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Combinatorial Hodge Theory and a Geometric Approach to Rankng
I—Ranking on networks (graphs)

Ranking on Networks (Graphs)

m \Multi-criteria” rank/decision systems

Amazon or Net ix's recommendation system (user-product)
Interest ranking in social networks (person-interest)
Voting (voter-candidate)

Financial analyst recommendation system (analyst-stock)
m \Peer-review" systems

publication citation systems (paper-paper)
Google's webpage ranking (web-web)

eBay's reputation system (customer-customer)
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continued...

Ranking data are

m incomplete: partial list or pairwise (e.g. 1% in netix)

m unbalanced: varied distributed votes (e.g. power law)
m cardinal: scores or stochastic choices

Implicitly or explicitly, ranking data may be viewed to livm a
simple graphG = (V; E)

m V: set of alternatives (products, interests,...) to be ranke
m E: pairs of alternatives compared
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L Net ix example

Example: Net ix

Example (Net ix Customer-Product Rating)

m 480189-by-17770 customer-product 5-star rating matkx
m X isincomplete with 98:82% of missing values

However,
m pairwise comparison grap8 = (V;E) is verydensé
m only G22% edges are missedimost complete

= rank aggregation without estimating missing values!
m unbalanced number of raters ore 2 E varies.

Caveat: we are not trying to solve the Net ix prize problem

!
V)
P
i)
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I—Ranking on networks (graphs)
L Net ix example

Net ix example continued

The rst-order statistics, mean score for each product, is often
inadequate because of the following:
m mMost customers just rate aery small portionof the products
= di erent products might have di erent raters, whence mean
scores involve noise due twbitrary individual rating scales

m not able to characterize thénconsistencyubiquitous for rank
aggregation: Arrow"s impossibility theorem)

How abouthigh orderstatistics?
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I—Skew-symmetric matrices and network ows

From B Order to 29 Order: Pairwise Rankings

m Linear Model average score di erence between producand
j over all customers who have rated both of them,

Xii X
w; K (X ki)

T #fk: X s X exisg’
is translation invariant

m Log-linear Model when all the scores are positive, the
logarithmic average score ratio,

lo Xk
wj = k(109 Xy

log Xyi) .
#1k : Xii; Xy exisg’
is invariant up to a multiplicative constant
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I—Skew-symmetric matrices and network ows

More Invariants

m Linear Probability Model the probability that product j is
preferred toi in excess of a purely random choice,

wij = Prfk : Xy > Xig =

This isinvariant up to a monotone transformation

m Bradley-Terry Model logarithmic odd ratio (logit)

Prik : X > Xy
w; = log r i ki9.

Prf k Zij < ing'
This isinvariant up to a monotone transformation
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I—Ranking on networks (graphs)

I—Skew-symmetric matrices and network ows

Skew-Symmetric Matrices of Pairwise Rankings

All such models induce (sparsekew-symmetrianatrices of
jVj-by+4Vj (or 2-alternating tensor),

We = wji; fi;jg2E

I NA; otherwise
whereG = (V;E) is a pairwise comparison graph.
Note: Such a skew-symmetric matrix induces a pairwise ranking
network ow on graphG.
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I—Skew-symmetric matrices and network ows

Pairwise Ranking Flow for IMDB Top 20 Movies

Figure: Pairwise ranking ow on a complete graph

=
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I—Skew-symmetric matrices and network ows

Rank Aggregation Problem

Hardness:

= Arrow-Sen's impossibility theorems in social choice tlyeor
m Kemeny-Snell optimal ordering is NP-hard to compute
JSnj = n!

m Spectral analysis 0%, is impractical for largen since
Our approach:

Problem (Rank Aggregation)
Does there exist a global ranking function,:w !

Wi =V,

R, such that
vi =t o(V)(i5))?
Equivalently, does there exist a scalar eld: V !
gradient eld gives the oww?

R whose

[m]
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I—Skew-symmetric matrices and network ows

Answer: Not Always!

From multivariate calculus, there are non-integrable \actelds
(cf. movie A Beautiful Mind). A combinatorial version:

Figure: No global rankingv givesw; = v;  v;: (a) cyclic ranking, note
Was + Wgec + Wea 6 O; (b) contains a 4-node cyclic ow

Al C! D! E! A, noteon 3-cliquef A;B;Cg (alsof A E; Fg),
Wag + Wgc + Wca =0
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I—Skew-symmetric matrices and network ows

Triangular Transitivity: null triangular-trace

For a skew-symmetric matrix W& (wjj) associated with graph G,
Qv 1w =

Vi) Wi + Wi + W = 0,8 3-cliquefi;j; kg
Note:

m Transitivity subspace null triangular-traceor curl-free

FW S wi + wie + wii = 0;8 3-cliquefi;j; kgg

Example in the last slide, (a) lies outside; (b) lies in this
subspace, but not a gradient ow.
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I—Skew-symmetric matrices and network ows

Hodge decomposition for skew-symmetric matrices

A skew-symmetric matriXV associated withG has an unique
orthogonal decomposition

W = W;+ Wy + W3
where

m Wy satis es (integrablé): Wq(i;j) = v; Vv for some
v:V! R;
m W, satis es that
(‘curl-freé) Wa(i;j) + Wa(j; k) + W3(k;i) =0 for all
3-cliquefi;j; kg =
(‘divergence-freg
m W3? W, andW3 ? Wo.

jW3(i;j) = 0 for all edgefi;jg 2 E;
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I—Skew-symmetric matrices and network ows

Hodge decomposition for network ows

A network ows (e.g. pairwise rankings) on grapB has an
orthogonal decompositiointo

gradient ow + locally acyclic (harmonic) + locally cyclic

where the rst two components lie in théransitivity subspacend

m gradient ow is integrable to give a global ranking
(harmonic)

m example (b) is locally acyclic, but cyclic on large scale

m example (a) is locally cyclic
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Cligue Complex and Discrete Di erential Forms

We extend graphs to a simplicial complex ¢ by attaching
triangles
= O-simplices 2: verticesV
m 1-simplices (13: edgeskE such that comparison (i.e. pairwise
ranking) between andj exists

m 2-simplices é: trianglesfi;j; kg such that every edge exists

Note: it su ces here to construct ¢ up to dimension2!
m globalrankingv : V! R, O-forms vectors

m pairwiserankingw(i;j) = w(j;i) (8(i;j) 2 E), 1-forms
skew-symmetric matrices, network ows
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Space ok-Forms k-cochains) and Metrics

m k-forms

CK( g;R)=fu: K1 RU (i) (i) = SION( Uig:e

----------

for (lo; k) 2 |(<3+1 where 2 Si4; is a permutation on
(0;:::;k). Also k + 1-alternating tensors

m One may associat€X( g;R) with inner-products

m In particular, the following inner-product on 1-forms isrfo
unbalanceissue in pairwise ranking
X
hwij ;! iji g = Dijjwi !, w;! 2C1( c:R)
(i:)2E

whereD;; = jf customers who rate both and jgj.

[m] [ =
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L Discrete Di erential Geometry

Discrete Exterior Derivatives (Coboundary Maps)

m k-coboundary mapsy : C¥( g:R) !
de ned as thealternating di erenceoperator

Ck1( &:R) are
el
( ku)(ios:it;

j=0

m ¢ plays the role ofdi erentiation
= In particular,

(oV)(i55) = vi v =2 (gradv)(i;])

( W) )5 K) = )wi + Wik + Wi =: (cgrlw)(i;j;k)
(triangular-trace of skew-symmetric matrixa ))
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Curl

For each trianglefi;j; kg, the curl (triangular trace)

Wij + Wik + W

measures the total ow-sum along the loap!

itk
m ( 1w)(i;j; k) =0 implies the ow is path-independentwhich
de nes thetriangular transitivity subspace
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L Discrete Di erential Geometry

Two directions of cochain maps:

m Forward

CO! 0 C1| 1 CZ.
in other words,

rad .. . .
Global!®®® Pairwisd " Triplewise
m Backward

=gr . . =Cu
Global ° Pairwise *
curl

3-alternating C?
grad =  is the negativedivergence

1, Is the boundary operator, givesiangular
(locally) cyclicpairwise rankings along triangles
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L Discrete Di erential Geometry

Divergence

For each alternative 2 V, the divergence

(divw)(i) =

T . A
(ow)(i) = Wi
measures then ow-out ow sum at i.

m( gw)(i) = 0 implies alternativei is preference-neutral in all
pairwise comparisons.

= divergence-free ow [ w =0 is cyclic

X
(ow)(i) =

m With metric D, conjugate operator gives weighted ow-sum

w;Djj = (¢ Dw)(i)
j
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L Discrete Di erential Geometry

A Fundamental Property: Closed Map Property

m '‘Boundary of boundary is empty y+1
m in particular

k=0
gradient ow is curl-free curl grad = »

1=0
circular ow is divergence-freediv curl =
This leads to the powerful combinatorial Laplacians.

= 2:0

DA



Combinatorial Hodge Theory and a Geometric Approach to Rankng
I—Combinalorial Hodge Theory

L Discrete Di erential Geometry

Combinatorial Laplacians

m De ne the k-dimensionakcombinatorial Laplacian
k1 CKk1 CKby

k:
m k=0,

k 1k 1t k ks
mk=1,

k>0
0= g o is the well-knowngraph Laplacian

1 =curl curl grad div
= Important Properties:

k positive semi-de nite

ker( k) =ker( | ;)\ ker(): divergence-free and
curl-free calledharmonics
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Hodge Decomposition Theorem

The space of pairwise rankings,!C g;R), admits an orthogonal
decomposition into three

C'( 6iR)=im( o) Hi
where

im( ;)
Hi =ker( 1)\ ker( o) =ker( 1):
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L Hodge Decomposition Theorem

Hodge Decomposition lllustration

CYCLIC(divergence-free)
ker 4
im

0

Global

Harmonic
(globally acyclic)

(locally acyclic)

ker |

LOCALLY CONSISTENT(curl-free)

Figure: Hodge decomposition for pairwise rankings
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L Hodge Decomposition Theorem

Harmonic Rankings: Locally but NOT Globally Consist

Figure: (a) a harmonic ranking; (b) from truncated Net ix network
=] = = =
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Rank aggregation as a linear projection

Corollary
Every pairwise ranking admits a unique orthogonal deconiipnyg

W = Projim o W + Proj ger oW

pairwise= grad(global) + cyclic
Particularly the rst projection grad(global) gives a global ranking
X =(g0) W=

( o)Ydivw
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I—Rank aggregation as a linear projection

When Harmonic Ranking Vanishes

Corollary

If the clique complex ¢ has trivial 1-homology (no holes of
boundary length 4), then triangular transitivity curlw = 0)
implies the existence of global rankimg o.

m On simple-connected domainsuyrl-freevector elds are
integrable

m With trivial 1-homology ¢, local consistency implies the
global consistency

m A particular case is whe is a complete graph, the
projection on transitivity subspace gives a unique global
ranking, calledBorda Count(1782) in social choice theory
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I—Rank aggregation as a linear projection

Example: Erdes-Renyi Random Graph

Theorem (Kahle '06)
For an Erdos-Renyi random graph( p) with n vertices and each

edge independently emerging with probability p, its cliquemplex
c almost always has zerb-homology, except that

1 1
s 2

=

random graph?

m Note that full Net ix movie-movie comparison graph is alntos
complete (022% missing edges), is that a Erdes-Renyi
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I—Rank aggregation as a linear projection

pairwise ranking:

Which Pairwise Ranking Model is More Consistent?
Curl distribution measures thatrinsic local inconsistencin a

‘Curl Distrbution of Painwise Rankings

100 200 300

00 500 600 700 800 900 1

red have the thinnest tail.

Figure: Curl distribution of three pairwise rankings, based on most
popular 500 movies. The pairwise score di erence (the Linemdel) in

=
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I—Rank aggregation as a linear projection

Comparisons of Net ix Global Rankings

Mean Score Score Dierence Probability Di erence Logaritic Odd Ratio
Mean Score 1.0000 0.9758 0.9731 0.9746
Score Di erence 1.0000 0.9976 0.9977
Probability Di erence 1.0000 0.9992
Logarithmic Odd Ratio| 1.0000
Cyclic Residue 6.03% 7.16% 7.15%
Table: Kendall's rank correlation coe cients between di erent gbal

rankings for Net ix. Note that the pairwise score di erencighe Linear
model) has the smallest relative residue.
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Why Pairwise Ranking Works for Net ix?

m Pairwise rankings are good approximationsgshdient ows
on movie-movie networks

m In fact, netix data in the large scale behave like a
1-dimensional curve in high dimensional space

m To visualize this, we may use a spectral embedding approach
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Spectral Embedding

m Map every movie to a point ir8* by

m Do SVD onY, which is equivalent to do eigenvalue
decomposition on the linear kernel

K(s;t)= hs;ti%; d=1; st2s*

m K(s;t) is non-negative, whence the rst eigenvector captures

the centricity (density) of data and the second captures a
tangent eld of the manifold.
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SVD Embedding

Figure: The second singular vector is monotonic to the mean score,
mean score

indicating the intrinsic parameter of the horseshoe cursaliiven by the
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Conclusions

m Ranking asl-dimensional scalingf data

m Pairwise ranking as approximate gradient elds aws on
graphs

m Hodge Theory provides aarthogonal decompositioffor
pairwise ranking ows

m This decomposition helps characterize thecal (triangular)
vs. global consistencgf pairwise rankings, and gives a
natural rank aggregatiorscheme

m Geometry and topology play important roles, but everythiisg
just linear algebra

u]
L)

1
u
!
V)
P
i)



Combinatorial Hodge Theory and a Geometric Approach to Rankng

Acknowledgements

Gunnar Carlsson
Vin de Silva
Persi Diaconis
Leo Guibas

Fei Han

Susan Holmes
Qixing Huang
Xiaoye Jiang
Ming Ma

m Jason Morton

Art Owen

Michael Saunders
Harlan Sexton
Steve Smale
Shmuel Weinberger
Ya Xu

!
V)
P
i)



	Outline
	Ranking on networks (graphs)
	Netflix example
	Skew-symmetric matrices and network flows

	Combinatorial Hodge Theory
	Discrete Differential Geometry
	Hodge Decomposition Theorem
	Rank aggregation as a linear projection

	Why pairwise works for netflix: a spectral embedding view
	Conclusions

