Chapter 7




The Hydrogen Atom

The only atom that can be solved exactly.
The results become the basis for understanding all other atoms and molecules.
Orbital Angular Momentum — Spherical Harmonics

Nucleus charge +Ze mass m;
coordinates Xy, Yy, Z;

Electron charge —e mass m,
coordinates X, Y,, Z,

The potential arises from the Coulomb interaction between the charged particles.

2 2
V= Ze __ Ze
Arce,r

A, (%= %,)" + (Y, = i)' +(2,-2,) |?
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The Schrodinger equation for the hydrogen atom is

2 2 2 2 2 2
1 o’"I’ o’"I’ o’"I’ +1 o’"I’ o’"I’ o’"I’ +22(ET—V)\PT=O
3 x,° 0”y1 o”z X, 0”y2 o”z h

kinetic energy of nucleus kinetic energy of electron potential

energy eigenvalues

Can separate translational motion of the entire atom from relative motion
of nucleus and electron.

Introduce new coordinates

X,Y,Z - center of mass coordinates

r, 0, @ - polar coordinates of second particle relative to the first
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o = MuXo+ M, X,
m,+ m,

_ My, +m,Y, center of mass coordinates
m,+m,

L _mz+m,z,
m,+ m,

rsin@cose = X, — X,

: : relative position — polar coordinates
rsin@sinp=y, -y,

rcos@=z,-1z,.
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Substituting these into the Schrddinger equation. Change differential operators.

This term only depends on
1 (é’zlPT ML center of mass coordinates.

mo+m, | Fx + 5y 5 J"‘/ Other terms only on relative
coordinates.
2
1 izi Xk + _12 OMPZT+ 21_ o sintS’é’\PT +
ulreor or rsin@ Jde° r°sin@ oo 00

2
-7 Ex -V (r.0,0)1¥; =0

m, m
u=—=—= reduced mass
m, +m,
Try solution

Y.(x,y,z,r,0,p)=F(X,y,2) ¥(r,0,¢)
Substitute and divide by ¥,
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Gives two independent equations
Depends only on center of mass

P’E  P°E  O°F 2(m, +m,) coordinates. Trar_15|at|on_ of entire
EIE + Ee + 57 + 72 E..F =0 atom as free particle. Will not
y treat further.

1 8( ,0¥ 1 Y 1 (. 0¥
——| r +—5— = +—— SInf——
r-or or rsin“@ de° r°sin@ oo 00

\ +;—é‘[E—V(r,9,¢)]‘P=O

With  E; =E; +E Relative positions of particles. Internal
“structure” of H atom.

In absence of external field V = V(r)

-
Y W(r,6,9) = R(r) ©(6) D(p)
Substitute this into the ¥ equation and dividing by RO ® Yyields
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2 2
12 d r2dFQ N 21_ : d CIZ_I_ 21_ d |n0d® 8ﬂ2ﬂ[E—V(r)]=O
Rrodr dr ] ®r°sin“@de” Or°sinddé dé h

Multiply by r*sin®@ . Then second term only depends @ .

[E-V(N)]=0

sinf@ d ( ,dR) 1d°® sind d (. .dO® 87: ur’sin’é
r + -+ sin@
R dr\ dr) ®d¢’ © dé do 7

Therefore, it must be equal to a constant — call constant —-m?.
1do_
@d @’
and
d*®
d @°

=—m?d

Dividing the remaining equation by sin“@ leaves
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2 2
1d (rzdR)— _m2 + 1 d sin0d® +2,u2r (E-V(r))=0
R dr dr sin“@ ©®Osin@do déo h

The second and third terms dependent only on &
The other terms depend only on r.

The @ terms are equal to a constant. Call it -g.

Multiplying by ® and transposing -0, yields

+0=0

1 d(. ,d®) m®
_ SING— |———;
singd d@ d@d ) sin“@
Replacing the second and third terms in the top equation by - and

multiplying by R/r? gives

L i(rz d R)_ p R+;—‘2‘{E—V(r)}R=o

redr dr ) r?
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The initial equation in 3 polar coordinates has been separated into three
one dimensional equations.

2
1 9 1npd0) 10 560
sin@ d @ dé sin“ @

1 i(rzd R)_'B R+iél{E—V(r)}R=0

r’dr dr ) r?

Solve @ equation. Find it is good for only certain values of m.
Solve ® equation. Find it is good for only certain values of S.

Solve R equation. Find it is good for only certain values of E.
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Solutions of the @ equation

2 ] . . ] .
d’'o —_m2@ Second derivative equals function times negative constant.
Solutions — sin and cos. But can also use

Must be single valued (Born conditions).
@ =0 and @ =2z are same point.

For arbitrary value of m, ™ #1for p=2x but=1for ¢=0.
e'" =cos2z +isin2zr =1
e’ =1 if nis a positive or negative integer or 0.
Therefore, gim? —1 if @ =0
e™ =1ifop=2x

and wavefunction is single valued only if
m is a positive or negative integer or O.
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@, (p)=—=e"

2z

m=0,+1,+2,+£3--.
m is called the magnetic qguantum number.

The functions having the same |m| can be added and subtracted to
obtain real functions.

®0(¢)=ﬁ m=0
1
0)) -
|m|(¢) \/;C03m¢ |m|=1 -
1. o
@, (2) =Tsm m|g

The cos function is used for positive m’s and the sin function is
used for negative m’s.
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Solution of the ® equation.

sin@d d @ d@ ) sin’6@

Substitute z=-cosé z varies between +1 and -1.

P(z)=0(@) and sin“8=1-7°

d®@ dPdz dpP

do _dzde”- "M
dz=-sin@dé@
d0=——1 d7

sin@

Making these substitutions yields

2
1 _d (sined—@))— mo +0=0
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The differential equation in terms of P(z)

%{(1_Zz)dZiz)}_l_{ﬂ_lrf;}P(z)=0.
AN

This equation has a singularity. Blows up for z = £1.

Singularity called Regular Point. Standard method for resolving singularity.
The method shows how to find a substitution that eliminates the singularity
without changing the final result.

Making the substitution
m|

P(z)=(1-2°)? G(2)
removes the singularity and gives a new equation for G(z).

(1-2°)G" - 2(m|+1)zG' +{B —|m|(m|+1)}G =0
with

2
_dG and G"=dG

G'="2
dz dz*
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Use the polynomial method (like in solution to harmonic oscillator).

G(z)=a,+a,z+a,2° +a,2° +---

G' and G” are found by term by term differentiation of G(z).

Like in the H. O. problem, the sum of all the terms with different powers of z

equals 0.

Therefore, the coefficients of each power of z must each be equal to 0.

Let D ={p—|m|(m|+1)}

Then

{z°y 2a,+Da,=0

{z'} 6a,+(D-2(m|+1))a, =0
{z’} 12a,+(D-4(m|+1)-2)a,=0
{z’}  20a,+(D-6(m|+1)-6)a, =0

odd and even series

Pick a, (a; = 0) — get even terms.
Pick a, (a, = 0) — get odd terms.
a, and a, determined by
normalization.
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The recursion formula is

_ (v+|m|)(v+|m|+1)—,3a
v+ v+1)(v+2) g

Solution to differential equation, but not good wavefunction if infinite
number of terms in series (like H. O.).

To break series off after v' term

p=W+m)v'+|m/+1) v'=0,1,2,-  Thisquantizes . The series is
even or odd as v is even or odd.
et [m|
(=v'+|m| £=0,1,2,3, - 0(6)=(1-2)2 G(2)
Then P=LL+])
p=L(L+])

G(z) are defined by the recursion relation.

s, p, d, f orbitals Z =C0S@

®(6) are the associated
Legendre functions
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Since g =£(£+1) ,we have
1 d(rzd_R [ 2(£+1) Zy(E V(r))]

r’dr dr r’ h’
Ze® _ _ . .
V(r)=- . The potential only enters into the R(r) equation. Z is the
%o charge on the nucleus. One for H atom. Two for He*, etc.
Make the substitutions

2uE
a’ =— :2
Ze®
A=t

Are i’

Introduce the new independent variable

p=2ar pisthe the distance variable in units of 2¢.
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Making the substitutions and

with
S(p)=R(r)
yields
izi(pZd—S)+(—£—£(£—tl)+ijs=o OSpSw
p dp\" dp 4 p p

To solve - look at solution for large p, r — o (like H. O.).

Consider the first term in the equation above.

i(i(pz d_SD _L(pz d*s +2,,d_s)
p \dp\" dp)) p*" dp® Tdp
d’s 2 ds
= 2+——
dp® pdp

™~

The terms in the full equation divided by p and p? also go to zeroas r — o .
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Then,as r » o

The solutions are

S=e—p/2 S= +pl2

T~

This blowsup as r - o
Not acceptable wavefunction.

The full solution is

S(p)=e""F(p)

Substituting in the original equation, dividing by e=*’? and rearranging gives

p P p

The underlined terms blow up at p= 0. Regular point.
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Singularity at p=0 - regular point,
to remove, substitute

F(p)=p’L(p)

Gives

pL"+(2(£+1)—p)L"+(A—-£-1)L=0.

Equation for L. Find L, get F. Know F, have S(p)=R(r).

Solve using polynomial method.
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L(p)= Zavpv =a,+a,p+a,p’+-- Polynomial expansion for L.
v Get L'and L" by term by term
differentiation.

Following substitution, the sum of all the terms in all powers of p equal 0.
The coefficient of each power must equal 0.

0 - =
o'} (A-£-1)3,+2(¢+1)a, =0 Note not separate odd

{p'} (A-£-1-1)a +[4(£+1)+2]a,=0 and even series.

{p’} (A-£-1-2)a,+[6(£+1)+6]a, =0

Recursion formula

Given a,, all other terms coefficients
_ —(A-£-1-v)a, determined. a, determined by

R+ +D)+v(v+1)] normalization condition.
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3 —(A-4-1-v)a, Provides solution to differential equation,
Ay = (v +1)(+1)+v(v+1)] but not good wavefunction if infinite

number of terms.

Need to break off after the v = n' term by taking

A—£-1-n"=0
or / Integers
A=n with n=n'+/+1 n is an integer.

n' ===p radial quantum number
N ===p total quantum number

s orbital n'=0,1=0

5 S5 O
Il
w N

S, p orbitals nN'=11=0 or n'=0,1=1
s,p,dorbitals n'=2,1=0 or n'=1,1=1 or n'=0,1=2
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Thus,

R(r)=e""p‘L(p)

with
L(p)

defined by the recursion relation,

and

A=n
n=n'+/+1

N\

Integers
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n=A n=123,---

2

P Ze
dreh’a
o = — Z:ZE
n2=1%=— pZ’e’
327°e;h’E
774 ‘e
" 8gh'n’

Energy levels of the hydrogen atom.

Z is the nuclear charge. 1 for H; 2 for He*, etc.
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g,h’

a. =
0 ”ﬂeZ

a, =5.29x10™m

Bohr radius - characteristic length in H atom problem.
In terms of Bohr radius
Z%e?

E =—
" 8mg,a,n’

Lowest energy, 1s, ground state energy, -13.6 eV.
Rydberg constant
R, =109,677cm™

ZZ
En =—F RHhC

m,e’ Rydberg constant if proton had infinite mass.

* 8¢ h’c Replace g with m,. R, =109,737 cm-.
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Have solved three one-dimensional equations to get
(I)m (¢) @)fm (0) Rnf (r)

The total wavefunction is

Tnlm (¢’9’ r) = q)m (¢)®£m (9) Rnl (r)

n=1, 2, 3..-
£=n-1,n-2,---0
m=4¢, ¢-1.---—¢
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@ (@) isgiven by the expressions in exponential form or
In terms of sin and cos.

1 im
®m(¢)=ﬁe ’
1
(I)O(¢)=E m=0
f%cos|m|q)
@, ()= f m|=1,2,3--
\ﬁsin|m|¢
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0,,(0) and R,(r)

can be obtained from generating functions (like H. O.).
See book.

With normalization constants . .
Associate Legendre Polynomials

(2¢+1) (£—|m]! /////

_ M= 5imi
@)(9)—\/ > (£+|m|)!P£ (cos@).

Associate Laguerre Polynomials

/

> (h=t—-1
Rnf(r>=—\/(zz] (N=C=D)! e e

na, ) 2n[(n+¥) !]

27
p=2ar==-=r
a,n
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Total Wavefunction

Tnfm (¢101 r) = cI)m (¢)®£m (0) Rnf(r)

1s function

3
2
T15(¢’0’r)=T1oo=(Do®ooR10=( 1 }(\/EJ Z(E] a

J2z )\ 2 a,
1 —rlag
¥y = 5 © forZ=1
a,
No nodes.
2s function

Vs (0.0,1)=Wy =@ Oy R, = 3 (2—rla,)e™""*

ZnV
Node at r = 2a,,
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H atom wavefunction - orbital

lsorbital ¥, =AeT A

a,=0.529 A

1
3

7a,

the Bohr radius

The wavefunction is the probability amplitude. The probability is the absolute
valued squared of the wavefunction.

2

AZ e —2rla,

7

This is the probability of finding the electron a distance
r from the nucleus on a line where the nucleus isat r = 0.

2R
15}
[wl’ .
| note scale difference
0.5
25 3 02 04 06 08 1 12 14

r (A)
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The 2s Hydrogen orbital

w,, =B(2-rla,)e™"*% B = 1 Probability
/ 4 zﬂ-ag amplitude

When r = 2a,, this term goes to zero. a, = 0.529, the Bohr radius
There is a “node” in the wave function.

2 _ _ ~r/2ag :IZ Absolute value of the wavefunction
"//28‘ - I:B(Z rla, )e squared — probability distribution.

0.5
0.5

0.2¢F
2
1 A

04t

VY 03}

0.2¢f 0.1L

0.1¢ 0.b

r(A)
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Radial distribution function
Probability of finding electron distance r from the nucleus in a thin spherical shell.

2 For s orbital there is no angular dependence.
D, (r)=4z[R, ()] r’dr  still must integrate over angles with the
differential operator sinfdéde = 4n

1s
0.4
| -
> l
N 02
| e |
—~
| -
) —
\CeDO ] ] ] ] ]
Qé,' 1 2 3 4 5 6 7
v
- 25
0.2
01|
1 1 1 1
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sorbitals-£=0

1S — no nodes
2s — 1 node Is
3s — 2 nodes .

The nodes are
radial nodes.

Vs W T

/-"' I !gﬂ I]

I R VT

28
LT rys, PR,

r r r

Oxtoby, Freeman, Block
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