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Generalized cluster decomposition principle illustrated in waveguide quantum electrodynamics
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We show that the form of the cluster decomposition principle, commonly used in quantum field theory, needs
to be significantly generalized. As an illustration, we consider the general structure of two-photon S matrix for a
waveguide coupled to a local quantum system that supports multiple ground states. The presence of the multiple
ground states results in a noncommutative aspect of the system with respect to the exchange of the orders of
photons. Consequently, the two-photon S matrix significantly differs from the standard form in quantum field
theory.
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The cluster decomposition principle is one of the funda-
mental principles in quantum field theory [1]. In its general
form, the cluster decomposition principle states that in a certain
limit, a correlation function involving many quantum operators
can be decomposed into products of correlation functions
involving a smaller number of operators. This principle, and
the possibility that it might fail, have played a significant
role in theoretical physics. On one hand, this principle has
been widely used to constrain the form of the scattering
matrix in field theory [2–4]. Moreover, it has been used to
argue for the correct form of the quantum vacuum in two-
dimensional quantum electrodynamics (QED) and quantum
chromodynamics (QCD) [5–7]. On the other hand, it has been
shown that the possible failure of the cluster decomposition
principle is sufficient to ensure confinement in QCD [8–13].
This observation has motivated significant efforts seeking to
prove the failure of this principle in QCD. All these previous
works on the cluster decomposition principle, however, are
purely theoretical. And there has not been a single example
that transparently illustrates the condition at which the standard
form of the cluster decomposition principle might fail, in a
system that is experimentally accessible.

In this paper, we introduce a generalized form of the
cluster decomposition principle by considering the scattering
matrix (S matrix) in two-photon scattering in waveguide QED.
Specialized to the S matrix, the cluster decomposition principle
results in the standard form of the two-particle S matrix
[2,14–16] as S = S0 + iT , where S0, the noninteracting part
of the S matrix, is of the form

S0
p1p2k1k2

= tk1 tk2 [δ(p1 − k1)δ(p2 − k2)

+ δ(p1 − k2)δ(p2 − k1)] (1)

and contains the product of two δ functions. The T matrix,
which describes the interaction, is of the form

Tp1p2k1k2 = Mp1p2k1k2δ(p1 + p2 − k1 − k2) (2)

and contains a single δ function. Here, k1, k2 and p1, p2 are the
momenta of the incident and outgoing particles, respectively. tk
is the individual particle transmission amplitude andMp1p2k1k2
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characterizes the strength of the interactions between two
particles. Recently, this form has also been shown to apply
in waveguide QED systems, where a few waveguide photons
interact with a local quantum system [17–34].

In this paper, we show that there in fact exists a class of
waveguide QED systems in which the two-photon S matrix
does not have the form of Eq. (1). The key attribute of these
systems is that the local quantum system has multiple ground
states. We show that this attribute results in a noncommutative
aspect of the system with respect to the exchange of the orders
of photons, which strongly constrains the form of the S matrix.
This is in contrast to a large number of systems previously
considered that have an S matrix of the form shown in Eq. (1).
In these systems the local quantum system has a unique ground
state and hence does not have such noncommutative property.

The results here point to a much richer set of analytic
properties in the structure of the S matrix than previously
anticipated. Also, examples of local quantum systems with
multiple ground states include three-level �-type atomic sys-
tems, which support two ground states in the electronic levels,
as well as optomechanical cavities where the lowest-lying
photon-state manifolds contain multiple phonon sidebands.
The three-level �-type systems play an essential role in
constructing quantum memory and quantum gates for photons
[35–38], whereas reaching the photon-blockade regime with
optomechanical cavities has been a long-standing experimen-
tal objective in quantum optomechanics [39,40]. Exploring
the nature of photon-photon interactions in these systems in
the context of waveguide QED is therefore of significance in a
number of directions that are of importance for quantum optics.
While there have been several calculations on the two-photon
scattering properties of these systems [41–44], there have not
been any discussions on the general analytic structure of the
two-photon S matrix in this class of systems.

We start by considering the simplest example of a single-
mode waveguide coupled to a three-level �-type atom as
shown in Fig. 1(a). The Hamiltonian is described as

H =
∫

dkkc
†
kck +

2∑
λ=1

�̃λ|gλ〉〈gλ| + �|e〉〈e|

+
2∑

λ=1

√
γλ

2π

∫
dk(c†k|gλ〉〈e| + |e〉〈gλ|ck), (3)
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FIG. 1. (a) The system we consider: a photonic waveguide
coupled to a three-level �-type atom. (b) A sequential scattering event
where two photons incident from the left scatter against a three-level
atom with γ1 = γ2 � �1, �2. The photons are represented by red or
blue colors with different colors representing different frequencies
of photons. We send in the red photon followed by the blue photon,
in which the initial, intermediate, and final states are shown in the
subplots. (c) Another sequential scattering event that is the same as
in panel (b) except for the reverse photon ordering.

where ck (c†k) is the annihilation (creation) operator of
the photon state in the waveguide. These operators satisfy
the standard commutation relation [ck,c

†
k′ ] = δ(k − k′). We

linearize the dispersion relation and set the group velocity
vg = 1 so that the single-photon’s frequency is equal to its
momentum. In our calculation, the relevant bandwidth is set
by the atom-waveguide coupling strength, which is typically
on the order of the MHz–GHz scale. Over such a frequency
scale, the group velocity of an optical waveguide typically does
not change significantly, and hence the linearization procedure
is valid [19]. Here for simplicity we consider a waveguide
consisting of only a single mode in the sense of Ref. [18]. The
argument here, however, can be straightforwardly generalized
to waveguides supporting multiple modes. �̃1, �̃2, and � are
the respective energy of the ground states |g1〉, |g2〉 and the
excited state |e〉 of the atom satisfying �̃1 < �̃2 < �. We
define �μ ≡ � − �̃μ for μ = 1,2. The waveguide photons
couple to both |g1〉-|e〉 and |g2〉-|e〉 transitions of the atom
with respective coupling constants

√
γ1/2π and

√
γ2/2π . In

general we assume that γ1, γ2 � �1,�2. The single-photon
S matrix for this system is

[Spk]μν ≡ 〈p,gμ|S|k,gν〉 = tμν(k)δ(p − �μ − k + �ν),
(4)

where μ,ν take values of 1,2 and

tμν(k) = δμν − i

√
γμγν

k − �ν + i
(

γ1

2 + γ2

2

) (5)

is the transmission amplitude of the waveguide photon |k〉
when the initial and final states of the atom are |gν〉 and |gμ〉,
respectively [45–48].

We proceed to provide an intuitive argument about the
structure of the two-photon S matrix. As an example, we
consider a specific three-level system where γ1 = γ2. For
notation simplicity, we refer photons with energy �1 and
�2 as “blue” and “red” photons, respectively. From Eqs. (4)
and (5), if the atom is initially in the ground state |g1〉, an
incident blue photon will be on resonance with the atomic
transition. Therefore, upon scattering against the atom, it
will be converted to a red photon while the atomic state
is changed to |g2〉, whereas an incident red photon in the
same situation will pass through the atom unchanged without
affecting the atomic state, since it is off resonance from the
atomic transition. A complementary behavior occurs when the
atom is initially in the ground state |g2〉, as can be deduced
from Eqs. (4) and (5).

To illustrate the structure of the noninteracting part of the
S matrix, we now construct a thought experiment as shown in
Figs. 1(b) and 1(c) by considering the outcome of two different
sequential scattering events where two photons are sent toward
the atom with a sufficiently large time delay between the two
photons. In both events, we assume that the atom is initially
in the ground state |g1〉. In the first event [Fig. 1(b)], we send
in the red photon first, and it passes by the atom without
interaction. The blue photon then comes in and scatters against
the atom. The scattering changes the atomic state from |g1〉 to
|g2〉, with the photon converted to red. Therefore, at the end
of the two-photon-scattering event, we end up with two red
photons and the atom in the state |g2〉. In the second event
[Fig. 1(c)], we send in the blue photon first and then the red
photon. With a similar analysis as discussed above, we can
show that we will end up with the red photon first and then the
blue photon, with the atomic state remaining in |g1〉. In this
system, the outcome of a two-photon-scattering event depends
on the order of the photons being sent in. We note that each
of two different incident states above can be described by a
symmetrized two-photon wave function. The two states are
mapped to each other, not by an exchange symmetry operator,
but rather by an operator R̂ that exchanges the order of the
photons. The observation above then indicates that [R̂,S] �= 0.
Such a noncommutivity with respect to photon-order exchange
operator arises from the existence of multiple ground states in
the local quantum system. For a local quantum system with a
unique ground state, one can easily show with a similar thought
experiment [34] that the outcome of the two-photon sequential
scattering does not depend on the orders of the photons sent in.

The noncommutivity between the two-photon S matrix
and the photon-order exchange operator points to interesting
aspects of the structure of the two-photon S matrix. The
two-photon S matrix is typically computed with respect to
a two-photon symmetrized plane wave:

ψin(x1,x2) ≡ 1

2
√

2π

(
eik1x1eik2x2 + eik1x2eik2x1

)
. (6)

063809-2



GENERALIZED CLUSTER DECOMPOSITION PRINCIPLE . . . PHYSICAL REVIEW A 95, 063809 (2017)

To apply the argument above, we decompose ψin(x1,x2) =
ψ (1)

in (x1,x2) + ψ (2)
in (x1,x2), where

ψ (1)
in (x1,x2) = 1

2
√

2π

[
eik1x1eik2x2θ (x1 − x2)

+ eik1x2eik2x1θ (x2 − x1)
]
, (7)

ψ (2)
in (x1,x2) = 1

2
√

2π

[
eik1x1eik2x2θ (x2 − x1)

+ eik1x2eik2x1θ (x1 − x2)
]
. (8)

With the θ functions in Eqs. (7) and (8), ψ (1)
in (x1,x2) can be

viewed as the plane-wave limit of two sequential single-photon
pulses with the center frequencies of the leading and the
trailing pulses centered at k1 and k2, respectively, while
ψ (2)

in (x1,x2) is the limit of the same two pulses but with
the order of the center frequency reversed. We now consider
all the scattering pathways in which the atom changes
from state |gν〉 to |gμ〉 through the two-photon sequential
scattering process. For ψ (1)

in (x1,x2), the photon with frequency
k1 arrives first. As one of the many possible scattering
pathways, upon scattering of this photon, the atom is driven
from the state |gν〉 to a ground state |gλ〉, whereas the
wave function of the outgoing photon takes the form of
φk1λν(x1) ≡ tλν(k1)ei(k1−�ν+�λ)x1/

√
2π . Then the photon with

frequency k2 arrives. It drives the atom from the state
|gλ〉 to the state |gμ〉, and as a result is converted to
an outgoing photon with the wave function φk2,μλ(x2) ≡
tμλ(k2)ei(k2−�λ+�μ)x2/

√
2π . Summing over all the pathways

as labeled by λ, the final state associated with ψ (1)
in (x1,x2)

is then ψ
(1)
out(x1,x2) = 1√

2

∑
λ φk2,μλ(x2)φk1,λν(x1)θ (x1 − x2) +

[x1 ←→ x2]. Consider both ψ (1)
in (x1,x2) and ψ (2)

in (x1,x2), the
sequential scattering process then leads to the final state

ψout(x1,x2) = ψ
(1)
out(x1,x2) + ψ

(2)
out(x1,x2)

= 1

2
√

2π

2∑
λ=1

tμλ(k2)tλν(k1)ei(k2−�λ+�μ)x2

× ei(k1−�ν+�λ)x1

× θ (x1 − x2) + [x1 ←→ x2,k1 ←→ k2]. (9)

We note that the θ functions in Eq. (9) do not compensate each
other, as a direct result of the noncommutivity in the sequential
scattering process. From Eq. (9), by Fourier transformation,
we obtain the noninteracting part of the two-photon S matrix
as[

S0
p1p2k1k2

]
μν

≡ 〈p1,p2,gμ|S0|k1,k2,gν〉

= 1

2
√

2π

∫
dx1dx2(e−ip1x1e−ip2x2

+ e−ip1x2e−ip1x2 )ψout(x1,x2)

=
∑
P,Q

2∑
λ=1

i

2π

tμλ

(
kP (2)

)
tλν

(
kP (1)

)
pQ(2) − �μ − kP (2) + �λ + i0+

× δ
(
p1 + p2 − �μ − k1 − k2 + �ν

)
, (10)

where P and Q are permutation operators that act on indices
1,2. In Eq. (10), the denominator arises from the arguments
above regarding sequential scattering. When �μ + �ν =
2�λ, one recovers the familiar form of S0 that contains two
δ functions. Here, however, the S0 contains only a single δ

function. Therefore, in the sequential scattering process, the
single-photon energy is not conserved, if the incident wave is
the symmetrized plane wave as shown in Eq. (6).

The three-level �-type atom we consider here exhibits
the effect of electromagnetically induced transparency (EIT)
when a classical field is used to couple the metastable level
|g2〉 and the excited state |e〉 [49]. In the presence of the
classical field, the system is described by a Hamiltonian with
a unique ground state and hence the general structure of the
two-photon S matrix (10) is not present [41]. Therefore, the
form of the two-photon S matrix in fact can be controlled
by the classical field in the �-type atom relevant for EIT
physics. Also, experimentally, the form of the S matrix
that we predict here can be probed by injecting into the
system a weak coherent state and measuring the correlation
function G(2)(τ ) as a function of incident photon energy
E in the regime when the time delay τ is larger than the
atom lifetime. We provide a more detailed discussion in the
appendix.

The heuristic arguments above that lead to Eq. (10) can be
applied to other systems supporting multiple ground states,
including optomechanical cavities [44] which also contains
multiple ground states due to the phonon side bands. Here,
by multiple ground states we include the cases where the
ground-state manifolds contain metastable states, as long as
the lifetime of these states significantly exceeds the relevant
interaction or scattering timescales [50]. Consequently, instead
of validating the heuristic arguments in the above specific
system with the Hamiltonian (3), we prove the form (10)
by computing the two-photon S matrix explicitly for a
general waveguide QED system consisting of a single-mode
waveguide coupled to a local system:

H =
∫

dkkc
†
kck +

√
γ

2π

∫
dk(c†ka + a†ck) + Hsys[a,b],

(11)

where Hsys[a,b] is the Hamiltonian of the local system. a is one
of the local system’s operators that couples to the waveguide
and b denotes its other degrees of freedom. For example,
the local system can be a cavity like the James–Cummings
model or the optomechanical cavity, where a is the bosonic
annihilation operator of the cavity mode and b is related
to the atom in the James–Cummings model or phonons in
an optomechanical cavity. The local system can also be the
multilevel atom such as the three-level atom in Eq. (3) with
a ≡ ∑2

λ=1

√
γλ/γ |gλ〉〈e| as proved in the appendix. In all

these cases, one can integrate out the waveguide photons to
obtain an effective Hamiltonian of the local system [30,51,52]:

Heff[a,b] = Hsys[a,b] − i
γ

2
a†a. (12)

We also assume that there exists some total excitation operator
of the form N̂ = a†a + Ô(b) such that Ô � 0 and [N̂,Heff] =
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0.1 With such N̂ , Heff[a,b] can be block diagonalized as

Heff|λ〉N = Eλ
N |λ〉N, N 〈λ̄|Heff = N 〈λ̄|Eλ

N . (13)

Because Heff in Eq. (12) is non-Hermitian, its eigenvalues Eλ
N

are in general complex, except for a set of ground states |gλ〉
which has zero excitation and hence a real eigenvalue Eλ

0 .
By using the input-output formalism [19,51,53,54], we can
compute the general single-photon S matrix as[

Spk

]
μν

≡ 〈p,gμ|S|k,gν〉 = tμν(k)δ
(
p + E

μ

0 − k − Eν
0

)
,

(14)

with

tμν(k) = δμν +
∑

ρ

sρ
ν (k)〈gμ|a|ρ〉11〈ρ̄|a†|gν〉,

sρ
ν (k) ≡ −i

γ

k + Eν
0 − Eρ

1

, (15)

where we insert the biorthogonal basis as defined in Eq. (13)
to compute the cavity’s Green’s function [30]. Similarly,
we can compute the two-photon S matrix [Sp1p2k1k2 ]μν ≡
〈p1,p2,gμ|S|k1,k2,gν〉 as

Sp1p2k1k2 = S0
p1p2k1k2

+ iTp1p2k1k2 , (16)

where[
S0

p1p2k1k2

]
μν

=
∑
P,Q

∑
λ

i

2π

tμλ(kP (2))tλν(kP (1))

pQ(2) + E
μ

0 − kP (2) − Eλ
0 + i0+

× δ
(
p1 + p2 + E

μ

0 − k1 − k2 − Eν
0

)
, (17)

i[Tp1p2k1k2 ]μν = i[Mp1p2k1k2 ]μν

× δ
(
p1 + p2 + E

μ

0 − k1 − k2 − Eν
0

)
, (18)

i[Mp1p2k1k2 ]μν

= 1

2πγ

∑
λρσ

[
sρ
μ(p1) + sρ

μ(p2)
]

× [
s
ρ
λ (k1)sσ

ν (k2) + s
ρ
λ (k2)sσ

ν (k1)
]

×〈gμ|a|ρ〉11〈ρ̄|a†|gλ〉〈gλ|a|σ 〉11〈σ̄ |a†|gν〉

+ i

2π

∑
λρσ

[
sρ
μ(p1) + sρ

μ(p2)
][

sσ
ν (k1) + sσ

ν (k2)
]

× 〈gμ|a|ρ〉11〈ρ̄|a|λ〉2 2〈λ̄|a†|σ 〉11〈σ̄ |a†|gν〉
k1 + k2 + Eν

0 − Eλ
2

. (19)

In the above decomposition, the T matrix (18), which describes
the effect of photon-photon interaction, only contains single
and two excitation poles as well as a single δ function
related to the energy conservation, as required by the cluster
decomposition principle [34]. The noninteracting part of the
S matrix, Eq. (17), has the same structure as in Eq. (10),
which becomes the usual direct product of two single-photon
S matrices only in the cases of a single ground state or multiple

1For example, N̂ = a†a + σz/2 in the Jaynes–Cummings model
and N̂ = a†a in the optomechanical cavity.

degenerate ground states. In general, however, S0 is not a direct
product of the single-photon S matrix.

With the two-photon S matrix (16)–(19), we now confirm
the heuristic argument presented in Fig. 1 by an explicit
calculation. We consider the scattering event of two sequential
single-photon pulses spatially well separated from each other.
By the identical-particle postulate the two-photon in-state has
the form

|k̄1,k̄2,L,gν〉 ≡ 1√
2

[|k̄2〉 ⊗ e−ip̂L|k̄1〉 + |k̄1〉 ⊗ e−ip̂L|k̄2〉]

⊗|gν〉, (20)

where |k̄〉 = ∫
dkfk̄(k)|k〉 describe a single-photon pulse with

mean momentum k̄.2 p̂ is the momentum operator and L is
the spatial separation between two pulses. When L is large
enough, there should be no photon-photon interaction. Indeed,
one can check explicitly that Eqs. (18) and (19) satisfy the
requirement [34]

lim
L→∞

T |k̄1,k̄2,L,gν〉 = 0. (21)

As a result, the out-state all comes from the noninteracting part
of S matrix (16); that is,

|out〉 = lim
L→∞

S0|k̄1,k̄2,L,gν〉

= lim
L→∞

1

4

∑
μ

∫
dp1dp2|p1,p2,gμ〉

∫
dk1dk2

× [
S0

p1p2k1k2

]
μν

〈k1,k2,gν |k̄1,k̄2,L,gν〉,

= 1√
2

∑
μ,λ

[|k̄2〉μλ ⊗ e−ip̂L|k̄1〉λν

+ |k̄1〉μλ ⊗ e−ip̂L|k̄2〉λν] ⊗ |gμ〉, (22)

where |k̄〉λν ≡ ∫
dktλν(k)fk̄+Eν

0 −Eλ
0
(k)|k〉 describes the outgo-

ing single-photon pulse with mean momentum k̄ + Eν
0 − Eλ

0
after scattering. By comparing the initial state (20) and
the final state (22), one can see that our main result (10)
indeed preserves the sequential ordering as represented by the
translation operator e−ip̂L and thus produces the correct result
of sequential scattering that agrees with the previous thought
experiment.

In summary, we generalize the cluster decomposition
principle and present the general structure of the two-photon
S matrix for a waveguide coupled to a local quantum system
with multiple ground states. Such a two-photon S matrix has
an analytic structure that differs significantly from the standard
connectedness decomposition of the two-particle S matrix in
quantum field theory. We show that such a structure arises
from a noncommutivity between the two-photon S matrix
and an operator that exchanges photon orders. Our results
here point to significant additional richness in the analytic
structure of the S matrix as compared with what is commonly
anticipated. The results also provide a complete description

2For example, we could take the envelope of the pulse to be a
Lorentzian such as fk̄(k) = α

π [α2+(k−k̄)2]
.

063809-4



GENERALIZED CLUSTER DECOMPOSITION PRINCIPLE . . . PHYSICAL REVIEW A 95, 063809 (2017)

of photon-photon interactions in several waveguide QED sys-
tems, including systems with quantum emitters with multiple
ground states and systems with optomechanical cavities, which
are of importance for on-chip manipulation of photon-photon
interactions. Finally, the heuristic arguments we use to argue
the generalized form of the cluster decomposition principle are
quite general and can be applied to other three-body scattering

scenarios where at least one body has an internal structure.
We thus anticipate that a similar S-matrix structure exists in
inelastic three-body scattering in other areas of physics as well.
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APPENDIX:

We compute the two-photon S matrix associated with the specific Hamiltonian (3) explicitly and then show that the result is
the same as that reduced from the general results (11)–(19).

We start by the specific Hamiltonian (3)

H =
∫

dkkc
†
kck −

2∑
λ=1

�λ|gλ〉〈gλ| +
2∑

λ=1

√
γλ

2π

∫
dk(c†k|gλ〉〈e| + |e〉〈gλ|ck). (A1)

Let bλ ≡ |gλ〉〈e| and Dλ ≡ √
γ1|gλ〉〈g1| + √

γ2|gλ〉〈g2| − √
γλ|e〉〈e| for λ = 1,2, the Heisenberg equations of motion are

d

dt
ck = −ikck − i

2∑
λ=1

√
γλ

2π
bλ,

d

dt
bλ = −i�λbλ − iDλ

∫
dk√
2π

ck.

We then define the input and output operators as

cin(t) ≡
∫

dk√
2π

ck(t0)e−ik(t−t0), t0 → −∞,

cout(t) ≡
∫

dk√
2π

ck(t1)e−ik(t−t1), t1 → +∞,

and derive the following input-output formalism from the above Heisenberg equations of motion:

cout(t) = cin(t) − i
√

γ1b1(t) − i
√

γ2b2(t), (A2)

d

dt
bλ = −i

[
�λ − i

(γ1

2
+ γ2

2

)]
bλ − iDλcin, (A3)

= −i
[
�λ + i

(γ1

2
+ γ2

2

)]
bλ − iDλcout. (A4)

A key property with respect to Eqs. (A3) and (A4) is the quantum causality condition, which states that

[bλ(t),cin(t ′)] = [b†λ(t),cin(t ′)] = [bλ(t),c†in(t ′)] = [b†λ(t),c†in(t ′)] = 0, for t < t ′, (A5)

[bλ(t),cout(t
′)] = [b†λ(t),cout(t

′)] = [bλ(t),c†out(t
′)] = [b†λ(t),c†out(t

′)] = 0, for t > t ′. (A6)

The N -photon S matrix can be related to the input and output operators as

[Sp1···pN ;k1···kN
]μν =

⎛⎝ N∏
i=1

∫
dt ′i√
2π

eipi t
′
i

N∏
j=1

∫
dtj√
2π

e−ikj tj

⎞⎠〈0,gμ|
N∏

i=1

cout
(
t ′i
) N∏

j=1

c†in(tj )|0,gν〉, (A7)

and all we need to compute is the N -photon S matrix in the time domain,

Sμν(t ′1 · · · t ′N ; t1 · · · tN ) ≡ 〈0,gμ|
N∏

i=1

cout(t
′
i )

N∏
j=1

c†in(tj )|0,gν〉.

Let A ≡ √
γ1b1 + √

γ2b2. Using the input-output relation (A2) and the quantum causality condition (A5), (A6), we can reduce
the computation of the S matrix to the computation of the Green’s function consisting of only the operator A. For the single- and
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Two-photon S matrices, we have

Sμν(t ′; t) = δ(t ′ − t)δμν − 〈0,gμ|T A(t ′)A†(t)|0,gν〉,
Sμν(t ′1t

′
2; t1t2) = δ(t ′1 − t1)δ(t ′2 − t2)δμν + δ(t ′1 − t2)δ(t ′2 − t1)δμν

−〈0,gμ|T A(t ′1)A†(t1)|0,gν〉δ(t ′2 − t2) − 〈0,gμ|T A(t ′2)A†(t2)|0,gν〉δ(t ′1 − t1)

−〈0,gμ|T A(t ′1)A†(t2)|0,gν〉δ(t ′2 − t1) − 〈0|T A(t ′2)A†(t1)|0,gν〉δ(t ′1 − t2)

+〈0,gμ|T A(t ′1)A(t ′2)A†(t1)A†(t2)|0,gν〉.
All that is left is to compute the Green’s functions 〈0,gμ|T A(t ′)A†(t)|0,gν〉 and 〈0,gμ|T A(t ′1)A(t ′2)A†(t1)A†(t2)|0,gν〉.

Finally, the Green’s functions can be computed by using the effective Hamiltonian of the atom,

Heff = −
2∑

λ=1

�λ|gλ〉〈gλ| − i
(γ1

2
+ γ2

2

)
|e〉〈e|, (A8)

without involving the waveguide photon’s degrees of freedom. That is, if we define

Ã(t) ≡ eiHefftAe−iHefft , Ã†(t) ≡ eiHefftA†e−iHefft , (A9)

then we have

〈0,gμ|T A
(
t ′1

) · · ·A(t ′M )A†(t1) · · · A†(tM )|0,gν〉 = 〈0,gμ|T Ã(t ′1) · · · Ã(t ′M )Ã†(t1) · · · Ã†(tM )|0,gν〉. (A10)

Note that A ≡ ∑2
λ=1

√
γλbλ. More generally, we have

〈0,gμ|T bρ1 (t ′1) · · · bρM
(t ′M )b†λ1

(t1) · · · b†λM
(tM )|0,gν〉 = 〈0,gμ|T b̃ρ1 (t ′1) · · · b̃ρM

(t ′M )b̃†λ1 (t1) · · · b̃†λM
(tM )|0,gν〉, (A11)

with b̃λ(t) ≡ eiHefft bλe
−iHefft , b̃†λ(t) ≡ eiHefft b

†
λe

−iHefft .
The proof of Eq. (A11) is as follows: Consider the derivatives with respect to some time labels t ′i and tj ; the left-hand side

(LHS) of Eq. (A11) satisfies

∂

∂t ′i
LHS = ∂

∂t ′i
〈0,gμ| · · · bρi

(
t ′i
) · · · |0,gν〉 = 〈0,gμ| · · · dbρi

(
t ′i
)

dt ′i
· · · |0,gν〉

= −i
[
�ρi

− i
(γ1

2
+ γ2

2

)]
〈0,gμ| · · · bρi

(
t ′i
) · · · |0,gν〉 − i〈0,gμ| · · · Dρi

(
t ′i
)
cin

(
t ′i
) · · · |0,gν〉

= −i
[
�ρi

− i
(γ1

2
+ γ2

2

)]
LHS,

where in the first line we reorder the order of operators as required by the time-ordering operator. The symbols “· · · ” before and
after bρi

(t ′i ) represent all the operators with time labels smaller and larger than t ′i , respectively. In the second line, we plug in the
input-output formalism (A3). Finally, by using the quantum causality condition (A5), we have 〈0,gμ| · · ·Dρi

(t ′i )cin(t ′i ) · · · |0,gν〉 =
〈0,gμ| · · · Dρi

(t ′i ) · · · cin(t ′i )|0,gν〉 = 0. Similarly,

∂

∂tj
LHS = ∂

∂tj
〈0,gμ| · · · b†λj

(
tj

) · · · |0,gν〉 = 〈0,gμ| · · ·
db

†
λj

(
tj

)
dtj

· · · |0,gν〉

= i
[
�λj

− i
(γ1

2
+ γ2

2

)]
〈0,gμ| · · · b†λj

(
tj

) · · · |0,gν〉 + i〈0,gμ| · · · c†out(tj )D†
λj

(tj ) · · · |0,gν〉

= i
[
�λj

− i
(γ1

2
+ γ2

2

)]
LHS,

where we use the the input-output formalism (A4) in the second line and use the quantum causality condition (A6) so that
〈0,gμ| · · · c†out(tj )D†

λj
(tj ) · · · |0,gν〉 = 〈0,gμ|c†out(tj ) · · ·D†

λj
(tj ) · · · |0,gν〉 = 0. On the other hand, the right side of Eq. (A11)

satisfies

∂

∂t ′i
RHS = ∂

∂t ′i
〈0,gμ| · · · b̃ρi

(
t ′i
) · · · |0,gν〉 = 〈0,gμ| · · · db̃ρi

(
t ′i
)

dt ′i
· · · |0,gν〉

= i〈0,gμ| · · · eiHefft
′
i [Heff,bρi

]e−iHefft
′
i · · · |0,gν〉

= −i
[
�ρi

− i
(γ1

2
+ γ2

2

)]
〈0,gμ| · · · b̃ρi

(
t ′i
) · · · |0,gν〉 = −i

[
�ρi

− i
(γ1

2
+ γ2

2

)]
RHS,

∂

∂tj
RHS = ∂

∂tj
〈0,gμ| · · · b̃†λj

(
tj

) · · · |0,gν〉 = 〈0,gμ| · · · db̃†λj

(
tj

)
dtj

· · · |0,gν〉
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= i〈0,gμ| · · · eiHefftj [Heff,b
†
λj

]e−iHefftj · · · |0,gν〉

= i
[
�λj

− i
(γ1

2
+ γ2

2

)]
〈0,gμ| · · · b̃†λj

(tj ) · · · |0,gν〉 = i
[
�λj

− i
(γ1

2
+ γ2

2

)]
RHS,

where we use the definition of b̃ρi
(t ′i ), b̃†λj

(tj ) as well as the effective Hamiltonian (A8) and then compute their commutators
explicitly. Therefore, both the left and right side of Eq. (A11) satisfy the same set of partial differential equations with respect to
t ′i and tj for any 1 � i,j � M . As a result, Eq. (A11) holds and so does Eq. (A10).

With all the above preparations, we are ready to compute the single- and two-photon S matrices. We start by computing the
two- and four-point Green’s functions as

Gμν(t ′; t) ≡ 〈0,gμ|T A(t ′)A†(t)|0,gν〉 = 〈0,gμ|T Ã(t ′)Ã†(t)|0,gν〉 =
2∑

ρ,λ=1

√
γργλ〈0,gμ |̃bρ(t ′)b̃†λ(t)|0,gν〉θ (t ′ − t)

= √
γμγν〈0,gμ|eiHefft

′
b̃μe−iHeff(t ′−t)b̃†νe

−iHefft |0,gν〉θ (t ′ − t) = √
γμγνe

−i�μt ′+i�ν t e−( γ1
2 + γ2

2 )(t ′−t)θ (t ′ − t),

and

〈0,gμ|T A(t ′1)A(t ′2)A†(t1)A†(t2)|0,gν〉 = 〈0,gμ|T Ã(t ′1)Ã(t ′2)Ã†(t1)Ã†(t2)|0,gν〉

= √
γμγν

∑
P,Q

2∑
λ=1

γλ〈0,gμ |̃bμ(t ′P (1))b̃
†
λ(tQ(1))̃bλ(t ′P (2))b̃†ν(tQ(2))|0,gν〉

× θ (t ′P (1) − tQ(1))θ (tQ(1) − t ′P (2))θ (t ′P (2) − tQ(2))

=
∑
P,Q

2∑
λ=1

Gμλ(t ′P (1); tQ(1))Gλν(t ′P (2); tQ(2))θ (tQ(1) − t ′P (2)),

where P,Q are permutations over indices 1,2. By Fourier transformation, we have

[Gpk]μν ≡
∫

dt ′√
2π

eipt ′ dt√
2π

e−iktGμν(t ′; t) = i
√

γμγν

k − �ν + i
(

γ1

2 + γ2

2

)δ(p − �μ − k + �ν).

As a result, the single-photon S matrix is

[Spk]μν = δ(p − k)δμν − [Gpk]μν = tμν(k)δ(p − �μ − k + �ν),

where tμν(k) is exactly the same as Eq. (5). For the two-photon S matrix,

[Sp1p2k1k2 ]μν = δμν

2

∑
P,Q

δ(pQ(1) − kP (1))δ(pQ(2) − kP (2)) −
∑
P,Q

[GpQ(1)kP (1) ]μνδ(pQ(2) − kP (2))

+
∑
P,Q

2∑
λ=1

∫
dq√
2π

dl√
2π

i[GpQ(2)q]μλ[GlkP (1) ]μλ

l − pQ(1) + i0+ δ(pQ(1) + q − l − kP (2)).

Submitting the expression of [Gpk]μν leads to the final result:

[Sp1p2k1k2 ]μν = [
S0

p1p2k1k2

]
μν

+ i[Mp1p2k1k2 ]μνδ(p1 + p2 − �μ − k1 − k2 + �ν), (A12)

where

[
S0

p1p2k1k2

]
μν

=
∑
P,Q

2∑
λ=1

i

2π

tμλ(kP (2))tλν(kP (1))

pQ(2) − �μ − kP (2) + �λ + i0+ δ(p1 + p2 − �μ − k1 − k2 + �ν), (A13)

i[Mp1p2k1k2 ]μν = i

2π

√
γμγν

(
1

p1 − �μ + i
(

γ1

2 + γ2

2

) + 1

p2 − �μ + i
(

γ1

2 + γ2

2

))

×
∑
P

2∑
λ=1

γλ

1

kP (1) − �λ + i
(

γ1

2 + γ2

2

) 1

kP (2) − �ν + i
(

γ1

2 + γ2

2

) . (A14)

Equation (A13) is exactly the same as that obtained by our heuristic arguments.
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E / 2Δ1 E / 2Δ1

G(2) 105 / Δ1( ) G(2) 105 / Δ1( )

FIG. 2. The two-photon correlation function G(2)(τ = 105/�1) as a function of the two photons’ total energy E when k1 = k2 = E/2 and
γ1 = γ2 = �1/5. In both cases, the initial and final states of the atom are the ground state |g1〉. (a) �2 = �1. In this case, our result (A13) is
the same as the commonly anticipated disconnected form and thus the two-photon correlation functions are identical. (b) �2 = �1/2. In this
case, our main result (A13) leads to a significant “bump” in the two-photon correlation function as compared with the disconnected form.

Now we check that our general result (11)–(19) can give
the correct result of the two-photon S matrix for three-level
atom as computed above. Applying the general Hamiltonian
(11) to the specific Hamiltonian (3), we have

a =
2∑

λ=1

√
γλ

γ
|gλ〉〈e|. (A15)

The resulting effective Hamiltonian from Eq. (12) is

Heff =
2∑

λ=1

�̃λ|gλ〉〈gλ| + �|e〉〈e| − i
γ

2
a†a

=
2∑

λ=1

�̃λ|gλ〉〈gλ| +
[
� − i

(γ1

2
+ γ2

2

)]
|e〉〈e|,

(A16)

which can be diagonalized as

Heff|g1〉 = �̃1|g1〉, Heff|g2〉 = �̃2|g2〉,
Heff|e〉 =

[
� − i

(γ1

2
+ γ2

2

)]
|e〉.

In other words, we have E
μ

0 ≡ �̃μ associated with the ground
state |gμ〉 for μ = 1,2 and Eρ

1 ≡ � − i( γ1

2 + γ2

2 ) together with
|ρ〉1 ≡ |e〉, 1〈ρ̄| ≡ 〈e| for ρ = 1. In this special case, the
excitation number cannot be larger than one and the second
line of Eq. (19) vanishes. Furthermore,

〈gμ|a|ρ〉1 = 〈ρ̄|a|gμ〉1 =
√

γμ

γ
,

sρ
μ(k) = −i

γ

k + �̃μ − � + i
(

γ1

2 + γ2

2

) , (A17)

for μ = 1,2 and ρ = 1. Submitting Eq. (A17) into Eqs. (17)–
(19), the general results (17)–(19) indeed reduce to the form
of Eqs. (A12)–(A14).

Finally, we consider the two-photon correlation function
that describes the photon statistics of the outgoing two-photon

state. Without loss of generality, we consider an incident two-
photon plane-wave state |k1,k2,gν〉 comprised of two photons
with individual frequencies k1 and k2, as described by

|k1,k2,gν〉 =
∫

dx1dx2Pk1k2 (x1,x2)
1√
2
c†(x1)c†(x2)|0,gν〉,

where Pk1k2 (x1,x2) = 1√
22π

[eik1x1eik2x2 + eik1x2eik2x1 ] is a
symmetrized two-photon plane wave. With the two-
photon S matrix (A12)–(A14), the outgoing state with
the atom state |gμ〉 can be computed as |out〉μ =
1
2

∫
dp1dp2[Sp1p2k1k2 ]μν |p1,p2,gμ〉 and the two-photon corre-

lation function associated with this outgoing state is

G(2)(τ ) = μ〈out|c(y)c(y + τ )c†(y + τ )c†(y)|out〉μ. (A18)

For large τ , the interacting part of the S matrix has no
contributions. Only the noninteracting part S0 matters. That
is, for large τ , we can compute Eq. (A18) by using

|out〉μ = 1

2

∫
dp1dp2

[
S0

p1p2k1k2

]
μν

|p1,p2,gμ〉. (A19)

Therefore, experimentally we can validate our main result
(A13) by measuring G(2)(τ ) when τ is very large, as shown
in Fig. 2. Our main result (A13) differs from the commonly
anticipated disconnected form[

Sdisconnected
p1p2k1k2

]
μν

= 1

2

2∑
λ=1

{[Sp1k1 ]μλ[Sp2k2 ]λν + [Sp2k1 ]μλ[Sp1k2 ]λν

+ [Sp1k2 ]μλ[Sp2k1 ]λν + [Sp2k2 ]μλ[Sp1k1 ]λν},

when �1 �= �2, leading to a qualitative difference on G(2)(τ ).
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