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a b s t r a c t

We present a systematic study to highlight some of the fundamental physics that governs
metamaterial based electromagnetic thermal rectifiers. In such thermal rectifiers, the
rectification arises from the alignment or misalignment of surface resonances in the
forward or reverse scenarios, whereas the bulk states of metamaterials do not contribute
to rectification. Therefore, we show that one can understand the behavior of such
rectifiers by examining the relative excitation strength of the surface and bulk resonances.
We verify such an understanding by accounting for the dependence of the contrast ratio
on various parameters that define the dielectric response of the metamaterials.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Manipulating heat flow at nanoscale has generated sub-
stantial interests for thermal management of electronic and
optical devices and energy systems [1]. A key technique for
manipulating nanoscale heat transfer is through the use of
near-field electromagnetic heat transfer. Electromagnetic
heat transfer in the near-field regime exceeds the far-field
blackbody limit due to coupling between thermally excited
surface resonances [2,3]. Significant theoretical [4–13] and
experimental [14–19] progresses have been made in the
past decade in this research area, and potential applications
are now emerging [20–26].

These recent progresses have pointed to the importance of
the capability for designing and controlling the properties of
near-field thermal transfer. Thus, while earlier studies of near-
field thermal transfer typically assumed the use of naturally
Iizuka),
existing materials, there are now interests in exploring the use
of metamaterials for additional flexibility in designing the
properties of near-field thermal transfer [27–32]. Similarly,
while earlier studies focused on near-field thermal transfer
primarily as a passive process, there are now significant efforts
in developing active control of near-field thermal transfer. In
particular, thermal rectification schemes in electromagnetic
heat transfer have been extensively studied [33–40] since its
initial proposal five years ago [33].

In Ref. [33], the rectification arises from the alignment or
misalignment of surface resonances in the forward or back-
ward temperature biased scenarios, respectively. The concept
in Ref. [33] has been implemented numerically assuming a
variety of naturally occuring materials, including various poly-
types of SiC [33,34], SiO2 [35], heavily doped silicon [36], and
phase-changed materials [37–39]. The performances of the
rectifiers in each of these cases are dictated by the resonant
properties of these materials. On the other hand, with the
development of metamaterials, one should be able to, at least
in principle, control the resonant properties. Therefore, it is
important to understand how various resonant properties, in
general, influence the performance of a thermal rectifier.
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In this paper, we present a systematic study to high-
light some of the fundamental physics that governs
metamaterial-based electromagnetic thermal rectifiers,
where two metamaterial planar bodies are brought in
close proximity. Thermal transfer is determined by the
permittivity and the permeability of the materials. The use
of metamaterials enables one to achieve permittivity
and/or permeability in a range of positive, zero, or negative
values. In this paper, we consider a material described by
the Drude model; such a model can be achieved either
with metamaterials [41,42] or with heavily doped semi-
conductors [4,5]. We show that one can understand the
behavior of such rectifiers by examining the relative
excitation strength of the surface and bulk resonances.

This paper is organized as follows. In Section 2, a model
system of electromagnetic thermal rectifier is presented. In
Section 3, we introduce an analytic theory for maximizing
thermal rectification. In Section 4, we present numerical
results and illustrate how the thermal rectification phenom-
enon is controlled by various parameters that define the
dielectric response of the metamaterials, by accounting for
the dependence of the contrast ratio of the surface state to
the bulk state excitations on these parameters. The paper is
then concluded in Section 5.

2. Model system

We consider a metamaterial with its permittivity
described by a Drude model:

εdðωÞ ¼ ε1� ωp
2

ωðωþ igmÞ
; ð1Þ

ε1, ωp, gm, and ω are the permittivity at infinite frequency,
the plasma frequency, the damping constant, and the fre-
quency, respectively. We assume an exp(� iωt) convention
throughout the paper. With metamaterial design, one should
be able to control both ε1 and ωp in Eq. (1) [42]. Therefore, the
goal of our study is to elucidate how the material parameters
in Eq. (1) influence the behavior of a thermal rectifier.

We will see that such an influence can be understood in
terms of the dependency of various resonant properties on
the material parameters. Thus we first briefly review the
relevant resonances. In the lossless case, with gm¼0, the
material supports a bulk plasmon resonance occuring at
εdðωbpÞ ¼ 0 with ωbp ¼ ωp=

ffiffiffiffiffiffi
ε1

p
. In addition, an interface

between such metamaterial and vacuum supports a sur-
face plasmon resonance occuring at εdðωspÞ ¼ �1 with
ωsp ¼ωp=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1þ1

p
.

Using such a metamaterial model we consider an
electromagnetic thermal rectification system, as shown in
Fig. 1(a). It consists of two semi-infinite metamaterial plates
separated by a vacuum gap. The vacuum gap, the bottom
and the top plates are labeled as 0, 1, and 2, respectively.
The two metamaterial plates are maintained at different
temperatures TH and TL (TH4TL). Since THaTL, the system is
in a nonequilibrium condition. We assume that both plates
are described by the Drude model of Eq. (1). To achieve
thermal rectification, the dielectric properties of the meta-
material must be temperature dependent [33–40]. In the
forward biased scenario (left panel, Fig. 1a), with plate 1 at
temperature TH and plate 2 at TL, we assume that both
metamaterial plates have the same permittivity εdðωÞ, hence
the surface resonances at the two material-vacuum inter-
faces have the same frequencies, whereas in the reverse
biased scenario where we reverse the temperature bias
(right panel, Fig. 1a), we assume that the two metamaterials
have their dielectric functions described by

εd;7Δωp
ðωÞ ¼ ε1�ðωp7ΔωpÞ2

ωðωþ igmÞ
: ð2Þ

In the reverse biased case the surface resonances at the
two interfaces differ by a frequency 2Δωsp ¼ 2Δωp=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1þ1

p
.

The heat transfer between the plates is calculated using
the framework of the fluctuational electrodynamics. The
electric and magnetic fields are calculated by integrating
contributions from the thermal current sources whose
strengths are provided by the fluctuation dissipation
theorem, and by using the dyadic Green's functions of
the system. Then the ensemble average of Poynting vector,
represented as a cross correlation function of the electric
and magnetic fields, is determined [2]. The cylindrical
coordinate system (R, ϕ, z) is used in the computation.
Using the formalism described above, the net heat flux ϕF

for the forward scenario is given by [4]

ϕF ¼
Z þ1

0
dω½Θðω; THÞ�Θðω; TLÞ�

�
Z þ1

0
Zðω; β; ε1 ¼ εdðωÞ; ε2 ¼ εdðωÞÞβdβ; ð3aÞ

where the exchange functionZ þ1

0
Zðω; β; ε1; ε2Þβdβ

¼∑j ¼ s;p

Z k0

0

ð1�jr01;jj2Þð1�jr02;jj2Þ
4π2j1�r01;jr02;je2iγ0dj2

βdβ

"

þ
Z þ1

k0

Imðr01;jÞImðr02;jÞe�2Imðγ0Þd

π2j1�r01;jr02;je�2Imðγ0Þdj2βdβ
#
; ð3bÞ

Θðω; TÞ ¼ ħω=ðeħω=ðkBTÞ �1Þ is the mean thermal energy of
a single optical mode at a frequency ω. ħ and kB are the
reduced Planck constant and the Boltzmann constant, respec-
tively. ruv, j is the Fresnel reflection coefficient frommedia u to
v and the subscripts j¼s, p represent the two polarizations. γ0
is the z-component of the free space wavevector k0 (k0¼ |k0|)

and has the form γ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0

2�β2
q

; ðβok0Þ for propagating

waves and γ0 ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2�k0

2
q

ðk0oβÞ for evanescent waves.
β is the radial-component of k0. Eq. (3b) includes the
contributions of both propagating and evanescent waves.
Similar to the forward scenario, the net heat flux ϕR for the
reverse scenario is calculated with the exchange function
Zðω; β; ε1 ¼ εd;þΔωp

ðωÞ; ε2 ¼ εd;�Δωp
ðωÞÞ.

3. Theoretical consideration for maximizing the contrast
ratio in thermal rectifier

As a typical example of a thermal rectifier, we consider
the system shown in Fig. 1, with a parameter set described



Fig. 1. (a) A thermal rectification system using metamaterials. In the forward temperature biased scenario (left panel), the semi-infinite bottom and top
plates have the same permittivity εdðωÞ as described by Eq. (1), whereas in the reverse temperature biased scenario (right panel), each plate has slightly
different permittivities εd;þΔωp

ðωÞ and εd;�Δωp
ðωÞ in Eq. (2). Spectra of net heat flux are shown in (b) for the forward scenario and in (c) for the reverse

scenario. The insets show enlarged spectra around the surface resonance ωsp. (blue solid lines: evanescent p-polarization, green dashed lines: propagation
p-polarization, red dashed-dotted lines: propagation s-polarization, the evanescent s-polarization is negligibly small.) Blackbody radiation (black dotted
lines) is plotted as a reference. Parameters are d¼100 nm, TH¼500 K, TL¼300 K, Δωp¼1.4�1012 rad/s, ε1¼1, ωp¼2.5�1014 rad/s, and gm¼1.7�1010 rad/s.
These values are used for other calculations unless mentioned. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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in details in the captions of Fig. 1(b) and (c). We choose a
distance between the plates, d¼100 nm, and temperatures
TH¼500 K, TL¼300 K, based on recent experimental inves-
tigations [14–19]. We assume a plasma frequency
ωp¼2.5�1014 rad/s and a plasma frequency shift Δωp¼1.4
�1012 rad/s. These values are similar to those of the
thermal rectifier based on silicon carbide [33,34]. The
amount of Δωsp is generally limited by the material
properties, and the value used here approximately corre-
sponds to that of silicon carbide. With the parameters
above fixed, the system in Fig. 1 corresponds to the
optimal case in terms of the rectification contrast ratio as
we vary the permittivity at infinite frequency ε1 and the
damping constant gm. Such optimal case has ε1¼1 and
gm¼1.7�1010 rad/s.

For this optimal case, we see a single strong peak of heat
transfer via the p-polarized evanescent wave at the surface
resonance frequency ωsp in the forward biased scenario (blue
solid line in Fig. 1b). In this scenario, since the two metama-
terial plates have the same plasma frequency, the two
metamaterial/vacuum interfaces support surface plasmon
at the same frequency. In contrast, in the reverse biased
scenario, the plasma frequencies of the two metamaterials
differ by 2Δωp. The surface plasmon resonances for the two
interfaces thus differ by 2Δωsp. The misalignment of the
surface resonances at the two interfaces results in two peaks
in the thermal transfer spectrum, and greatly reduced
thermal transfer (blue solid line in Fig. 1c). The thermal
rectification in this system therefore arises from thermal
excitation of the surface states, in consistency with near-field
thermal rectifiers in Refs. [33–38]. The surface state con-
tribution is dominated by the p-polarization with contribu-
tions from the s-polarization being almost negligible.

In addition to contributions from surface excitation,
part of the thermal transfer between the two plates comes
from the excitations of the bulk states in each plate. In the
spectra shown in Fig. 1(b) and (c), the contributions from
the bulk states correspond to spectral components above
ωbp; ωp=

ffiffiffiffiffiffi
ε1

p
for both plates in the forward scenario and

ðωp7ΔωpÞ= ffiffiffiffiffiffi
ε1

p
for the two plates, respectively, for the

reverse scenario. The bulk contribution has significant
components in both p- and s-polarized propagation waves.
Comparing Fig. 1(b) and (c), we see that there is almost no
difference in the heat flux spectra in both the forward and
reverse scenarios for the contributions from the bulk states.
As a side note, at the bulk resonance, the thermal transfer is
very small but not zero as seen in Fig. 1(b) and (c).

Based on the spectra presented above, we show quan-
titatively that the contrast ratio in thermal rectification can
be understood in terms of the relative excitation strength
between the bulk and the surface states. Thermal rectifica-
tion contrast ratio can be written as

RT ¼
ϕF�ϕR

ϕR
¼ ðϕF ;SþϕF;BÞ�ðϕR;SþϕR;BÞ

ϕR;SþϕR;B
; ð4Þ

where each net heat flux is expressed as a sum of the
contributions of the surface state and the bulk state, as
denoted by the subscripts, S and B, respectively. Assuming
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ϕF ;B � ϕR;B � ϕB as observed from Fig. 1(b) and (c), the
thermal rectification contrast ratio of Eq. (4) is then
simplified to

RT �
ϕF ;S�ϕR;S

ϕR;S

ϕR;S

ϕR;SþϕB
¼ S0η; ð5Þ

where the 1st term S0 represents the contrast ratio
between the forward and the reverse scenarios of the
surface state contribution. The 2nd term η represents the
fraction of the surface state contribution in the total net
heat transfer of the reverse scenario and is given by
η�
R þ1
0 dω Θðω; THÞ�Θðω; TLÞ½ � R þ1

k0
Imðr01;pÞImðr02;pÞe� 2Imðγ0 Þd

π2 j1� r01;pr02;pe� 2Imðγ0 Þd j2β dβ

R þ1
0 dω Θðω; THÞ�Θðω; TLÞ½ � R þ1

k0
Imðr01;pÞImðr02;pÞe� 2Imðγ0 Þd

π2 j1� r01;pr02;pe� 2Imðγ0 Þd j2βdβþ∑j ¼ s;p
R k0
0

ð1�jr01;j j2Þð1�jr02;jj2Þ
4π2 j1� r01;jr02;je2iγ0d j2Þ

β dβ
� �; ð6Þ

Fig. 2. Net heat flux of a single channel as a function of the wavenumber
β (blue solid line: forward scenario, pink dashed line: reverse scenario).
(For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
where the Fresnel reflection coefficients in Eq. (6) are
obtained in the reverse scenario. A key to maximizing the
rectification contrast ratio is therefore to maximize the
fraction η of the surface state contribution.

In Eq. (5), the contrast ratio S0 of the surface state
contribution in the forward and reverse scenarios can be
understood using the coupled mode theory formalism. The
coupled mode theory provides a general description of any
resonance phenomenon in terms of how resonant modes
are coupled and how energy decays in each mode [43]. In
Ref. [44], a quantum mechanical description of the heat
transfer dynamics for two plasmonic nanoparticles was
presented. Here we consider a single-channel heat transfer
by the coupled mode theory and clarify the coupling
phenomenon of the dominant modes and the relationship
of the dielectric response to thermal rectification. As seen
in Eq. (3), the net heat flux is described by a collection of
independent thermal energy transfer channels indexed by
the radial wavenumber β. The thermal transfer in a single
channel can be described using the two-mode coupled
mode theory [33]

da1
dt

¼ � iω1a1�γ1a1� iκ12a2þ
ffiffiffiffiffiffiffiffi
2γ1

p
n1; ð7aÞ

da2
dt

¼ � iω2a2�γ2a2� iκ21a1þ
ffiffiffiffiffiffiffiffi
2γ2

p
n2; ð7bÞ

where ω1 and ω2 are the resonance frequencies, γ1 and γ2
are the loss rates, n1 and n2 are the noise sources for
metamaterial plates 1 and 2. κ12 and κ21 are the coupling
rates between the two modes and the energy conservation
constrains k12 ¼ kn21. The correlations of the noise sources
are given by

/n1ðωÞn1
nðω0ÞS¼Θðω; T1Þ2πδðω�ω0Þ; ð8aÞ

/n2ðωÞn2
nðω0ÞS¼Θðω; T2Þ2πδðω�ω0Þ; ð8bÞ

/n1ðωÞn2
nðω0ÞS¼/n2ðωÞn1

nðω0ÞS¼ 0: ð8cÞ

We normalize the mode amplitudes a1 and a2, so that
the mode energies are given by |a1|

2 and |a2|
2. Following

[33], for a single channel the power transfer for the
forward and reverse scenarios in our system is

SðtÞ ¼
Z þ1

�1
dω SðωÞ� �

¼
Z þ1

�1
dω

2κ2γ1γ2
π

Θðω; THÞ�Θðω; TLÞ
jfi½ω�ðωspþΔωÞ�þγ1gfi½ω�ðωsp�ΔωÞ�þγ2gþκ2j2;

ð9Þ
where jkj2 ¼ k12k

n

21 and we have assumed that the modes
at the two plates for this channel have frequencies
ωspþΔω and ωsp�Δω, respectively.
In our system, the gap size is at the deep sub-
wavelength scale. The modes that are relevant for near-
field thermal transfer also have a spatial dimension that is
at deep sub-wavelength scale. For these modes, it is
known that their intrinsic decay rate is pinned at half of
the damping rate in the Drude model [45–47]. Therefore,
we can replace the damping rate γ1 and γ2 in Eq. (9) with
the same γ¼gm/2.

Eq. (9) describes the thermal transfer in a single β
channel of surface-state contributions in the forward and
reverse bias scenarios, where the resonant frequency of
the channel is close to the corresponding surface plasmon
frequencies in the two scenarios. To compute the total
thermal transfer, one needs to integrate over β in the same
fashion as in Eqs. (3a) and (3b). However, for both the
forward and backward scenarios, in our system the inte-
grand in such a β integral is typically sharply peaked at a
single β value. As a result, we can use Eq. (9) to account for
the total thermal transfer in the forward and backward
scenarios. We note in arriving at this result, we do not
assume that the integrands in the forward and backward
scenarios peak at the same beta value, as long as we use
Eq. (9) to describe the channels that are dominant in the
forward and backward bias scenarios, respectively. In our
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system, the dominant channels in the two scenarios in fact
have different β values. As shown in Fig. 2, the dominant
channel with a parameter set in the caption of Fig. 1 has a
lateral wavenumber βF¼79 μm�1 for the forward scenario
and βR¼36 μm�1 for the reverse scenario that are
obtained using the integrand of Eq. (3). For the reverse
scenario, the dominant channel has a larger difference in
the resonant frequencies, 2Δω¼4.86�1012 rad/s in Eq. (9),
as compared to the frequency difference of surface reso-
nances for the thermal transfer, 2Δωsp.

Since the spectral response of power transfer in our
system is sharply peaked around ωsp in both the forward
and reverse scenarios, we approximately move Θðω; TÞ out
of the integration as Θðωsp; TÞ and analytically evaluate the
integral in Eq. (9)
SðtÞ� �� Θðωsp; THÞ�Θðωsp; TLÞ
� �

�
Z þ1

�1
dω

2κ2γ2

π

1
jfi½ω�ðωsp�ΔωÞ�þγgfi½ω�ðωspþΔωÞ�þγgþκ2j2

¼ Θðωsp; THÞ�Θðωsp; TLÞ
� � κ2γ

ðΔωÞ2þκ2þγ2
: ð10Þ
In obtaining the final result in Eq. (10), we have used
the contour integral method. Among the four poles, two of

them ω¼ωsp7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔωÞ2þκ2

q
þ iγ are located in the upper

half of the complex plane and contribute to the integral.
Substituting Eq. (10) multiplied by β into Eq. (4), the
rectification contrast ratio of the dominant single channels
is given by

RT ;β ¼
βFκF

2½ðΔωRÞ2þκR2þγ2��βRκR
2½ðΔωF Þ2þκF2þγ2�

βRκR2½ðΔωF Þ2þκF2þγ2�
;

ð11Þ
where subscripts F and R represent the forward and reverse
scenarios. 2ΔωF and 2ΔωR denote the differences of the two
resonant frequencies at the dominant channels in the
forward and reverse scenarios, respectively. Note that fre-
quency differences at a single channel become larger with
the decrease of the wavenumber of the channel due to
stronger coupling between the two surfaces as wavenumber
Fig. 3. Spectra of net heat flux of a single channel for (a) the forward scenario at βF¼7
the spectra of net heat flux obtained using the fluctuational electrodynamics. The fitt
κF¼1.3�1010 rad/s, a frequency shift of ΔωF¼3�1010 rad/s, and a loss rate of γ1¼
ΔωR¼2.43�1012 rad/s, and γ1¼γ2¼gm/2¼8.5�109 rad/s for the reverse scenario
resonance ωsp.
decreases. We clearly see in Eq. (11) that the rectification
contrast ratio for the surface state is independent of ωp.
Moreover, Eq. (11) indicates that large shift ΔωR, which is
attributed to large shift Δωsp in surface resonance frequen-
cies and small wavenumber βR of the reverse scenario,
enhances thermal rectification. The increase in the loss rate
γ reduces thermal rectification, as seen in Eq. (11).

Certainly all numerical results can be obtained with
Eq. (3). The coupled mode theory results in a greatly
simplified closed-form formula for rectification (Eq. (11)),
where each parameter has a clear physical meaning. Use of
the coupled mode theory therefore serves the purpose of
elucidating the underlying physics.

We compare the net spectral heat flux of a single channel
obtained by the fluctuational electrodynamics calculation and
by the coupled mode theory in Fig. 3. We consider the
dominant channel for each scenario. In the forward bias
scenario, the resonant frequency in this channel is very close
to ωsp. For the fluctuational electrodynamics calculation we
used the integrand of Eq. (3), whereas for the coupled mode
theory calculation we used Eq. (9) with parameters in the
caption of Fig. 3. The two calculations showed excellent
agreement. Therefore, one can use the coupled mode theory
model, which is far simpler, to understand the thermal
rectification behavior of this system.

Both the bulk and the surface states contribute to thermal
transfer. However, the contrast in the forward and backward
scenarios, which is essential for achieving thermal rectifica-
tion, is only present in the surface state contribution. There-
fore, the thermal rectification contrast ratio RT may be
enhanced by maximizing the contribution of the surface
states, while minimizing the excitation of the bulk state [i.e.,
trying to reach ηE1 in Eq. (5)]. In addition, further enhance-
ment of the thermal rectification contrast ratio can be
9 μm�1 and for (b) the reverse scenario at βR¼36 μm�1. The curves represent
ing symbols are obtained by the coupled mode theory with a coupling rate of
γ2¼gm/2¼8.5�109 rad/s for the forward scenario and κR¼9.6�1011 rad/s,

in Eq. (9). The inset shows the enlarged spectrum in a linear scale around



Fig. 4. Thermal rectification as a function of the permittivity at infinite
frequency, ε1.

Fig. 5. Dispersion curves (blue solid lines) of the lossless metamaterial/
vacuum interface for different permittivities at infinite frequency: (a)
ε1¼1 and (b) ε1¼5. The shaded areas with oblique lines and horizontal
lines represent continuum modes that are extended in metamaterial and
in vacuum, respectively. The light line is represented by the black dashed
line. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 6. Thermal rectification (blue solid line) as a function of the damping
constant gm. The contrast ratios of the surface state contribution of the
forward to the reverse scenarios (S0 in Eq. (5), pink dashed line) and the
surface state contribution to the total heat transfer (η in Eqs. (5) and (6),
green dashed-dotted line) are presented. Label A indicates the gm value
for the spectra of Fig. 1(a) and (b). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)
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achieved by enhancing the contrast ratio in surface state
contribution, i.e., by maximizing S0. Such understanding is
crucial for the discussion in the next section.

4. Results

Based on the above understanding regarding the dif-
ferent roles that bulk and surface states excitations play in
thermal rectification, in this section we explore the
dependence of the contrast ratio in our thermal rectifica-
tion system, particularly on three parameters that define
the dielectric response of the metamaterials: permittivity
ε1 at infinite frequency, damping constant gm, and plasma
frequency ωp in Eq. (1). In each of the studies below, unless
otherwise mentioned, we start with the parameters as
shown in Fig. 1, and vary only one parameter while
keeping all other parameters fixed.

4.1. Dependency of contrast ratio on ε1

We first consider the dependence of a parameter of ε1
on thermal rectification. Fig. 4 shows the thermal rectifica-
tion contrast ratio as a function of ε1. Rectification
coefficient maximizes at ε1¼1 and decreases with the
increase of ε1.

The dependency of the contrast ratio on ε1 in Fig. 4 can
be understood from the dispersion relations of the meta-
material/vacuum interface as plotted in Fig. 5, where we
consider two cases: ε1¼1 in Fig. 5(a) and ε1¼5 in Fig. 5
(b). For each case, the dispersion relations include both the
surface states and the bulk states. The dispersion relation
of the surface state is described by

β¼ ðω=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εd=ðεdþ1Þ

p
; ð12Þ

where c is the speed of light. The bulk state forms a
continuum above frequency ωbp. In Fig. 5, we see that the
frequency difference between the surface state resonance
ωsp and the bulk state resonance ωbp, which is the band
edge frequency of extended modes in the metamaterial, is
maximized for ε1¼1 (Fig. 5a). Therefore, from the discus-
sion on Eq. (5) we expect that the thermal rectification is
maximized at ε1¼1. Increasing ε1 reduces the frequency
separation between the surface and bulk states, and leads
to the reduction of the thermal rectification contrast ratio
as shown in Fig. 4. This result confirms that thermal re-
ctification is maximized when the surface state resonance



Fig. 7. Net heat flux as a function of the damping constant gm for (a) the forward and (b) the reverse scenarios (blue solid lines: evanescent p-polarization,
green dashed lines: propagation p-polarization, pink dashed-double-dotted lines: evanescent s-polarization, red dashed-dotted lines: propagation s-
polarization, black dotted lines: blackbody radiation). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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is as far away as possible from the bulk state resonance in
the thermal excitation wavelengths.
Fig. 8. Thermal rectification as a function of the plasma frequency ωp in
Eq. (1).
4.2. Dependency of the contrast ratio on gm

We next consider the effect of the damping constant gm
on thermal rectification. Fig. 6 shows the thermal rectifica-
tion as a function of gm. We see a maximum in the thermal
rectification contrast ratio (blue solid line) of Fig. 6. In
order to understand such behavior, in Fig. 6 we also plot S0

and η that were defined in Eq. (5) as a function of gm. As gm
decreases, we see that the rectification contrast ratio of the
surface state increases. On the other hand, the contribu-
tion from the surface state to the total heat transfer, as
characterized by η, decreases. These two competing trends
result in the maximum-curve behavior of the contrast
ratio as a function of gm.

The amount of heat flux from metamaterials is strongly
dependent on the damping constant gm and is plotted as a
function of gm in Fig. 7(a) and (b). As gm decreases, the
surface state has a sharp resonance in each metamaterial
plate and the contrast of heat flux arising from the
alignment or misalignment of resonances is enhanced,
which is seen as the increase of S0 in Fig. 6. However, the
amounts of heat flux for both scenarios are decreased for
the surface state. On the other hand, the bulk state
has almost a constant amount of heat flux when
gmo1�1013 rad/s, which stems from the assumption of
the semi-infinite plates. Therefore, the relative excitation
of the surface state to the bulk state decreases, which is
seen in Fig. 6 that η goes to zero, and thermal rectification
is weakened. On the other hand, in the case of large gm, the
surface state resonance of each metamaterial plate
becomes broadband with large heat flux that exceeds the
heat flux of the bulk state excitation with ηE1. Such
broadband thermal excitation reduces the spectral con-
trast S0 between the forward and reverse scenarios for the
surface state, resulting in the decrease of the rectification
coefficient.
We have assumed a temperature-independent para-
meter of gm for clear understanding of the operation
mechanism in our thermal rectifier model. Thermal recti-
fication is less sensitive to the temperature dependency of
gm. For example, a 20% variation of gm between 300 K and
500 K with all other parameters in the caption of Fig. 1
being the same gives a 0.5% change in the contrast ratio of
thermal rectification.
4.3. Dependency of the contrast ratio on ωp

Thirdly, we examine the thermal rectification contrast
ratio as a function of the plasma frequency ωp (Fig. 8). The
contrast ratio has a very weak dependency on ωp. The
contributions to the total heat flux from the surface and
the bulk states both decrease with increase of ωp. However,
the contrast ratios of contributions of the surface state
in the forward and reverse scenarios (S0 in Eq. (5)) as well
as the surface state and the bulk state (η in Eq. (5)) have
very little dependency on ωp, since both the surface
resonance frequency and bulk resonance frequency shift
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with the change of ωp. As a result, the thermal rectification
contrast ratio is weakly dependent on ωp.
5. Conclusions

We have explored the relative excitation strength of the
surface state and bulk state resonances in metamaterial
based electromagnetic thermal rectifiers since the thermal
rectification arises by the surface state contribution
and the bulk state does not contribute to it. We have
characterized the behavior of such thermal rectifiers by
accounting for the dependence on the contrast ratio on
various parameters that define the dielectric response of
the metamaterials.

In electromagnetic thermal rectifiers, both the surface
state and the bulk state are excited. Thus distinguishing
different roles of the surface state and bulk state excita-
tions is important. Previous studies on such thermal
rectifiers have mainly discussed the contribution of the
surface state excitation. By clarifying different roles of
surface and bulk excitations, our results therefore point
to an important physical understanding and design guide-
line for electromagnetic thermal rectifiers.
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