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Abstract—We present a Gear-type code that efficiently solves ordinary differential equations in large
grid-domains. To obtain the final code, we modified an original program of C.W. Gear, built and added
a sparse-matrix package, and vectorized all loops about the grid-cell dimension. Furthermore, to obtain at
Jeast 90% vectorization potential while preventing equations in some regions of the grid from slowing the
solution over the entire grid-domain, we divided the domain into blocks of grid-cells and vectorized around
these blocks. The sparse-matrix solution reduced the average number of LU-decomposition calculations,
compared to a full-matrix solution, by factors of between 20 (for a matrix of order 40) and 120 (for a matrix
of order 90). It also reduced both back-substitution calculations and total array space by factors of between
5 and 12 for the above matrix sizes. Vectorization on a CRAY-90 computer increased the speed by another
factor of about 120 over the code running in scalar form. We tested the speed and accuracy of the program
for several chemical applications on a single processor of the CRAY-90 computer. The code averaged
between 1 and 2 min of computer time per day of simulation to solve a smog-chemistry set of 92 species and
222 reactions over a 10,000-cell grid, with continuously changing photorates. It also took 3—4 min per day
to solve a stratospheric-chemistry set of 39 species and 108 reactions over a 100,000-cell grid. In addition,
we tested the speed of the code while it solved aqueous chemistry in 43 aerosol size bins, along with other
physical processes and transport, over a large grid. Finally, we compared the speed and other statistics from
SMVGEAR to those of an existing sparse matrix Gear code, LSODES, and to a new method that we call

the Multistep Implicit-Explicit (MIE) method.
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1. INTRODUCTION

Over the years, mathematicians and scientists have
developed techniques to solve systems of stiff ordinary
differential equations (ODEs). In chemical terms,
a stiff system occurs when the lifetimes of some species
are many orders of magnitude smaller than the life-
times of other species. Because explicit ODE solvers
require numerous short time-steps in order to main-
tain stability, most current techniques solve ODEs
implicitly or semi-implicitly.

Among the high- and variable-order techniques to
solve stiff ODEs include variations of Runge-Kutta,
Richardson Extrapolation/Bulirsch-Stoer, and pre-
dictor—corrector methods (Press et al., 1992; Gear,
1967, 1969, 1971; Stoer and Bulirsch, 1980). In par-
ticular, Gear’s backward differentiation predictor—
corrector scheme spawned a number of advanced
Gear-type codes (e.g. Hindmarsh, 1972, 1974, 1975,
1976, 1977, 1980, 1983; Spellman and Hindmarsh,
1975; Morris and Hindmarsh, 1975; Byrne and
Hindmarsh, 1976; Sherman and Hindmarsh, 1980;
Brown and Hindmarsh, 1986).

* To obtain a copy of this code, please send a request by
either e-mail to jacobson@yosemite.atmos.ucla.edu or regu-
lar mail to the authors at the address above.
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Other techniques to solve stiff ODEs include the
midpoint and trapezoidal methods (e.g. Gear, 1971;
Press et al., 1992), family methods (e.g. Crutzen, 1971,
Turco and Whitten, 1974; Brasseur and Solomon,
1984; Austin, 1991; Elliott et al. 1993), parameteriza-
tion methods (e.g. Jacob et al., 1989), hybrid pre-
dictor—corrector methods (e.g. McRae et al., 1982),
iterative backward differentiation methods (e.g.
Curtiss and Hirschfelder, 1952; Hunt, 1966;
Shimazaki and Laird, 1970; Turco and Whitten, 1974;
Rosenbaum, 1976), iterative hybrid schemes (Hes-
stvedt et al.; 1978) and many others.

To date, one limitation of most schemes has been
their inability to solve equations both quickly and
with a high order of accuracy in multiple grid-cell
models. With the onset of faster vector machines and
parallel processors, this limitation is eroding. How-
ever, even with a fast machine, accurate solutions in
10*-10° grid-cells over simulation periods of months
to years still requires considerable computer time.
Here, we introduce SMVGEAR (Sparse-Matrix
Vectorized Gear Code), which is designed to reach
peak speed performance on vectorized machines when
the number of grid-cells is large. On non-vector ma-
chines, SMVGEAR also has advantages.

The first building-block of SMVGEAR is an ori-
ginal code of Gear (1971, pp. 158-166). Gear’s code






