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Realizing effective magnetic field for photons by
controlling the phase of dynamic modulation
Kejie Fang1, Zongfu Yu2 and Shanhui Fan2*

The goal to achieve arbitrary control of photon flow has motivated much of the recent research on photonic crystals and
metamaterials. As a new mechanism for controlling photon flow, we introduce a scheme that generates an effective
magnetic field for photons. We consider a resonator lattice in which the coupling constants between the resonators are
harmonically modulated in time. With appropriate choice of the spatial distribution of the modulation phases, an effective
magnetic field for photons can be created, leading to a Lorentz force for photons and the emergence of topologically
protected one-way photon edge states that are robust against disorders—without the use of magneto-optical effects.

F
or charged particles such as electrons, the use of a magnetic field
has played an essential role in many fundamental physical
phenomena and applications. On the classical level, a Lorentz

force induced by a magnetic field has been used to create devices
such as magnetic lenses, which are widely used in modern
accelerators and electron microscopy. On the quantum level, when
a low-temperature two-dimensional electron gas is placed in a
perpendicular magnetic field, the transverse conductance of the
electron gas becomes quantized, leading to integer and fractional
quantum Hall effects1,2. One defining property of quantum Hall
systems is the existence of unidirectional edge modes3,4, which are
topologically protected and characterized by a non-zero Chern
number for the bulk band structure5,6.

Photons are neutral particles. Accordingly, there are no naturally
analogous magnetic fields. Nevertheless, with the development of
artificial photonic structures such as photonic crystals7–9 and meta-
materials10–12, there has been considerable interest recently in
seeking to manipulate photons in a manner similar to the manipu-
lation of electrons using a magnetic field. In particular, an effective
magnetic field in momentum space for photons has been discussed
extensively, and has been used to achieve the Hall effect for light13

and to realize one-way edge modes in magneto-optical photonic
crystal that are direct photonic analogues of quantum Hall
systems14–18. These achievements, however, do not correspond
directly to a magnetic field in real space.

An optical analogue of the quantum spin Hall effect has also
been proposed19,20. In such systems, photons with opposite spins
experience an effective magnetic gauge field along opposite direc-
tions. As a result, the edge modes of opposite spins propagate in
opposite directions, therefore realizing a photonic analogue of the
electronic quantum spin Hall effect. However, the gauge field in
these systems does not break time-reversal symmetry.

For photons, in contrast to electrons, there is no Kramers degener-
acy. Consequently, unlike a regular electronic potential perturbation,
which preserves electron spin21, a regular dielectric perturbation in
photonics typically induces photon spin mixing. As a result, the
edge modes in refs 19 and 20 are not robust against all disorders.
Such a limitation has been noted in experiments on systems that
exhibit similar spin-dependent photon dispersion relations22.

In a recent paper23, it was shown that in interband photonic tran-
sitions, as induced by dynamic refractive index modulation, the

phase of the modulation is connected to a gauge transformation
of the photon wavefunction. In ref. 23, this effect was then used
to construct an optical isolator. An effective magnetic field,
however, is characterized by the highly non-trivial topological prop-
erties of photon wavefunctions. In two dimensions, for example, one
such topological property is a non-zero Chern number. Such a topo-
logical property is absent in most isolators (which are one-
dimensional systems), including the isolator of ref. 23. Here, we
show that, by specifically configuring a system undergoing inter-
band photonic transition, we can naturally achieve an effective mag-
netic field that couples to photons. Such an effective magnetic field
breaks time-reversal symmetry and operates in real space. As dem-
onstrations, we show that such an effective magnetic field can lead to
the circular motion of light beams, as driven by a Lorentz-like force,
and photonic one-way edge modes in a photonic resonator lattice.

Effective magnetic field
To introduce an effective magnetic field for photons we consider a
square lattice of photonic resonators as shown in Fig. 1. The lattice
consists of two interpenetrating square sublattices, labelled A and B.
The resonators in each sublattice have frequencies of vA and vB,
respectively. We assume only nearest-neighbour coupling, and the
coupling occurs only between the two sublattices. Moreover, we
assume that the coupling constants are modulated harmonically24–26.
We will discuss physical implementations that achieve such a
coupling in the section ‘Proposal for experimental implementation’.
The resulting Hamiltonian is then given by

H = vA

∑
i

a†
i ai + vB

∑
j

b†j bj

+
∑
kijl

Vcos(Vt + fij)(a
†
i bj + b†j ai) (1)

where V is the strength of the coupling, V is the modulation
frequency, fij is the phase of the modulation between resonators
at sites i and j, and a† and b† are the creation operators in the A
and B sublattices, respectively. In this system, the modulation is
therefore applied on the ‘bonds’ that connect sites i and j.

We now assume in Hamiltonian (1) that V¼vA 2 vB, and V
much less than symbol V. In this limit, the rotating wave
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approximation can be applied and, as a result, in the rotating frame
the Hamiltonian simplifies to

H =
∑
kijl

V
2
(e−ifij c†i cj + eifij c†j ci) (2)

where ci( j) = eivA(B)tai(bj). Hamiltonian (2) is identical to the
Hamiltonian of a charged particle on a lattice subjected to a mag-
netic field27, if we make the association

∫j

i
Aeff dl = fij (3)

Thus, we find that the phase of the harmonic modulation can intro-
duce an effective gauge potential Aeff to photons. The phase distri-
bution of Fig. 1 corresponds to the Landau gauge in the rotating

frame, as photons hopping along the positive y-direction at a
given x-coordinate always acquire the same phase.

To achieve a uniform effective magnetic field for photons, we
assigned the modulation phase shown in Fig. 1, with all bonds along
the x-direction having the same phase 0, and each bond along the
y-direction having a different modulation phase, depending on the
location of the bond. Under a phase distribution such as that in
Fig. 1, the lattice is associated with a uniform effective magnetic field Beff,

Beff =
1
a2

∮

plaquette

Aeff dl = f

a2
(4)

where a is the lattice constant.
From the analytic arguments in equations (2) to (4), we therefore

see that the modulation phase in the time-dependent Hamiltonian
in equation (1) can be used to achieve an effective magnetic field
for a photon. Below, we will verify this prediction by a direct
numerical simulation of the time-dependent Hamiltonian in
equation (1), and by demonstrating some of the novel electro-
magnetic effects associated with the presence of an effective
magnetic field.

Lorentz force
Classically, in free space, a particle of charge q and mass m in a
uniform magnetic field B is driven by the Lorentz force, F¼ qv× B,
where v is the velocity of the charged particle. As a result, the
charged particle moves in a circle in a plane perpendicular to the
uniform magnetic field, with radius R¼mv/(qB), if the initial
velocity v is perpendicular to the magnetic field. The same circular
motion can also be observed quantum mechanically if one considers
the motion of a wave packet of the charged particle subject to a
magnetic field.

We now show that the effective magnetic field, as introduced by
the choice of modulation phase distribution, can also induce a cir-
cular motion of a photon wavepacket. We consider the structure
shown in Fig. 2a. The right half of the lattice has a phase distribution
as in Fig. 1, representing a uniform effective magnetic field Beff as
given by equation (4). The left half of the lattice has modulation
phase fij¼ 0 for any i,j, which represents a region free of effective
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Figure 1 | Dynamically modulated photonic resonator lattice exhibiting an

effective magnetic field for photons. A lattice of photonic resonators, with

two square sublattices of resonators with frequency vA (red) and vB (blue),

respectively. There is only nearest-neighbour dynamic coupling. The phase

of the dynamic coupling on the horizontal bonds is zero. The phase on the

vertical bonds is proportional to the column index, and within the same

column the sign is flipped between two neighbouring bonds.
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Figure 2 | Photon motion in an effective magnetic field. a, Structure (part), comprising the resonator lattice shown in Fig. 1, used to demonstrate the Lorentz

force for photons. Resonators are indicated by dots. Lattice parameters: vA¼ 30, vB¼0, V¼0, V¼ 6 (all in units of 2pc/a). The left part of the lattice has

no effective magnetic field (f¼0). The right part of the lattice has an effective magnetic field with the modulation phase set in a pattern according to Fig. 1.

A Gaussian wave packet is initiated in the left part of the structure. The packet is described by equation (5), with w¼
p

10 a. b, Trajectory of the centre of

mass of the wave packet, after the wave packet (with k¼21.283/a) has entered the right part, where an effective magnetic field is present. Different

symbols correspond to different f. The wave packet has a circular trajectory. c, Radius of the trajectory as a function of 1/f for k¼21.283/a. d, Radius of

the trajectory as a function of k, for f¼0.3.
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magnetic field. At t¼ 0, we initiate the system such that the photon
is described by a wave packet of the form

c = e−((x−x0)2+( y−y0)2)/w2

eikx (5)

This wave packet has a Gaussian amplitude profile centering at
(x0,v0) with waist w, and an average Bloch wavevector kx̂. In the
region free of magnetic field, the wave packet moves with a group
velocity vg towards the region with an effective magnetic field.

In Fig. 2b we plot the trajectory of the centre of mass krl of the
wave packet. On entering the region with an effective magnetic
field, the packet indeed follows a circular trajectory. Moreover, as
we decrease the modulation phase f in Fig. 1, which corresponds
to a decrease in the effective magnetic field, the radius of the circular
motion increases (Fig. 2b,c). Also, at the same effective magnetic
field (that is, the same f), the radius increases as a function of k.
Quantitatively, the radius of the circular motion is perfectly
described by

R = k
f

(6)

Equations (6), for photons, is a counterpart to the formula for
charged particles, as the Bloch momentum k of the photons replaces
momentum mv of the charged particles, and effective magnetic field
Beff¼ f (we set a¼ 1) replaces qB. equation (6) is a direct result of
an effective Lorentz force FLorentz = vg × fẑ acting on photons,
where vg is the group velocity of the photon wave packet.

Similar to the circular motion of a charged particle in a magnetic
field, the photon motion here is non-reciprocal. With this choice of
modulation phase distribution, the photon wave packet will always
follow a circular trajectory in a clockwise direction, independent of
the direction of the wave packet velocity.

One-way edge mode
The spectrum of a two-dimensional electron gas in a square lattice
in the presence of a perpendicular uniform magnetic field is
described as ‘Hofstadter’s butterfly’28. If the magnetic flux through
a unit cell is rational, that is, eBa2/(hc)¼m/n, where a is the
lattice constant, h is Planck’s constant and c is the speed of light,
with m and n relatively prime, the spectrum has n bands.
Unidirectional edge modes can exist in the gap between the bands6.

We show that the dynamically modulated photonic resonator
lattice in Fig. 1 also supports one-way edge modes. For the
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Figure 3 | Photonic one-way edge mode in a dynamically modulated resonator lattice. a, Projected Floquet band structure for a strip of the resonator lattice

shown in Fig. 1. The strip is infinite along the y-axis, and has a width of 20a along the x-axis. The projection direction is along the y-axis. Parameters of the

lattice: f¼p/2, vA¼ 100, vB¼0, V¼ 100, V¼ 2 (all in units of 2pc/a). There are four separate groups of bulk bands (green curves, the centre two bands

do not split). In each bandgap between the bulk bands there are two one-way edge modes, which are located on the two edges of the strip. b, Field

amplitude of the two edge modes indicated by red and blue dots in a. The fields are located on the two edges and decay exponentially into the bulk.

c, Propagation of one-way edge modes. We consider a 20× 20 lattice of resonators as shown in Fig. 1 (resonators are indicated as yellow dots), and excite

the edge mode by locating a point source with vs¼ 2(2pc/a) at the position indicated by the red marker. The field profile at time t¼ 40(a/2pc) is plotted.

The propagation of the edge mode is unidirectional. d, Propagation of the one-way edge mode in the presence of a defect. The defect is a 3 × 3 sublattice of

resonators with frequency vd¼ 50(2pc/a) for each resonator, as indicated by the larger yellow dots. All other parameters are as in c. Notice that the edge

mode propagates around the defect, indicating one-way propagation robust against defect.
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dynamically modulated lattice, because the Hamiltonian is tem-
porally periodic, one can apply the concepts of Floquet band struc-
ture and quasi-energy to illustrate its spectrum29,30. For a temporally
periodic system with Hamiltonian H(tþ T)¼H(t), its state is
described by a wavefunction of the Floquet form in time c(t)¼
e2i1tF(t), where 1 is the quasi energy. F(t) is a periodic function,
that is, F(tþ T)¼F(t), which satisfies an eigenvalue equation
(H(t) 2 iI∂t)F(t)¼[ F(t). By decomposing F(t) in Fourier space
consisting of the harmonics of multiple 2p/T, the eigenvalue
equation can be converted into a matrix form and be solved numeri-
cally, providing a method for obtaining the quasi energy 1. In a tem-
porally periodic system that also has spatial periodicity, one can
calculate the quasi energy 1 for states with different wavevectors
to obtain the Floquet band structure.

Using this method, we calculated the Floquet band structure of
the dynamically modulated square lattice of resonators in Fig. 1.
For the phase distribution we chose, the system is periodic along
the y-direction with period 2a, and thus ky is still a good
quantum number. We consider a strip that has 20 lattice sites
along the x-direction and an infinite number along the y-direction,
and plot the projected Floquet band structure in terms of the quasi
energy 1 as a function of ky. As an example, for f¼p/2, corre-
sponding to an effective magnetic flux of 1/4, the Floquet band
structure is shown Fig. 3a. The bulk band structure indeed splits
into four groups of bands, consistent with the description of the
band structure in terms of Hofstadter’s butterfly. In the bandgaps,
for each edge, there is a one-way edge mode, with field amplitude
decaying exponentially into the bulk (Fig. 3b).

We simulated the propagation of the edge mode in a 20 × 20
lattice with the same parameters as above. We placed a point
source with frequency vs¼ 2(2pc/a) on one side of the square
lattice to excite the edge mode. We see that the edge mode propa-
gates unidirectionally along the boundary of the square lattice
(Fig. 3c). Because the lattice is associated with a uniform effective
magnetic field, a one-way edge mode also appears on the edges par-
allel to the x-axis, even though, due to the lack of translational sym-
metry along the x-axis in the particular phase distribution that we
have chosen, one cannot define a projected band structure along
the x-axis. This edge mode is robust against defects on the edge.
To demonstrate this, we changed the frequency of the resonators

in a 3 × 3 sublattice on the top side of the square lattice to
vd¼ 50(2pc/a). In this case, the edge mode can go around the
defect sublattice and maintain unidirectional propagation
(Fig. 3d). We have therefore demonstrated the existence of a one-
way edge mode that is robust against disorders in this dynamically
modulated lattice.

Achieving a one-way edge mode is of great importance to optical
and electromagnetic technology, because it offers protection against
fabrication-related disorders. To date, all proposed mechanisms for
achieving a one-way edge mode rely on magneto-optical effects,
which are difficult to achieve in on-chip implementations14–18.
Although spin-dependent one-way edge modes have been discussed
in refs 19 and 22, the structures in those references do not break
time-reversal symmetry and hence do not provide complete immu-
nity to disorder-induced backscattering. Because dynamic modu-
lation is readily achievable on-chip31,32, our work suggests a route
towards the on-chip demonstration and application of such topolo-
gically protected photonic states.

Proposal for experimental implementation
In this section we discuss the physical implementation of
Hamiltonian (1). To implement this Hamiltonian requires one to
harmonically modulate the coupling constant between two spatially
separated resonators. We will discuss mechanisms to achieve such a
dynamic coupling at both optical and microwave frequencies. In
both cases, a key requirement is that the strength of the dynamic
coupling V should be larger than the decay rate g of the resonators,
such that a photon wave packet can propagate over a considerable
distance in the modulated lattice before it is damped.

In the optical regime, we consider a photonic-crystal resonator
lattice. An example of the lattice structure showing only two resona-
tors is shown in Fig. 4a. Here, we aim to achieve a dynamic coupling
between a resonator on the left (red, Fig. 4a) and a resonator on the
right (blue, Fig. 4a). The left resonator supports a monopole at fre-
quency vA, and the right resonator supports a quadrupole-xy mode
at frequency vB (Fig. 4b)33. These two modes have different sym-
metry with respect to the mirror planes parallel to the x-axis and
y-axis to prevent static coupling between them.

To achieve dynamic coupling between these two resonators, we
introduced an intermediate resonator between them (yellow, Fig. 4a).
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Figure 4 | Dynamic coupling between photonic-crystal resonators. a, A photonic crystal made from dielectric rods (black) with a permittivity of 8.9 and

radius of 0.2a (a is the lattice constant). The resonator on the left (red) is a rod with permittivity of 7.4 and radius of 0.12a, and is shifted 0.04a to the left

from the lattice point. Such a resonator supports a monopole mode. The resonator on the right (blue) is a rod with permittivity of 9.1 and radius of 0.56a.

It supports a quadrupole-xy mode. The resonator in the middle (yellow and brown) is a rectangular rod with permittivity of 8.9 and side lengths of 0.66a and

0.62a along the x-axis and y-axis, respectively. It supports a pair of split dipole modes. With these chosen parameters, the frequency of the monopole mode

and px mode have the same frequency of 0.346(2pc/a), and the quadrupole mode and py mode have the same frequency of 0.352(2pc/a). The static

coupling strength within each two equal-frequency pair is also similar. Dynamic modulation with V¼0.006(2pc/a) and permittivity modulation D1¼0.002

is applied on the middle resonator. The modulation has a quadrupolar profile, with the modulation in the first and third quadrants (brown) and the

modulation in the second and fourth quadrant (yellow) having a p phase difference. b, Electric field (along the z-axis) of the four resonant states, and the

scheme of generating dynamic coupling between the monopole and quadrupole. c, The amplitude envelope of the monopole mode as a function of time

when the quadrupole mode is initially excited, for the structure in a. Circles are data from finite-difference time-domain simulations. Red curve is the solution

of the coupled mode equations describing the effective coupling between two resonant states.
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This intermediate resonator supports a px state with frequency vA,
and a py state with frequency vB (Fig. 4b). The px state couples
with the monopole at the left with strength V1 and the py state
couples with the quadrupole on the right with strength V2. A
photonic transition was driven between the px and py states by mod-
ulating the refractive index of the intermediate region at frequency
V¼ |vA 2 vB| (refs 24–26). Such a modulation couples the px
and py state with a dynamic coupling constant Vdcos(Vtþf ),
where f is the modulation phase that we control. In the regime
where Vd much less than symbol V1 and V2, which is the experimen-
tally relevant regime because the modulation is typically weak, we
can show, using coupled mode theory, that the modulation
induces a dynamic coupling between the left and right resonators,
with an equivalent strength of (Vd/2)cos(Vtþ f ) (Supplementary
Section SI).

We verified the existence of dynamic coupling between the left
and right resonators by a direct finite-difference time-domain simu-
lation of the structure shown in Fig. 4a. We used a modulation
strength of D1¼ 0.0178 in the intermediate region. Figure 4c
shows the slowly varying envelope of the amplitude of the monopole
state. A dynamic and complete Rabi oscillation clearly exists, which
matches well with two-mode coupled mode theory. Thus, using
first-principles simulations, we have demonstrated dynamic coup-
ling of two spatially separated resonators.

To demonstrate the predicted effects here, the dynamic coupling
strength between the resonators needs to dominate over the resona-
tor loss rate. In the optical domain, choosing a modulation strength
of D1/1¼ 5.4 × 1025, and a modulation frequency of V¼ 20 GHz,
both of which are achievable experimentally31,32, we should be able
to achieve a dynamic coupling strength of V¼ 5 × 1025(2pc/a),
which corresponds to 14.3 GHz if we operate at a wavelength of
1.55 mm, and is one order of magnitude larger than the intrinsic
decay rate of state-of-the-art photonic-crystal resonators34,35. In
the meantime, we have V , V and thus the rotating wave approxi-
mation is still satisfied. Moreover, the radiation loss of resonators
can in principle be removed by placing the photonic resonators in
a three-dimensional photonic crystal36. For this purpose, we note
significant recent progress in fabricating high-quality three-dimen-
sional photonic crystals37.

To construct our system requires the integration of a substantial
number of modulators on-chip, and in this regard we note a recent
work demonstrating electrically induced non-reciprocity by separ-
ately modulating 88 different regions on a silicon chip38. This exper-
iment achieved a refractive index modulation of �1 × 1024 in each
modulated region, with a total power consumption of 316 mW

(25 dBm). The predicted effects here will require a similar number
of modulated regions. However, in our system, the area of each
modulated region, being a single-mode resonator, can be consider-
ably smaller than that of ref. 38 and as a result the total required
electric power may be significantly lower. Finally, ref. 38 experimen-
tally showed that the phase of the modulations can be controlled to a
sufficient accuracy to achieve a significant non-reciprocal response.
We believe that the requirement for phase accuracy in our design
is similar.

In the microwave regime, we propose the structure shown in
Fig. 5, where two RLC resonators, each having different frequencies
vA and vB, are connected by transmission lines through a frequency
conversion device composed of mixers. The mixer contains a local
oscillator at a frequency of V¼ vA 2 vA (Fig. 5b). An incident wave
from the left (right), at a frequency vA (vB), mixes with the local
oscillator, and generates an output at vB (vA) to the right (left),
and thus achieves dynamic coupling Vcos(Vtþ f) between the
two resonators. The phase of the local oscillator f is the modulation
phase of the coupling constant between the two resonators. The
strength of the coupling between the microwave resonators is
V¼ [2a/(1þ a2)](Zc/L), where L is the inductance of the
microwave resonator, Zc is the characteristic impedance of the
transmission line, and a is the conversion efficiency of the mixer
(Supplementary Section SII). Typical mixers have a conversion
efficiency of 4–7 dB (ref. 39). Strong dynamic coupling between
microwave resonators can be achieved by choosing a low resistance
for the resonator. For example, for a mixer with a conversion
efficiency of 4 dB, the resistance R of the microwave resonator
should satisfy R , 1.37Zc (typically Zc¼ 50 V), to meet the
requirement V . g.

In summary, we have shown that in a dynamically modulated
photonic resonator lattice, the modulation phases introduce a
gauge field for photons, which can be used to apply an effective
magnetic field to the photons. Here, for illustration purposes, we
have considered only a uniform effective magnetic field. However,
because the modulation phase distributions can be arbitrarily speci-
fied, we anticipate tremendous richness of photon motion in such a
dynamic lattice, which is important for both fundamental studies
and potential applications. This work should provide additional
stimulus to the significant recent works aiming to achieve non-
magnetic on-chip non-reciprocity40–43, by highlighting new
fundamental physics effects in these systems.

Received 2 April 2012; accepted 17 August 2012;
published online 7 October 2012

Ω

ϕ ϕ

I1in I2out

I1out

a b

I1 I2

E1
out

E1
in

E2
out

E2
in

ωA ωB

I2in

Figure 5 | Realization of dynamic coupling between resonators in the microwave regime. a, Two microwave RLC resonators with frequencies vA and vB,
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I. TWO OPTICAL RESONATORS DYANAMICALLY COUPLED THROUGH AN

INTERMEDIATE OPTICAL RESONATOR

For the structure shown in Fig. 4a, the coupled mode equations for the four states are

dam
dt

= iωAam + iV1apx , (1)

dapx
dt

= iωAapx + iV1am + iVdcos(Ωt+ φ)apy , (2)

dapy
dt

= iωBapy + iV2aq + iVdcos(Ωt+ φ)apx , (3)

daq
dt

= iωBaq + iV2apy , (4)

where am, apx , apy , aq are the amplitudes of the monopole, dipole and quadrupole modes re-

spectively. Using rotating wave approximation and eliminating px and py from the equations,

the coupled mode equations reduce to

d2am
dt2

= i
VdV1

2V2

eiφ
daq
dt

− V 2
1 am, (5)

d2aq
dt2

= i
VdV2

2V1

e−iφdam
dt

− V 2
2 aq. (6)

If we do a further transformation

ãm = eiV1tam, ãq = eiV2taq, (7)

and assuming

Vd,
1

am

dam
dt

,
1

aq

daq
dt

� V1 ≈ V2, (8)

(5)-(6) reduces to

dãm
dt

=
Vd

4
eiφãq, (9)

dãq
dt

=
Vd

4
e−iφãm. (10)
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We see the coupling between the monopole and quadrupole reduces to an effective dynamic

coupling of the form Vd/2cos(Ωt + φ), and the phase of the modulation controls the phase

of effective coupling between the monopole and quadrupole-xy modes.

Another situation in which the coupled mode equations can be reduced is V1, V2 � Vd.

In this case, (5)-(6) can be reduced to

dam
dt

= i
V1V2

Vd

eiφaq, (11)

daq
dt

= i
V1V2

Vd

e−iφam. (12)

In this case the strength of the coupling between the monopole and quadrupole is V =

2V1V2/Vd.

II. COUPLED MODE THEORY FOR MICROWAVE RESONATORS

A. Coupling between a microwave resonator and a transmission line

For the structure in Fig. 5a, we first consider the coupling of one of the resonators

to the transmission line. Suppose the impedance of a microwave resonator is Z, and the

characteristic impedance of the transmission line is Zc. The outgoing field and incoming

field are related by

Eout =
Z − Zc

Z + Zc

E in. (13)

Expand Eq. (13) around the complex resonant frequency ω0 + iγ (γ is the loss) of the

resonator (Z(ω0 + iγ) = 0), we have

Eout =
(ω − ω0 − iγ)− Zc/Z

′(ω0 + iγ)

(ω − ω0 − iγ) + Zc/Z ′(ω0 + iγ)
E in. (14)
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Phenomenologically, we can describe the evolution of the mode amplitude a of the resonator

(|a|2 is the energy of the mode), near the resonant frequency, using input-output theory,

da

dt
= (iω0 − γ − κ)a+ i

√
2κEin, (15)

Eout = E in + i
√
2κa. (16)

The transmission property of the coupled mode equation is

Eout =
(ω − ω0 − iγ) + iκ

(ω − ω0 − iγ)− iκ
E in. (17)

Comparing Eq. (13) with Eq. (17), we obtain

κ = iZc/Z
′(ω0 + iγ). (18)

In particular, for the serial RLC circuit as shown in Fig. 5, Z = iωL+ 1/iωC +R, and

κ = Zc/2L, (19)

where we have assumed R <<
√
L/C.

B. Effective coupling between microwave resonators connected by mixers

We provide a detailed description of the dynamic coupling for the structure shown in Fig.

5. The mixer is described by a scattering matrix




E in
1

E in
2


 =




0 αei(φ+φs)

αei(−φ+φs) 0







Eout
1

Eout
2


 , (20)

where the E’s are the incoming and outgoing field amplitudes at the ends of the transmission

line, φ is phase of local oscillator in the mixer, φs represents the free propagation phase due

to propagation through the transmission line, and α is the conversion efficiency of the mixer.
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We omit the e±i(ωA−ωB)t factors in the off-diagonal terms, by assuming that the field on the

left(right) of the mixers only has frequency ωA(ωB) component.

The input-output equations for the two resonators are

da1
dt

= (iωA − γ1 − κ1)a1 + i
√
2κ1E

in
1 , (21)

Eout
1 = E in

1 + i
√
2κ1a1, (22)

da2
dt

= (iωB − γ2 − κ2)a2 + i
√
2κ2E

in
2 , (23)

Eout
2 = E in

2 + i
√
2κ2a2, (24)

where |an|2 is energy in the nth resonator, γn is the radiation loss of the resonator and κn

represents the coupling between the waveguide and resonators.

Using Eq. (20), (22) and (24), we can eliminate the waveguide components in Eq. (21),

(23), and obtain the coupled-mode equations for the two-resonator system,

da1
dt

= (iωA − γ1 − κ12)a1 − iV12e
i(ωB−ωA)ta2 (25)

da2
dt

= (iωB − γ2 − κ21)a2 − iV21e
−i(ωB−ωA)ta1, (26)

where

κ12 = κ1 +
2α2κ1e

2iφs

1− α2e2iφs
, (27)

κ21 = κ2 +
2α2κ2e

2iφs

1− α2e2iφs
, (28)

V12 = −i
2α

√
κ1κ2e

i(φ+φs)

1− α2e2iφs
, (29)

V21 = −i
2α

√
κ1κ2e

i(−φ+φs)

1− α2e2iφs
. (30)

If we have φs = (n+ 1
2
)π, then the dynamic coupling coefficient between the two resonators

is

V =
4α

√
κ1κ2

1 + α2
cos(Ωt+ φ), (31)
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where Ω = ωA − ωB, and the total loss γtn of the resonators is

γt1 = γ1 +
1− α2

1 + α2
κ1, (32)

γt2 = γ2 +
1− α2

1 + α2
κ2. (33)

From (31) we see the phase of effective coupling between two microwave resonators can be

implemented by the phase of local oscillator in the mixer.

Suppose κ1 = κ2 = κ, and γ1 = γ2 = γ, then strong coupling condition |V | > γtn requires

α2 + 4α− 1

α2 + 1
κ > γ. (34)

Typical mixer has a conversion efficiency of 4− 7 dB. As an illustration, we take α = 0.63,

corresponding to conversion efficiency of 4 dB. Under these conditions, Eq. (34) requires

1.37Zc > R, (35)

where R is the resistance in the resonator, and we have used Eq. (19).
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