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Creating anyons from photons using a nonlinear resonator lattice subject to dynamic modulation
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We study a one-dimensional photonic resonator lattice with Kerr nonlinearity under the dynamic modulation.
With an appropriate choice of the modulation frequency and phase, we find that this system can be used to create
anyons from photons. By coupling the resonators with external waveguides, the anyon characteristics can be
explored by measuring the transport property of the photons in the external waveguides.
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Quantum particles satisfy the commutation relation [1]

ajak − eif (θ)akaj = 0,

aja
†
k − e−if (θ)a

†
kaj = δjk, (1)

where the a’s are the annihilation operators. For elementary
particles, f (θ ) in Eq. (1) can only take the values of zero
or π , corresponding to bosons or fermions, respectively. The
possibility of creating anyons, described in Eq. (1) by a more
complex function of θ , has long fascinated many physicists,
both from a fundamental perspective [1–5] and also due
to potential applications in quantum information processing
[6,7]. Collective excitations that behave as anyons have been
constructed from electrons in the fractional quantum Hall
systems [8–10], or from atoms in one-dimensional optical
lattices [11–13]. Moreover, there have been several proposals
on using a two-dimensional cavity array to create a fractional
quantum Hall effect for photons [14–16].

In this paper we propose to construct anyons from pho-
tons in a one-dimensional array of cavities. We consider
a photonic resonator lattice [17–22] with Kerr nonlinearity
and moreover that is subject to dynamic refractive index
modulation [23–26]. We show that, with the proper choice
of the temporal modulation profile, the Hamiltonian of the
system can be mapped into a one-dimensional Hamiltonian
for anyons. Moreover, by having the resonator lattice couple
to external waveguides (see Fig. 1), the resulting open system
naturally enables the use of photon transport experiment to
measure anyon properties, including a standard beam splitter
experiment that can be used to determine particle statistics.
Our work opens an avenue of exploring fundamental physics
using photonic structures. The use of a one-dimensional cavity
array is potentially simpler to implement as compared to
previous works that seek to demonstrate fractional quantum
Hall effects in two-dimensional cavity arrays. Moreover, the
capability for achieving anyon states may point to possibilities
for achieving nontrivial many-body photon states that are
potentially interesting for quantum information processing.
Related to, but distinct from, our work, Ref. [27] shows that
the dynamics of two anyons in a one-dimensional lattice can
be simulated with one photon in a two-dimensional waveguide
array. But Ref. [27] does not construct anyons out of photons.

Our work is inspired by the recent works in the synthesis
of anyons in optical lattices [11–13]. Consider a Hamiltonian

of interacting anyons in one dimension [11]

HA = −κ
∑

j

(a†
j aj−1 + H.c.) + U

2

∑
j

a
†
j a

†
j ajaj , (2)

where κ is the coupling constant between two nearest-neighbor
lattice sites and U is the on-site interaction potential. a

†
j (aj )

is the creation (annihilation) operator for the anyon at the
j th lattice site, which satisfies the commutation relations of
Eq. (1) with f (θ ) = θ sgn(j − k), where θ ∈ [0,2π ). The
anyonic Hamiltonian in Eq. (2) can be mapped to the bosonic
Hamiltonian

HB = −κ
∑

j

(b†j bj−1e
iθb

†
j bj + H.c.) + U

2

∑
j

b
†
j b

†
j bj bj , (3)

with the bosonic creation (annihilation) operator b†(b), under
the generalized Jordan-Wigner transformation [28,29]

aj = bj exp

⎛
⎝iθ

∑
m=j+1

b†mbm

⎞
⎠. (4)

Therefore, to create anyon one needs a bosonic system with a
particle-number-dependent hopping phase that breaks mirror
and time-reversal symmetry.

Reference [13] showed that the Hamiltonin in Eq. (3) can
be achieved by considering a time-dependent Hamiltonian

H (t) = −g
∑

j

(b†j bj−1 + H.c.) + V

2

∑
j

b
†
j b

†
j bjbj

+ [�ω + F (t)]
∑

j

jb
†
j bj (5)

in the weak perturbation limit g,|U | � �ω. Here g is the
coupling constant, V = U + 2�ω is the interaction potential,
�ω is the potential tilt in the lattice, and F (t) = −dφ(t)/dt ,
where φ(t) = p cos(�ωt) + q cos(2�ωt). In the limit where
only one- or two-particle processes are significant, and under
the high frequency approximation, the Hamiltonian of Eq. (5)
maps to that of Eq. (3), provided that the parameters p and q

are appropriately chosen. Briefly, in Eq. (5), the time-periodic
force F (t) is resonant with the tilted potential difference
between nearest-neighbor lattice sites. And the presence of on-
site interaction results in the particle-number-dependent phase
in the coupling matrix elements after a gauge transformation
is carried out [13].
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FIG. 1. Array of photonic resonators composed of alternating
resonators with frequencies ωA (red) and ωB (blue). The coupling
between nearest-neighbor resonators undergoes dynamic modulation.
Each resonator is coupled with an external waveguide.

Building upon the previous works as outlined above, the
main contributions of the present paper are the following. (1)
We show that the one-dimensional Hamiltonian of Eq. (5),
including its specific choice of parameters required for anyon
synthesis, can be implemented in a photonic structure com-
posed of resonators undergoing modulation. (2) Implementing
Eq. (5) in a photonic resonator lattice also points to possibilities
for probing the physics of anyons. In particular, coupling the
resonator to an external waveguide (Fig. 1) enables one to
directly conduct anyon interference experiments, and to probe
anyon density distributions of both ground and excited states
through a photon transport measurement.

We consider a photonic resonator lattice composed of two
kinds of resonators (A and B) with frequencies ωA and ωB as
shown in Fig. 1 [17]. The coupling between nearest-neighbor
resonators undergoes dynamic modulation. Such a dynamic
modulation of coupling can be implemented using refractive
index modulation as discussed in Ref. [17]. Each resonator
moreover has Kerr nonlinearity. Such a system is described by
the Hamiltonian Hr :

Hr =
∑
m

ωAb
†
A,mbA,m +

∑
n

ωBb
†
B,nbB,n

−
∑
〈mn〉

2g cos[	t + φ(t)](b†A,mbB,n + H.c.)

+ V

2

∑
m

b
†
A,mb

†
A,mbA,mbA,m + V

2

∑
n

b
†
B,nb

†
B,nbB,nbB,n,

(6)

where b†(b) is the creation (annihilation) operator for the
photon in the sublattice A and B. The third term in Eq. (6)
describes the modulation. g, 	, and φ(t) are the strength, the
frequency, and the phase of the modulation, respectively. We
assume a near-resonant modulation with 	 ≈ ωA − ωB . The
last two terms describe the effect of Kerr nonlinearity with V

characterizing the strength of the nonlinearity.
With the rotating-wave approximation and defining b̃m =

bA,meiωAt (b̃n = bB,ne
iωB t ), we can transform Hamiltonian (6)

to

H̃r = −g
∑

j

(b̃†j b̃j−1e
i�ωt−φ(t) + H.c.) + V

2

∑
j

b̃
†
j b̃

†
j b̃j b̃j ,

(7)

where �ω = (ωA − ωB) − 	 is the detuning.

FIG. 2. (a) Trajectory that parameters p,q in the modulation
phase [φ(t) = p cos(�ωt) + q cos(2�ωt)] obey, for the Hamilto-
nian (6) to map into Hamiltonian (3) in the two-photon limit, with θ

in Eq. (3) varying from −π to π . (b) The adjustment of the modulation
strength g vs θ to achieve a constant κ in Eq. (3).

Hamiltonians in Eqs. (5) and (7) are equivalent after a
gauge transformation Û (t) = exp {i[�ωt − φ(t)]

∑
j j b̃

†
j b̃j }.

Since, with proper choice of parameters, Ref. [13] showed
that Eq. (5) can be mapped to the anyon Hamiltonian of
Eq. (3), we have shown that a nonlinear photonic resonator
lattice undergoing dynamic modulation in fact can be used to
construct anyons from photons. In Eq. (6), the near-resonant
modulation results in the coupling between resonators at
different sites in the lattice. The small detuning between the
modulation frequency and the frequency difference ωA − ωB

results in a tilt potential along the lattice [30,31]. The additional
time-dependent modulation phase φ(t) provides the time
periodic force. For the rest of the paper, we chose �ω = V/2.
In the two-photon limit, H̃r in Eq. (7) then provides an anyon
Hamiltonian of Eq. (3) that is noninteracting with U = 0. Here
choices of parameters p,q as well as g follow the trajectories in
Fig. 2. θ can be tuned from zero to 2π following the trajectory
of p,q in Fig. 2(a). For each θ, g is chosen following Fig. 2(b)
such that κ in Eq. (3) remains constant.

The photonic resonator lattice provides a unique platform
for probing the physics of anyons. By coupling the nonlinear
resonator as discussed above with the external waveguide
(Fig. 1), it becomes possible to demonstrate anyon physics
through photon transport measurement. The cavity-waveguide
system is described by the Hamiltonian:

H =
∑
m

∫
k

dk ωkc
†
k,A,mck,A,m +

∑
n

∫
k

dk ωkc
†
k,B,nck,B,n

+
√

γ

2π

∑
m

∫
k

dk(c†k,A,m + ck,A,m)(b†A,m + bA,m)

+
√

γ

2π

∑
n

∫
k

dk(c†k,B,n + ck,B,n)(b†B,n + bB,n)

+Hr [bA,m,bB,n], (8)

where c
†
k(ck) is the creation (annihilation) operator for the

photon in the waveguide coupled with the m(n)th resonator of
type A(B). γ is the waveguide-cavity coupling strength. The
Hamiltonian of the resonator lattice Hr [bA,m,bB,n] is given in
Eq. (6). By applying the rotating-wave approximation with
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c̃k,m = ck,A,meiωAt (c̃k,n = ck,B,ne
iωB t ), we rewrite Eq. (8) to

H̃ =
∑

j

∫
k

dk(ωk − ωA(B))c̃
†
k,j c̃k,j

+
√

γ

2π

∑
j

∫
k

dk(c̃†k,j b̃j + b̃
†
j c̃k,j ) + H̃r [b̃j ], (9)

where H̃r [b̃j ] is given in Eq. (7) [32,33].
The photon transport properties of Eq. (9) can be described

by the input-output formalism, which is a set of operator
equations in the Heisenberg picture [32]:

db̃j (t)

dt
= i[H̃r ,b̃j (t)] − γ

2
b̃j (t) + i

√
γ cin,j (t), (10)

cout,j (t) = cin,j (t) − i
√

γ b̃j (t). (11)

Here cin,j and cout,j are the input and output operators for
waveguide photons [34].

To probe anyon property one needs at least two particles.
We therefore consider a normalized input state

|�〉 =
∫∫

dt1dt2χ (t1 − t2)η

(
t1 + t2

2

)
c†in,α(t2)c†in,β(t1)|0〉,

(j � m), (12)

where the normalization condition 〈�|�〉 = 1 requires that∫∫
dt dt ′χ2(t ′)|η(t)|2 = 1. In what follows, we assume that

χ (t) has a very short temporal width to describe a scenario
where we simultaneously inject two photons into α and β

cavities through the waveguides. In the presence of such input
state, we can compute the resulting two-photon probability
amplitude inside the resonator lattice

vjm(t) ≡ 〈0|b̃m(t)b̃j (t)|�〉 (j � m), (13)

which from the input-output formalism satisfies (details in the
Appendix)

dvjm(t)

dt
= i〈0|[H̃r ,b̃m(t)b̃j (t)]|�〉

− γ vjm(t) − γ η(t)δjαδmβ. (14)

The two-photon probability amplitude in (13) can be measured
by coupling the resonator lattice to additional output waveg-
uides and measuring the two-photon correlation function for
the photons in the output waveguides.

Using Eq. (14), we then propose a set of photon transport
experiments to probe the anyon statistics. When two anyons
are confined in a potential well, the probability distribution
of the eigenstates has characteristics that depend on the phase
angle θ . Previous proposal on anyon in an optical lattice has
focused on ground-state characteristics [11–13]. In our case,
on the other hand, one can choose the frequency detuning
ε of the input source to selectively excite either the ground
state or the excited states. As an illustration, we choose
η(t) = e−iεt [u(t) + u(T − t) − 1]/

√
T in Eq. (12), where u(t)

is the Heaviside step function and simulate Eq. (14) to obtain
steady-state density distribution Nj = 〈�|b̃†j (t)b̃j (t)|�〉 =∑

m<j |vmj (t)|2 + ∑
m>j |vjm(t)|2 + 2|vjj (t)|2. In the simu-

lation, we consider a lattice involving 21 resonators (j =

FIG. 3. (a) Ground-state and (b) the second excited-state particle
density distributions Nj for θ = 0,π/2,π , respectively, with an input
photon pair. Nj is normalized to

∑
j Nj = 2. The density distributions

are compared with the results obtained by a direct diagonalization of
the anyon Hamiltonian of Eq. (2) (dotted curves).

−10, . . . ,10), and choose parameters γ = 0.002κ, �ω =
100πκ , and T = 5/γ . To probe the ground-state distribution,
we use the input state in (12) with α = −4,β = 4 and ε =
−3.96κ,−3.91κ,−3.90κ for θ = 0,π/2,π , respectively [see
Fig. 3(a)]. When θ = 0, the particle density distribution has
the distribution with one peak in the zeroth resonator, which
is consistent with the characteristic of bosonic particles. On
the other hand, when θ = π , the particle density distribution
has two peaks near the ±5 resonators, corresponding to the
characteristic of two noninteracting fermionic particles. The
case of θ = π/2 has a distribution that is between the boson
and the fermion cases. The simulation results by computing
Eq. (14) match with the results obtained by a direct diago-
nalization of the anyon Hamiltonian of Eq. (2). We note that
the simulation of Eq. (14) describes an open quantum system,
whereas Eq. (2) describes a closed quantum system. Therefore,
we show that with proper choice of system parameters, one can
use the open system to probe the properties of a closed system.
Similar agreement between the photonic resonator lattice
system and the anyon Hamiltonian can be seen in excited-state
properties as well, as can be seen in Fig. 3(b), where as an
example we selectively excite the second excited state by
setting α = −6, β = 6 and ε = −3.84κ,−3.78κ,−3.74κ for
θ = 0,π/2,π , respectively, in Eq. (12). We note that in addition
to the frequency detuning a different choice of the input state
distribution is required in order to efficiently excite either the
ground state or a particular excited state.

Arguably the most direct experiment for observing particle
statistics is the two-particle scattering experiments at a 50:50
beam splitter [35–37]. Consider two quantum particles arriving
simultaneously at the beam splitter from both sides [Fig. 4(a)].
Upon scattering at the beam splitter, for bosons the two
particles appear at the same side of the beam splitter. For
fermions, the two particles appear at the opposite sides. For
anyons, depending on the phase angle θ , the outcome smoothly
interpolates between the cases of bosons and fermions.
While conceptually simple, there has not been a proposal
for conducting such a two-particle scattering experiment for
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FIG. 4. (a) Beam splitter with input arms A and B as well as
output arms C and D. (b) The cavity-waveguide system; two photons
are incident into the first and (−1)st waveguides. The detection is
performed at the zeroth waveguide. (c) Simulated Pj=0 vs θ from zero
to 2π using H̃r in Eq. (14) (red solid curve), and the time-independent
Hamiltonian HB in Eq. (3) with U = 0 (green dashed curve). Black
dotted curve corresponds to cos2(θ/2) as obtained from a simple
approximation.

synthetic anyons, due in part to the difficulty of obtaining
individual anyons in either electronic or atomic systems.

We show that the cavity-waveguide system can be used
to perform the two-anyon interference experiment. For the
input, we consider two photons injected into the first and
(−1)st waveguides, respectively. These two waveguide chan-
nels correspond to the two input ports in the standard
interferometer experiment. We consider the output photon
at zeroth waveguide which emits from the zeroth pho-
tonic resonator. The zeroth waveguide channel represents
one of the output ports. We define the two-photon corre-
lation function G

(2)
j (t,τ ) = 〈�|c†out,j (t)c†out,j (t + τ )cout,j (t +

τ )cout,j (t)|�〉. The total probability that two output photons
at zeroth waveguide coincide in time is then

Pj=0 ≡
∫

dt G
(2)
j=0(t,τ = 0)

= γ 2
∫

dt〈�|b̃†0(t)b̃†0(t)b̃0(t)b̃0(t)|�〉

= γ 2
∫

dt |v00(t)|2. (15)

We simulate the “beam splitter” experiment by solving
Eq. (14). For the resonator lattice, we used the same parameters
as in Fig. 3 except for γ = 0.25κ . For the input state, we
use η(t) = (2/πT 2)

1/4
exp (−t2/T 2), where T = 0.0425κ−1.

We plot the simulated Pj=0 in Fig. 4(c). We compare such
results to the case where we replace H̃r in Eq. (14) with
the time-independent Hamiltonian HB in Eq. (3) with U = 0.
The two simulations show excellent agreement. Since HB is
rigorously equivalent to the anyon Hamitonian of Eq. (2), our
simulation results prove that the cavity-waveguide Hamitonian
can indeed generate anyonic behavior in spite of all the
approximates used to map Eq. (7) to Eq. (3).

The results in Fig. 4(c) can be qualitatively accounted for
with a simple two-particle interference model. Our choice of
the input state results in an excitation of the first and (−1)st
resonators in the lattice:

|�〉 = 1
2 (b̃†−1b̃

†
1|0〉 + b̃

†
1b̃

†
−1|0〉)

= 1
2 (eiθa

†
−1a

†
1|0〉 + a

†
1a

†
−1|0〉), (16)

where Eq. (4) is used to transform the bosonic to the
anyonic operators. Upon time evolution, the state acquires
a component in the zeroth resonator of approximately the

form 1
2 (eiθ + 1)(a†

0)
2|0〉. Thus G

(2)
j=0(t,τ = 0) ≈ cos2(θ/2) at

the zeroth waveguide as shown in Fig. 4(c). This simple
model, where the phase factor θ appears explicitly due to
anyon exchange, provides a qualitative explanation of the
numerical results shown in Fig. 4(c). In particular, both the
analytic model and the numerical results indicate a peak of
Pj=0 at θ = 0, corresponding to the boson case, and Pj=0 = 0
at θ = π , corresponding to the fermion case. Our results here
indicate that one can indeed perform a two-anyon interference
experiment using photons in the cavity-waveguide system.

To implement the concepts presented above experimentally,
we note that the experimental feasibility of the Hamiltonian
in Eq. (6), without the nonlinear term, has been discussed
in detail in Ref. [17]. For our purpose here, the frequency
difference between two resonators of different types can be
chosen as ωA − ωB ∼ 1 GHz. The dynamic modulation is
applied with the modulation detuning �ω ∼ 100 MHz and the
modulation strength g ∼ 10 MHz. Such a modulation strength
and speed is consistent with what is achievable in experiments
based on silicon electro-optic modulators [25,38,39]. We
also estimate the relevant experimental parameters for the
nonlinear term. In Ref. [13], in order to obtain Eq. (3) from
Eq. (5), one needs to assume |V − 2�ω| � �ω; therefore, the
nonlinearity parameter V ∼ 2�ω, which means that adding an
extra photon in the resonator will shift the resonant frequency
of the resonator by approximately 100 MHz. Such a strength
of nonlinearity can be achieved by coupling a two-level
quantum system with a resonator and reaching the strong
coupling regime [40–42]. The nonlinear parameter in the
range 10 MHz ∼ 10 GHz has been demonstrated in the recent
atom-cavity experiments [43–47], which is sufficient for our
experimental proposal.

In summary, we propose a mechanism to achieve a
one-dimensional anyon from photons by using a nonlinear
photonic resonator lattice under dynamic modulation. With
this mechanism, both the ground state and the excited states
of the anyon system can be selectively probed. Our system
also enables the use of a two-photon interference experiment
to directly probe the statistics of anyons. This platform can be
useful for demonstrating a wide variety of other anyon physics
effects [48–51], such as quantum works of two interacting
anyons [52] and Bloch oscillation of anyons [53], that are
potentially important for quantum information processing
[54–58]. On the other hand, we also note that the present
proposal represents a simulation of anyon physics in one-
dimensional systems. Some of the topological properties
associated with anyons in higher dimensions may not be
preserved in such simulations [59].
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APPENDIX: EQUATIONS FOR TWO-PHOTON AMPLITUDES INSIDE THE CAVITY AS DERIVED
FROM THE INPUT-OUTPUT FORMALISM

The photon transport properties of Eq. (9) can be described by the input-output formalism, which is a set of operator equations
in the Heisenberg picture [32,34]:

db̃j (t)

dt
= i[H̃r ,b̃j (t)] − γ

2
b̃j (t) + i

√
γ cin,j (t), (A1)

cout,j (t) = cin,j (t) − i
√

γ b̃j (t), (A2)

where

cin,j (t) ≡ lim
t0→−∞

∫
dk c̃k,j (t0)e−ik(t−t0)/

√
2π, (A3)

cout,j (t) ≡ lim
t1→∞

∫
dk c̃k,j (t1)e−ik(t−t1)/

√
2π. (A4)

We can rewrite Eq. (A1) as

b̃j (t) = b̃j (−∞) + i

∫ t

−∞
dt ′

{
[H̃r ,b̃j (t ′)] + i

γ

2
b̃j (t ′)

}
+ i

√
γ

∫ t

−∞
dt ′cin,j (t ′). (A5)

Using Eqs. (A1) and (A5), we obtain

db̃m(t)b̃j (t)

dt
= i[H̃r ,b̃m(t)b̃j (t)] − γ b̃m(t)b̃j (t)

+ i
√

γ b̃m(−∞)cin,j (t) − √
γ

∫ t

−∞
dt ′

{
[H̃r ,b̃m(t ′)] + i

γ

2
b̃m(t ′)

}
cin,j (t) − γ

∫ t

−∞
dt ′cin,m(t ′)cin,j (t)

+ i
√

γ cin,m(t)b̃j (−∞) − √
γ

∫ t

−∞
dt ′cin,m(t)

{
[H̃r ,b̃j (t ′)] + i

γ

2
b̃j (t ′)

}
− γ

∫ t

−∞
dt ′cin,m(t)cin,j (t ′). (A6)

To probe the anyon property one needs at least two particles.
We therefore consider a normalized input state

|�〉 =
∫∫

dt1dt2χ (t1 − t2)η

(
t1 + t2

2

)
c†in,α(t2)c†in,β(t1)|0〉

(j � m), (A7)

where the normalization condition 〈�|�〉 = 1 requires that∫∫
dt dt ′χ2(t ′)|η(t)|2 = 1. In what follows, we assume that

χ (t) has a very short temporal width to describe a sce-
nario where we simultaneously inject two photons into αth
and βth cavities through the waveguides. Such an input
state corresponds to a strongly correlated photon pair. Such
an input state can be prepared by the four-wave-mixing
process [60–63].

In the presence of such input state, we can compute
the resulting two-photon probability amplitude inside the
resonator lattice:

vjm(t) ≡ 〈0|b̃m(t)b̃j (t)|�〉 (j � m). (A8)

Sandwiching Eq. (A6) with 〈0| . . . |�〉, we obtain the
differential equation:

dvjm(t)

dt
= i〈0|[H̃r ,b̃m(t)b̃j (t)]|�〉−γ vjm(t)−γ η(t)δjαδmβ.

(A9)

Here we have used the property that χ (t) has a very short
temporal width. Equation (A9) is Eq. (14) in the main text.
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