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Abstract

In integrated optical systems, nonreciprocal elements are indispensable devices that eliminate multi-path reflection between

components. To miniaturizing these devices down to a single-wavelength scale, we study nonreciprocal effects in point defects of

magneto-optical photonic crystals. The nonreciprocal effect splits degenerate mode pairs and its strength is maximized by spatially

matching the magnetic domain pattern with a modal cross product. The resultant eigenmodes are a pair of counter-rotating states

that lack time-reversal symmetry. Based upon these eigenmodes, we propose a micro-cavity four-port circulator constructed by

coupling a magneto-optical cavity with two waveguides, where each rotating state supports light tunneling along a different

direction. In the presence of strong magneto-optical couplings, due to time-reversal symmetry breaking, the performance of the

isolator is fundamentally protected from the effect of small structural fluctuations. Numerical calculations demonstrate a four-port

circulator with a 26 dB isolation and a roughness tolerance on the order of 0.1a, where a is the lattice constant of the crystal.
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1. Introduction

Photonic crystals have been shown to be a promising

platform for creating large-scale optical integrated

circuits that are necessary to address the increasing

demand of optical information processing for broader

communication bandwidth [1–3]. Photonic crystal

defect states, in particular, provide a mechanism to
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systematically miniaturize devices down to a single-

wavelength scale. The use of such devices may reduce

the production cost and provide greater functionality in

large-scale circuits. Among various photonic crystal

devices, non-reciprocal optical elements have been

intensely researched [4–6]. Non-reciprocal devices,

allows light to propagate only along a single direction,

and are important for reducing the back scattering,

suppressing the laser noise and improving system

stability [7]. To create such devices typically requires

breaking time-reversal symmetry through the use of

magneto-optical materials.

In this paper we focus upon a four-port circulator,

constructed by introducing magneto-optical defects

into an in-plane four-port channel add/drop filter as

mailto:Zheng.Wang@stanford.edu
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Fig. 1. (a) Schematics of a four-port channel add-drop filter (ADF).

The straight arrows indicate the incoming and outgoing waves. The

curved arrows represent the two counter-rotating modes in the reso-

nator. (b) Spectra of transfer efficiency of various four-port ADFs. The

blank curve represents an ideal ADF resonant at v0 with a line-width

g. Such an ADF supports two resonant modes that are degenerate in

both frequency and linewidth. The gray dashed line corresponds to a

filter structure in which the two modes have the same width g, and with

a frequency split of 1.7g. The red (blue) curves corresponds to the

transfer efficiency from ports 1 to 2 (2 to 1), in the presence of a strong

magneto-optical coupling with a coupling strength k.
first proposed in Ref. [8]. The entire system, as

sketched in Fig. 1, consists of a bus waveguide and a

drop waveguide, both evanescently coupled to a

resonator. For a reciprocal add/drop filter without

magneto-optical materials, the optical resonator in the

add/drop filter supports two doubly-degenerate coun-

ter-rotating modes. On resonance, an optical signal can

tunnel from the bus (drop) waveguide to the drop (bus)
waveguide through the clockwise (counter-clockwise)

rotating state, while off-resonance signals remain in

the original waveguide [8,9]. To create a non-

reciprocal device, we introduce magneto-optical

material into the cavity to create strong magneto-

optical coupling of modes inside the cavity. The

resulting cavity eigenstates become two circularly

rotating modes along opposite directions at different

frequencies. The strength of such coupling can be

maximized with an appropriate domain design, and is

only limited by the gyrotropic coefficients of the

magneto-optical materials. With a strong magneto-

optical coupling, the frequency splitting between the

two resonant modes can be larger than the cavity

linewidths that result from cavity-waveguide coupling. In

such a case, the device functions as an optical circulator.

In order to demonstrate this device in a practical system,

we note that one could start with the channel add/drop

filters that have been demonstrated in photonic crystal

slabs, [10,11] and infiltrate only the cavity region with

magneto-optical material. The resulting four-port circu-

lators occupy a footprint on a single micron scale and

readily integrate with other planar components.

In addition, many of the effects caused by structural

disorders in channel add/drop filters can also be

fundamentally suppressed by a strong magneto-

optical coupling supported by an optimized domain

design. In a reciprocal add/drop filter, the ideal 100%

dropping efficiency of a reciprocal structure therefore

relies upon two counter-rotating resonances with the

same frequency and linewidth. Preserving such

degeneracy condition translates to stringent tolerance

requirement, and demands strict experimental controls.

Small fabrication imperfections, such as sidewall rough-

ness, can split and couple the two resonances into

standing wave modes at different frequencies, and result

in low transfer efficiency as well as strong reflection back

to the input port. In contrast, here we show that, in a non-

reciprocal structure, with a strong magneto-optical

coupling, the counter-rotating states are spectrally well

separated, which significantly reduces detrimental mode

mixing caused by disorder-related perturbation. Conse-

quently, the ideal channel add/drop characteristics and

circulator operation can sustain regardless of small

structural variations.

2. Brief review of the operating principle of a

reciprocal channel add/drop filter

We start by briefly reviewing the operating principle

of reciprocal channel ADF structures in photonic

crystals, highlighting only those features that are
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relevant for the discussions of magneto-optical effects.

The structure, as illustrated in Fig. 1a, can be analyzed

with a coupled-mode approach [12–14]. With a mirror

symmetry, a photonic crystal defect supports an even

modes jei and an odd mode joi, oscillating at complex

frequencies of ve,o + i2ge,o, respectively. The time

evolution of the cavity mode amplitudes ae,o in the

presence of the incoming (outgoing) waves at the port i

with amplitude Si+(�) are described by the following

equations:

d
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By observing the constraints from energy conserva-

tion and time-reversal symmetry, one can show that

[14]:
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When an accidental degeneracy of the complex

frequencies, i.e. ve = vo and ge = g0, is maintained

through a proper cavity design, an input wave

from port 1 excites a circularly rotating state jþi ¼
ðjei þ ijoiÞ=

ffiffiffi
2
p

. Such a state then decays only

into ports 2 and 4. [9] The destructive interference

between the decaying wave from the cavity and direct

transmission from port 1 to 4 leads to zero transmission

at port 4, while the decaying wave at port 2 creates a

complete transfer on resonance. The time-reversed

transfer from port 2 to port 1 occurs at the same

frequency through the other resonant mode j�i ¼
ðjei � ijoiÞ=

ffiffiffi
2
p

.

Mathematically, when the degeneracy condition is

satisfied, the operation of the device can be more easily
described with Eqs. (4)–(6), which are equivalent to

Eqs. (1)–(3) via a unitary transformation:
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vþ ¼ v�: (6)

Using Eqs. (4)–(6), the spectrum for transmission,

transfer and reflection can be determined as

T1! 2 ¼ T2! 1 ¼ T3! 4 ¼ T4! 3

¼
���� 2g

jðv� v0Þ þ 2g

����
2

;

T1! 4 ¼ T4! 1 ¼ T2! 3 ¼ T3! 2

¼ 1

����1� 2g

jðv� v0Þ þ 2g

����;
R1 ¼ R2 ¼ R3 ¼ R4 ¼ T1! 3 ¼ T3! 1

¼ T2! 4 ¼ T4! 2 ¼ 0: (7)

Thus, complete transfer between the bus and drop

waveguides and zero reflection can be achieved on

resonance vo with a bandwidth of 2g. (Fig. 1b)

In fabricated devices, the dielectric function er(r)

would unavoidably deviate from the designed dielectric

function ed(r). The effects of small perturbations, i.e.

Der = er � ed, can be treated by introducing an off-

diagonal element [15]:
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into the frequency matrices in Eqs. (1) and (4). Here we

assume that the disorder in the vicinity of the cavity

does not affect significantly the cavity-waveguide cou-

pling. Such perturbation lifts the degeneracy and

destroys the preferred eigenstates jei � ijoi, resulting

in significant reflection and reduction in transfer effi-

ciency. As an example, we show in Fig. 1b the spectrum

of transfer efficiency, assuming that the two resonances

have the same decay rate, but are separated in real part

of the frequency by 1.7g. In general, the spectrum

deviates significantly from ideal characteristics when

the frequency splitting is comparable to the width of the

resonance. Since the quality factor of these structures is

typically greater than 1000, as dictated by the channel

spacing in WDM systems, [7] the resulting require-

ments for fabrication accuracy can be very stringent.

3. A four-port optical circulator with magneto-

optical materials in the cavity

Here we seek to design an optical circulator with non-

reciprocal transmission properties based upon the add/

drop filter discussed in the previous section. It was

recently shown that when magneto-optical material is

introduced into the cavity region, the resulting eigen-

states can assume a circularly ‘‘hybridized’’ waveform

jei � ijoi [16]. In this case, the time-reversal symmetry is

broken, and the counter-rotating mode pair jei � ijoi (a

time-reversed image of each other in regular dielectric

systems) oscillates at different frequencies.

Analytically, the effect due to the presence of

magneto-optical materials can be described with

imaginary and anti-symmetric off-diagonal elements

in the frequency matrix [17]. In the case of two modes,

if we start with a structure that satisfies the degeneracy

condition, after the introduction of magneto-optical

effects, Eq. (1) is modified as:
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Diagonalizing the frequency matrix yields equations

that are the same as Eqs. (4) and (5), except with
v+ = v0 + k and v� = v0 � k. The transmission, reflec-

tion, and transfer spectra can be calculated from Eqs. (5)

and (9) as
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Thus, ideal channel add/drop characteristics are

maintained, while the transport properties become

direction-dependent and nonreciprocal. Under the con-

dition of jv+ � v�j � g, the backward transmission at

the resonance frequency of the forward resonance is

much less than unity, as T2!1=T4!3� 1. The system

functions as a four-port circulator: T1!2 =

T2!3 = T3!4 = T4!1 = T2!1 = T3!2 = T4!3 = T1!4�0.

When the frequency separation induced by magneto-

optics is much larger than the splitting caused by

fabrication disorders, the eigenstates of the systems are

largely immune from fabrication disorders. The

presence of disorders introduces additional real off-

diagonal elements (i.e. Ve,o as defined in Eq. (8)) into

the frequency matrix. However, jei � ijoi remain the

eigenstates of the matrix in Eq. (9), as long as magneto-

optical coupling dominates, i.e. jkj � jveoj. Conse-

quently, the ideal operation of the ADF is protected

against disorders when significant magneto-optical

coupling is present.

4. Simulations of a four-port circulator

We now present a concrete example of an optical

circulator constructed from a photonic crystal ADF

incorporating magneto-optical materials. (Fig. 2) The

crystal consists of a triangular lattice of air holes in

bismuth iron garnet (BIG) with e? = 6.25, and possesses

a bandgap for TE modes that have their magnetic field

polarized normal to the plane. The air holes have a

radius of 0.35a, where a is the lattice constant. A point

defect is created by replacing an air hole with an air ring

with an inner radius of 0.55a and an outer radius of 1.1a.

Because of the six-fold rotational symmetry, the point

defect can support doubly degenerate TE quadrupole

modes at v = 0.3400(2pc/a). The two modes are

distinguished by the spatial symmetry of the magnetic

fields with respect to both the vertical axis and the
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Fig. 2. A defect structure in a photonic crystal. The crystal consists of a triangular lattice of air holes with a radius of 0.35a, introduced in a dielectric

of e = 6.25 (bismuth iron garnet). The defect is created by replacing an air hole with an air ring of an inner radius of 0.55a and an outer radius of 1.1a.

The colored images represent the Hz field distribution of the two doubly-degenerate quadrupole modes, with an even symmetry (a) and an odd

symmetry (b) with respect to the vertical center line. The calculation is performed using a plane-wave expansion method. [29] The corresponding

electric fields are illustrated with the vector plots. (c) The cross-product between the electric fields of the even and the odd modes. (d) The

corresponding domain pattern that maximizes the magneto-optical coupling constant. The blue and red (magenta and cyan) regions denote large

positive and negative fields along out of plane directions.
horizontal axis of the cavity. The field distributions of

the even mode jei and the odd mode joi are shown in

Fig. 2a and b, respectively.

To create an ADF we introduce two waveguides that

couple to the point defect. (Fig. 3, inset) The

waveguides consist of line defects of enlarged air holes

with a radius of 0.55a, and are placed six rows away

from the cavity. In the presence of the waveguide, the

rotational symmetry of the structure is broken and hence

the degeneracy between the even and odd modes is

lifted. We restore the degeneracy in terms of both the

frequency and the quality factor by modifying four air

holes at the inner side of the waveguides next to the

symmetric axis with slightly reduced radii of 0.33a. For

this structure, we simulate its response function with

two-dimensional finite-difference time-domain simula-

tions. The calculated transfer spectrum exhibits a
Lorentzian peak with 100% efficiency and a linewidth

of 4.43 � 10�5(2pc/a), corresponding to a quality

factor of 7671. Since there is no magneto-optical effect

applied, the transfer spectra in forward and backward

directions are identical and therefore reciprocal, as

described by the coupled-mode theory.

In the presence of magneto-optical materials inside

the cavity, the even and odd modes are no longer

eigenmodes of the system. Rather, they couple with a

coupling strength:[17]

V ¼ ikeo ¼
i

2

ffiffiffiffiffiffiffiffiffiffi
vevo

p Z
eaẑ � ðE*

�
e � E

*
oÞdV; (11)

where E
*

e and E
*

o are electric fields of the even mode

and the odd mode respectively, and ea is the off-diagonal

gyrotropic element in the dielectric tensor. In deriving

Eq. (11), we assume that the magnetization vector is
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Fig. 3. A comparison of transfer efficiency spectra for an add/drop

filter structure with (black) or without magneto-optical coupling

(yellow and green). The filter structure is shown in the inset, with

the magenta and cyan regions representing magnetization along

positive and negative out-of-plane directions. The strength of the

magnetization corresponds to an off-diagonal dielectric element

ea = 0.06. The photonic crystal cavity is constructed with the para-

meters shown in Fig. 2 and the two waveguides are each constructed

by having one row of air holes with an enlarged radius of 0.55a. The

circles and lines correspond to the power transfer coefficients calcu-

lated with a finite difference time-domain scheme and the coupled-

mode theory, respectively.
along ẑ direction and ea takes on positive values when ẑ

and the magnetization vector are parallel. Since the

states jeiand joi are both standing-wave modes with

real-valued electromagnetic fields, the coupling con-
Fig. 4. Snapshots of magnetic fields of the ideal magnetized four-port ADF

structure is excited at a frequency of 0.33988 (c/a) from port 1 (a) and port 2 (

along out-of-plane directions.
stant between them is purely imaginary, a fact that we

previously exploited in Eq. (9).

To create a strong magneto-optical coupling, we note

that the electric fields of the defect modes are in-plane

and thus the cross product E
*�

oðr
*Þ � E

*
eðr
*Þ lies in the ẑ

direction. Since the cross product changes sign rapidly

in the cavity, as illustrated in Fig. 2c, it is necessary to

have magnetic domains magnetized along opposite

directions in various areas of the cavity. The domain

structure that maximally couples the two modes jei and

joi is shown in Fig. 2d. For a constant jeaj in the entire

cavity region, the maximum jVeoj obtained with such

domain structure is 0.0213jeajvo. In practice, in

magneto-optical devices, magnetic domains less than

100 nm can be prepared, [18] which represents a length

scale sufficient for photonic crystals operating at

1.55 mm.

The nonreciprocal ADFs, in the strong coupling

regime jkj � g, constitute an ideal four-port circulator.

To demonstrate the effect of magneto-optical coupling

on the transport properties of photons we choose

jeaj = 0.06 [19] with the sign of ea determined by the

magnetic-domain pattern shown as the color patches in

the inset of Fig. 3. The power transfer peaks from port 1

to 2 and from port 2 to 1 now shift towards different

ends of the spectrum, at frequencies of

v+ = 0.33978(2p/a) and v� = 0.34020(2pc/a) respec-

tively. (Fig. 3) Such nonreciprocal transport is

illustrated in Fig. 4, where snapshots of the magnetic

field distribution are shown under different excitation

conditions. At frequency v = v+, waves entering port 1
detailed in Fig. 3. Nonreciprocal transport can be observed when the

b). The red and blue colors represent large positive and negative values
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Fig. 5. Transfer efficiency in a non-ideal ADF structure. The struc-

ture, shown in (a), is identical to the structure in Fig. 3 inset, except for

a large indentation of a radius of 0.15a on the outer air ring. The

transfer efficiency spectra, with (without) magneto-optical coupling,

is shown as a green (orange) curve in (b). The magneto-optical

coupling is introduced by assuming ea = 0.8 in the colored regions

in (a).
tunnel through the resonator and exit at port 2. In

contrast, waves entering port 2 exit at port 3, because the

detuning between v+ and v� far exceeds the resonance

line width. At frequency v+, the transmission char-

acteristics of such circulator is summarized as a 100%

clockwise transfer between all ports (i.e.T1!2 =

T2!3 = T3!4 = T4!1 = 1) and a strongly suppressed

counter-clockwise transfer (i.e. T2!1 = T3!2 = T4!3 =

T1!4 � �26 dB). At frequency v = v�, the opposite

transfer characteristics is observed, with the counter-

clockwise transfer allowed and the clockwise transfer

suppressed. In the design as shown in Fig. 3, a 26 dB

contrast ratio between the transfers along opposite

directions is maintained near v+ and v�.

We also note that the transport properties for the

modes with other symmetries remain reciprocal. For

example, the same point defect structure in this crystal,

in the absence of magneto-optical effects, supports a

singly degenerate state at 0.31140(2pc/a). When

magneto-optical materials are present, the transport

properties remain reciprocal, with a 25% peak transfer

efficiency (Fig. 3). In general, the optimized domain

structures are selective in creating non-reciprocal

coupling only between the chosen mode pair. For in-

plane photon transport in photonic crystals, without the

correct domain structure non-reciprocal effects cannot

be seen in most cases.

To show that magneto-optical coupling can indeed

mitigate the effects of degeneracy-breaking perturba-

tions, we now introduce as a disorder an additional semi-

circular indentation of a radius of 0.15a on the left outer

wall of the air ring. (Fig. 5a) In the absence of magneto-

optical coupling, this disorder is strong enough to split the

nearly 100% transfer peak into two smaller peaks each

with only 25% efficiency, and thus completely destroys

the ideal channel add/drop characteristics. On the other

hand, by applying a strong DC magnetic field (jeaj = 0.8),

a single peak transfer is restored with the peak efficiency

exceeds 90%, as shown in Fig. 5b. Here the FDTD

calculation contains higher-order effects and generates

slightly lower peak transfer efficiency than the analytical

coupled-mode theory, where only the first-order pertur-

bation is considered. Nevertheless, the simulations

clearly demonstrate that the effect of disorders is strongly

suppressed when the time-reversal symmetry is broken.

The circulator operation is robust against small structural

perturbations.

5. Discussions

While the simulations here are performed in two-

dimensional systems, the operating principles, as
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described by coupled-mode theories, can be readily

applied to three-dimensional structures including

photonic crystal slabs and three-dimensional crystals.

Photonic crystal slabs exhibit modal field distribution

and dispersion property similar to two-dimensional

photonic crystals, [20,21] which implies domain pattern

optimized for two-dimensional crystal can also induce

strong magneto-optical coupling in similar slab

structures. The out-of-plane radiation loss can be

reduced to an insignificant level, through the use of

ultra-high Q cavities design in 2D slab structures or the

use of a three-dimensional photonic crystal cladding

[11,22–24]. In both cases, the radiation quality factors

(on the order of 106) well exceed the waveguide

coupling quality factor required in this paper and

consequently can be ignored in the coupled-mode

analysis.

From the coupled-mode theory, we note that the

magneto-optical coupling constants required in the

strong coupling regime are directly related to the

resonance linewidth. Such large magnetic coupling

should be readily achieved in the high Q resonators.

Also, to reach strong coupling, instead of using a

complex domain structure, one could infiltrate a high-

index photonic crystal with a single-domain iron garnet

structure with an appropriate size as discussed in Ref

[17,25,26]. The maximum magneto-optical coupling is

reduced to 50% due to a smaller spatial overlap between

the magnetic material with the modal fields. However,

uniform external bias can be applied and nanometer-

precision domain fabrication can be avoided.

In practice, strong gyrotropy is available in Bi:YIG

thin films under an external magnetic bias on the order

of 1.6 kOe, with jeaj saturated at 0.06, when operating at

633 nm [19,27,28]. In such strong coupling regime,

with the scaling relation and FDTD calculations, the

corresponding strength of magneto-optical coupling can

restore the complete transfer in the four-port circulator

with an indentation of size 0.1a similar to Fig. 5a. For an

operational wavelength at 1550 nm, this roughness

level is equivalent to an indentation on the order of

50 nm.

In certain cases, fabrication imperfections can also

strongly affect waveguide-cavity coupling, resulting in

a broken degeneracy between the decay rates of the

resonances. The effects of such imperfections cannot be

suppressed by the nonreciprocal coupling considered

here and would have to be corrected with post-

fabrication trimming. Moreover, surface roughness

may still contribute to an overall drift of the resonance

frequencies. Consequently, to have a precise resonant

wavelength that aligns with a particular channel, it may
still require active tuning of the device. For the

magneto-optical effects considered here, this can be

accomplished, for example, by varying the strength of

the external DC magnetic bias to control the related

resonance frequency.
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