analysis. These beams can be iden-
tified by four Miller indices because the fifth vector is point-
ing into the surface. The indices of the beams used in the
calculation are �0110�, �1221�, �1111�, �1331�, �1332�,
�1001̄�, and �1231�. The corresponding diffraction vectors H�

calculated using Eq. �1� are �0, 1.65�, �0, 2.67�, �3.14, 0�, �0,
4.32�, �0.97, 4.01�, �1.94, 0�, and �0.60, 3.50�.

Decagonal QC’s can be embedded in a five-dimensional
superspace, and this embedding and the decomposition are
discussed elsewhere in detail.26,43–45 Briefly, the basis vectors
b j �j=1, . . . ,5� are the physical space �parallel space� projec-
tion of the 5D reciprocal space vectors. This 5D space can be
divided into parallel �3D� and perpendicular �2D� spaces.

The parallel �“physical”� space has diffraction vectors H�

given by Eq. �1�, and the perpendicular space basis vectors
b j� can be written as

b j� = b�sin	6�j

5

,cos	6�j

5

�, j = 1, . . . ,4. �4�

Diffraction vectors associated with b j� �H�� can be calcu-
lated from

H� = �
j=1

4

hjb j�. �5�

The magnitude of the diffraction vector in perpendicular
space is associated with the brightness of the beam: the
larger �H�� is, the weaker is the intensity of the diffraction
spot. Table II shows the Miller indices and the parallel and
perpendicular space vectors for the beams used in this analy-
sis.

The approximant beam indices are generated by express-
ing the pseudopentagonal basis of the QC in the reciprocal
space of the approximant. Then all symmetry-related 5D in-

TABLE VII. The components of each atom type for each model considered here. Al-1 atom sites are only half occupied in the QC model.
In the H1 approximant, Al-1 atoms appear in every other layer. In the H2 approximant, the number of Al-1 atoms alternates between four and
two in adjacent layers. In the B1 approximant, the number of Al-1 atoms alternates between five and three in adjacent layers.

QC model H1 H2 H3

Aluminum Al-1 17% 4% 12% 20%

Al-2 32% 40% 32% 20%

Al-3 15% 16% 16% 20%

Al-4 9% 8% 8% 10%

Cobalt TM-1 12% 8% 8% 10%

Nickel TM-2 15% 24% 24% 20%

FIG. 5. Schematic diagram of the diffraction pattern showing
the beam index scheme used in this study. The central spot is the
�00000� beam. The spots in light gray shading correspond to the
experimental beams considered in the analysis.
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dices for a given Q=�q1
2+q2

2 are expressed in terms of the
pseudopentagonal basis. For each Q, there are ten symmetry-
related 5D indices. Each approximant index corresponds to
one of these 5D indices. However, not all 5D indices have

their counterpart in the approximant’s reciprocal space. To
retain the symmetry of the diffraction pattern �tenfold�, the
approximant indices for each Q are averaged together with
equal weights. Table III shows the approximant indices for
H1, H2, and B1, corresponding to the 5D indices used in our
earlier analysis.5

The LEED calculations were performed using the
Barbieri/Van Hove Symmetrized Automated Tensor LEED
package.46,47 The theory-experiment agreement was tested
using the Pendry R-factor40 and error bars were calculated
using the Pendry RR-function.40 Crystal potentials for Al, Ni,
and Co were characterized using phase shifts up to lmax=8
obtained from the Barbieri/Van Hove Phase Shift Package.47

The other nonstructural parameters include the bulk Debye
temperatures for Al �428 K�, Ni �450 K�, and Co �445 K�
and the imaginary part of the inner potential �Vi=−5 eV�.
The real part of the inner potential was assumed to be
energy-independent and was allowed to vary to obtain opti-
mal agreement. The bulk Debye temperatures were used for
the surface layers and were not optimized. The energy range
for the theoretical calculation was 20–470 eV, and the total
range of the experimental data was 1835 eV.

RESULTS AND DISCUSSION

In the structural analyses for all models, only the relax-
ations of different atom groups perpendicular to the surface
were considered. This means that interlayer relaxations and
intralayer buckling were allowed, but lateral shifts of atoms
are not. The results of the QC analysis have been presented
before.5 To recap briefly, the average interlayer spacings
were found to be d12=1.84 Å, d23=2.14 Å, d34=2.0 Å, d45
=2.1 Å, and d56=2.0 Å. The magnitudes of the buckling in
the top four layers were 0.06±0.10 Å, 0.08±0.14 Å,
0.03±0.14 Å, and 0.1±0.2 Å, respectively. The best Pendry
R-factor was 0.32.

For the H1 approximant, two different terminated struc-
tures were considered, one with a 12-atom top layer and one
a 13-atom top layer. The level of agreement was similar for
the two terminations, being slightly better for the 13-atom
termination. The optimization allowed the z coordinates of
each of the top three layers to vary. Because of the symme-
try, this optimization results in 27 free parameters, giving
68 eV per parameter. The optimum structure has a contracted
first interlayer spacing and an expanded second and third
interlayer spacings. There is some buckling in the first two
layers, but the third layer is almost flat. Table IV gives the
geometrical parameters for the atoms in the favored struc-
ture. The best RP obtained was 0.26. Figure 6�a� shows the
experimental and calculated intensity spectra for H1.

For the H2 approximant, the two possible terminations
have 24 and 26 atoms, respectively. Again the denser layer
was slightly preferred for the termination. The optimization
included the z coordinates for the top-layer atoms. This gives
26 free parameters or 71 eV per parameter. The lack of sym-
metry in the unit cell effectively prevented including relax-
ations of the deeper layers in this analysis due to the large
number of parameters it would involve. RP for the favored
structure was 0.36. Figure 6�b� shows the intensity spectra.

FIG. 6. I�E� curves for the favored structure using the �a� H1,
�b� H2, and �c� B1 approximant models, along with the Pendry
R-factors for each beam. The solid curves are the experiment, and
the dashed ones are the calculation. The overall Pendry R-factor is
0.26 for H1, 0.36 for H2, 0.26 for B1.
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The H2 model has similar features and similar results to the
H1 model, but worse agreement because the positions of
atoms below the top layer cannot be adjusted in the analysis.

For the B1 approximant, the level of agreement was es-
sentially identical for the two termination layers having 19
and 21 atoms, respectively. The surface with 19 atoms has
more TM atoms �4 Ni+3 Co� than the surface that termi-
nates with 21 atoms �4 Ni+1 Co�. Both terminations were
considered in the optimization, which included the z coordi-
nates of the top two layers of atoms in both cases. This gives
24 free parameters, or 76 eV/parameter. The 21-atom termi-
nation was favored over the 19-atom termination, giving op-
timized RP of 0.26 and 0.31, respectively. The first interlayer
spacing is slightly contracted and the second interlayer spac-
ing is somewhat expanded, relative to the bulk. The geo-
metrical parameters are given in Table V, and Fig. 6�c�
shows the intensity spectra.

Table VI presents a summary of the main features of the
structures obtained with the four different structure models.
The results of all analyses are similar. Each structure has
some degree of contraction of the first interlayer spacing, and
for the analyses where it was included, some expansion of
the second interlayer spacing. The degree of contraction
found was smaller for the approximant models than for the
QC model. The degree of intralayer buckling found using the
different models was quite similar. The distinction between
Co and Ni can be considered as artificial. The ability to dis-
tinguish between them was tested in the LEED analysis us-
ing the H1 structure and it was found that the TM atoms can
be assigned arbitrarily to Co and Ni without a change in the
result.

The ability to relax the atoms individually in the H1 and
B1 analyses provides insight into whether good choices were
made for the “separations” into sublayers using the method 1
analysis. To assess this, a criterion is needed to identify the
atoms in the QC model with those in the approximant mod-
els. To this end, tilings were used to identify which atoms
were similar �according to their neighborhood� in the differ-
ent models. The starting point was to draw a tiling of penta-
gons and rhombi on the H1 approximant, placing the vertices
at the locations of transition-metal atoms. The H2 approxi-
mant has the same tiling structure as the H1—for both H1
and H2, the surface can be completely filled with a tiling
having pentagons and rhombuses, shown in Fig. 7. When the
QC model is tiled in a similar way, the parts of the surface
that are left over �not included in the tiled area� are shaped
like decagons. The B1 approximant, which was chosen in
order to represent parts of the real surface that are not rep-
resented in the H1/H2 tilings, can be tiled entirely with over-
lapping decagons, also shown in Fig. 7. Almost all of the
atoms forming the QC structure can be assigned to one of
these two tilings. Using this connection between the local
structures of the QC model and the approximant models, a
new separation scheme can be devised.

In Fig. 7, the atom identification scheme from the QC
model of Fig. 3 has been transferred to the approximant
models by using the two tilings as a guide. With this scheme,
the H1 and H2 structures are dominated by pentagons of
Al-2 atoms. The B1 approximant is dominated by “flowers,”
which have one TM-1 �Co� atom at their centers surrounded

FIG. 7. �Color online� Tilings for the different structure models
used. The larger circles correspond to atoms in the top layer, and the
smaller circles to atoms in the second layer.
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by four Al-2 and one Al-1 atoms. These “pentagons” and
“flowers” can also be identified in the QC model. Table VII
gives the percentages of each atom group in each model.
Using this identification, Table VIII gives the positions of
each atom group for each model, with respect to the center of
mass of the layer. One should not compare the details of the
H and B models with each other since they correspond to
different local structures. It is more relevant to compare the
approximant models with the QC model.

The identification of groups of atoms that correspond to
similar geometric patterns in the approximant models, and
the comparison of these groups with the QC model, suggest
a different separation scheme using those groups, as shown
in Fig. 8. In this scheme, TM atoms are separated into two

groups �nominally identified as Ni and Co�. Al atoms are
separated into three different groups: Al-A consists of pen-
tagonal clusters of Al atoms surrounded by five TM atoms;
Al-B consists of triangular clusters of Al atoms, surrounded
by five TM atoms; Al-C includes all the remaining Al atoms.
The pentagonal tiles corresponding to the Al-A and Al-B
clusters can be identitified in the QC slab. The resulting til-
ing is isomorphic to a Penrose tiling, as shown in Fig. 8. The
QC model analysis was repeated using this new separation
into the five different groups, using the separations given
above for the five layers. This gives 25 adjustable param-
eters, compared to 26 used in the first QC analysis. The
agreement between the experimental and calculated spectra
improved significantly even though the number of optimized

TABLE IX. Atomic positions of different atom groups with respect to the center of mass of each layer.
The locations of the centers of mass for each layer are given in the first column in parentheses. The negative
direction is toward the vacuum. The atomic groups are shown in Figs. 8 and 9.

QC model 2
�Fig. 9�

Al �Å�
Co �Å�
TM-1

Ni �Å�
TM-2Al-A Al-B Al-C

1st layer �0.00 Å� −0.03±0.03 0.1±0.3 0.1±0.2 −0.16±0.03 0.04±0.05

2nd layer �1.90 Å� −0.08±0.07 0.0±0.03 0.0±0.2 0.03±0.06 0.04±0.07

3rd layer �3.93 Å� 0.03±0.06 0.0±0.3 0.0±0.3 0.02±0.05 −0.02±0.07

4th layer �5.95 Å� 0.07±0.12 −0.1±0.3 −0.1±0.2 0.04±0.06 0.02±0.10

5th layer �8.02 Å� 0.00±0.12 0.0±0.3 0.0±0.2 0.00±0.08 0.00±0.12

TABLE VIII. Atomic positions of different atomic groups with respect to the center of mass of the layer, for each model. In the first
column on the left, the center-of-mass position of each layer is given in parentheses. The positive direction is toward the bulk and units are
Å. For the approximant models, multiple values are listed for one layer, since there can be several different inequivalent atoms in one group.

Al Co Ni

Al-2 Al-3 Al-4 Al-1 TM-1 TM-2

QC model

1st �0.00 Å� −0.08±0.06 0.0±0.2 0.01±0.06 0.1±0.2 −0.08±0.03 0.06±0.06

2nd �1.84 Å� −0.08±0.07 0.1±0.2 0.1±0.2 −0.2±0.3 0.03±0.06 0.07±0.07

3rd �3.98 Å� 0.00±0.06 −0.1±0.3 0.03±0.09 0.0±0.3 −0.01±0.05 0.02±0.07

H1 model

1st �0.00 Å� −0.01±0.09 −0.16±0.08 0.10±0.10 −0.12±0.11 −0.04±0.04 −0.02±0.04

0.00±0.06 0.12±0.04

0.16±0.13

2nd �2.01 Å� −0.17±0.12 0.1±0.2 0.2±0.2 0.09±0.06 −0.06±0.06

−0.1±0.2 0.07±0.07

0.2±0.2

3rd �4.12 Å� −0.05±0.10 0.04±0.11 −0.02±0.12 −0.1±0.2 −0.01±0.08 −0.02±0.10

−0.01±0.11 0.06±0.05

0.0±0.2

B1 model

1st �0.00 Å� −0.09±0.14 −0.04±0.12 −0.1±0.2 −0.09±0.12 −0.08±0.06 −0.09±0.03

0.07±0.12 0.1±0.2 0.06±0.08 −0.01±0.12 0.10±0.04

0.2±0.3

2nd �1.93 Å� −0.2±0.2 −0.2±0.3 −0.1±0.3 −0.1±0.2 0.07±0.06 −0.04±0.09

0.1±0.3 0.2±0.3 0.0±0.4 0.08±0.13 0.17±0.12
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parameters in the calculation was lower. The Pendry R-factor
for this analysis improved to 0.28. Additional calculations
were made to allow two different levels for the Ni atoms
�suggested by the H1 approximant structure� but this did not
lead to better agreement. This is probably because the rela-
tive interlayer locations of the TM atoms are different in the
H1 and QC models. The optimized structure is shown in Fig.
9, where the correlations of locations of transition-metal at-
oms across the layers can be easily observed, along with the
other structural features. The optimized parameters from this
analysis are given in Tables IX and X. As for the other mod-
els, the locations of the TM atoms generally are more pre-
cisely known than those of the Al atoms.

We note that two recent studies using STM and other
techniques have identified the surface structure of Al-Ni-Co
as a random tiling instead of a perfect quasicrystal tiling.33,34

The approximant models used in this study are consistent

with perfect tilings, and no attempt has been made to intro-
duce a random tiling effect. We have not yet integrated the
possibility of random tiling into this type of analysis, but this
is something that could be explored in future studies.

CONCLUSION

This paper has presented a new method for analyzing the
LEED intensity data from quasicrystal surfaces. The method
consists of using periodic approximant structures as structure
models instead of a slab having a long-range quasicrystal
structure. This allows one to use existing LEED programs
without modification, and without the severe approximations
that are required for the QC slab model. The only significant
approximation used in the approximant analysis is the struc-
ture model itself, as an approximation to the quasicrystal. By
using periodic approximant structures with limited numbers
of atoms in each unit cell, it is possible to allow the positions
of every atom in the structure to be adjusted. The factors
which limit the useful size of the approximant unit cell are
the length of the experimental dataset and the amount of
symmetry present in the unit cell. In the cases described here,

FIG. 8. �Color online� QC slab model showing the separations
based on common local geometries in the H1 and B1 approximant
models and the QC slab. Five groups are identified. Ni and Co
atoms; Al-A: cluster of five Al atoms surrounded by five TM atoms;
Al-B: cluster of three Al atoms surrounded by TM atoms; Al-C: the
remaining Al atoms. Two pentagonal tiles corresponding to the
Al-A and Al-B clusters are used to tile the entire QC slab.

FIG. 9. �Color online� Optimized final structure. �a� Top view;
�b� side view �viewing black box in �a� from the bottom�. The
interlayer spacings are exaggerated for clarity.

TABLE X. Average interlayer spacings dz and intralyer buck-
lings � for the best-fit structure for the final structure. The corre-
sponding Pendry R-factor is given on the last line.

Parameter QC model 2 �Å�

dz12 �average� 1.90±0.13

dz23 �average� 2.03±0.14

dz34 �average� 2.0±0.2

dz45 �average� 2.1±0.2

dz56 �average� 2.0±0.02

dzbulk 2.04

�1 �average� 0.08±0.12

�2 �average� 0.04±0.14

�3 �average� 0.0±0.2

�4 �average� 0.1±0.2

�5 �average� 0.0±0.2

RP 0.28

PUSSI et al. PHYSICAL REVIEW B 73, 184203 �2006�

184203-12



the reflection symmetries in the H1 and B1 structures al-
lowed a significant increase over the number of parameters
that could be varied in those calculations compared to the H2
structure, even allowing for the fact that the H2 unit cell is
larger.

The utility of this method is that it allows a fairly rapid
way to assess the overall level of agreement between the
model and the experimental data, and it also gives a good
indication of the nature of the buckling of the layers. If de-
sired, this information can then be usefully applied to deter-
mine how to separate the layers in the QC structure model to
obtain optimal agreement. In the case presented here, the
Pendry R-factor improved from 0.32 to 0.28. More layers
could be relaxed, while the number of adjustable parameters

in the calculation was reduced from 26 to 25. Additional
features, such as incorporating layers of different composi-
tions or introducing random tiling, may lead to a better
agreement. First-principles or semiempirical calculations for
the surface structures would be a useful adjunct to these cal-
culations for assessing the stability of the various models.
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