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On the mesoscopic Eulerian formalism for the
simulation of non-isothermal dilute turbulent

two-phase flows

By J. Dombard†‡ AND L. Selle†‡

We address the numerical simulation of particle-laden turbulent flows in the dilute
regime, i.e., when the volume fraction of the dispersed phase is small. However, because
of the potentially large density difference between the two phases, the dispersed phase
may be significantly inertial and not exactly follow the carrier. For a dilute two-phase flow
(typically a cloud of droplets or solid particles in a turbulent gaseous flow), there are at
least two effects of inertia: (1) Preferential concentration can result in steep gradients in
the number density of particules and (2) Because inertial particles have a large ‘memory’
time scale, two particles that are very close can have drastically different properties, i.e.,
velocity, size and temperature. These peculiar characteristics call for specific modeling
strategies and raise additional problems for the numerical simulation of dilute two-phase
flows. A series of test cases are presented to evaluate the performance and robustness
of two numerical strategies, in particular one called the PSI scheme that ensures the
positiveness of the number density. Then a particle-laden turbulent planar jet is computed
to evaluate the importance of the uncorrelated heat flux in the mesoscopic formalism.

1. Introduction

Particle or droplet-laden turbulent flows are encountered in industrial processes as well
as natural phenomena. The accuracy of their numerical simulation can have a positive
impact on a broad range of applications such as engine performance, pollutant emission
levels, weather and climate prediction, etc. In this two-phase flow regime, there are sev-
eral modeling approaches that can be broadly divided in three categories: (1) the flow
can be resolved all the way down to the scale of the particle; (2) the particles can be
tracked individually and followed in a Lagrangian way; and (3) a statistical description
can be used to derive Eulerian equations for the dispersed phase, which is represented
as a continuous field. Quite obviously, option (1) is the most expensive and despite sig-
nificant advances, (Menard et al. 2007; Desjardins et al. 2008) remains out of reach for
most turbulent dilute flows because of the computational cost. Strategies (2) and (3)
are now widely used techniques, but both modeling and computational issues remain.
Most Lagrangian formulations for example assume that the particle is a point resulting
in approximations for source terms to and from the dispersed phase. The computational
burden of Lagrangian simulations is also roughly proportional to the number of particles,
which necessitates additional modeling for some applications. However, this framework
is particularly attuned for flows far from equilibrium where the dispersed-phase behav-
ior strongly depends on boundary and initial conditions. Throughout the paper, we will
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consider particles rather than droplets because we do not address cases where the evap-
oration process is significant. Nevertheless, the same rationale applies to droplets.

The objective of this work is to address the challenges specific to option (3): the Eule-
rian formulation. Being a statistical description, the obvious advantage to the Eulerian
formulation is that its computational cost does not depend on the number of particles. It
is also very easy to parallelize through domain decomposition. However, two weak points
will be addressed in this paper:

(a) Numerics: Particles tend to be ejected from high-rotation regions and gathered in
high-strain regions (Squires & Eaton 1991) so that preferential concentration occurs and
strong gradients and very small-scale structures are generated in the number density of
the dispersed phase. Because it is crucial that this quantity remains positive, specific
numerics must be used.

(b) Modeling: The Eulerian equations should account for the fact that two nearby
inertial particles may have uncorrelated properties. Following the work of Février et al.

(2005) on the decomposition of the velocity field, we will address here the the topic of
uncorrelated particle temperature. Indeed, the particle (or droplet) temperature may
have a great influence on evaporation rates or chemical reaction rates.

In Sec. 2 the mesoscopic Eulerian formalism (MEF) is presented with the conservation
equations and models for the uncorrelated contributions to momentum and heat fluxes.
Section 3 will present the numerics and an assessment of their performance on several
academic cases. Finally in Sec. 4 the modeling of the heat transfer to the dispersed phase
will be addressed in the case of a temporal planar turbulent jet.

2. The Mesoscopic Eulerian Formalism

2.1. General presentation

The MEF was originally presented by Février et al. (2005). Using Direct Numerical Sim-
ulations (DNS), they observed that two arbitrarily-close particles may have drastically
different velocities. In other words, the two-point correlation between particle velocities
does not reach unity when the distance goes to zero ( c.f. their Fig. 3). Based on this
observation, the cornerstone of the MEF is a statistical-average operator, 〈•|Hf〉 that
corresponds to the average over all particle realizations for a fixed carrier-fluid realization
Hf . This operator splits the particle velocity, up, in two contributions: a continuous, self-
coherent velocity, ũp = 〈up|Hf 〉, shared by all particles called the mesoscopic field and
a spatially uncorrelated contribution, δup, referred to as Random Uncorrelated Motion
(RUM). One has

up (t) = ũp (xp(t), t) + δup (t) , (2.1)

where xp(t) is the position of the particle at time t. Similarly, one can decompose the

particle temperature Tp into its mesoscopic (T̃p) and uncorrelated (δTp) components:

Tp (t) = T̃p (xp(t), t) + δTp (t) . (2.2)

From the perspective of particle dynamics, it can be simply said that the mesoscopic
velocity and temperature are related to the coupling with the carrier phase, through drag
and heat transfer, and that the RUM is caused by the inertia of the particles. Indeed,
because of inertial effects, two particles may get to neighboring locations with different
trajectories and therefore different properties (velocity, temperature, etc.). Consequently,
for particle dynamics, the ratio of the inertial and viscous time scales acting on the
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particles is central for the evaluation of the relative importance of the mesoscopic and
uncorrelated contributions. This ratio is the Stokes number, St, defined as

St =
τp

τf

, (2.3)

where τp is the particle relaxation time and τf a time scale typical of the carrier phase.
Using the particle thermal time scale τθ, a thermal Stokes number, Stθ, may be also
defined as

Stθ =
τθ

τf

. (2.4)

In this work, we will use the following definitions:

τp =
ρpd

2

p

18µ
; τf =

L

u′
; τθ =

3

2
Pr

Cp

Cf

τp (2.5)

where ρp is the particle density, dp its diameter, and Cp its heat capacity. The fluid
kinematic viscosity is µ and its constant-pressure heat capacity denoted Cf . The Prandtl
number of the carrier fluid is Pr. The velocity and length scales of the fluid (u′ and L,
respectively) are detailed in Sec. 4.1.

2.2. Governing equations

The set of Eulerian equations for a non-isothermal dilute particle flow in the mesoscopic
formalism was derived by Masi (2010):

∂ñp

∂t
+

∂ñpũp,j

∂xj

= 0, (2.6)

∂ñpũp,i

∂t
+

∂ñpũp,iũp,j

∂xj

= −
ñp

τp

(ũp,i − uf,i) −
∂ñpδRp,ij

∂xj

, (2.7)

∂ñpCpT̃p

∂t
+

∂ñpCpũp,jT̃p

∂xj

= −
ñpCp

τθ

(
T̃p − Tf

)
−

∂ñpCpδΘp,j

∂xj

, (2.8)

where ñp is the particle number density and uf and Tf the fluid velocity and temperature,
respectively. There are two unclosed terms in these equations corresponding to the RUM
velocity stress tensor δRp,ij and the RUM heat flux δΘp,j defined as

δRp,ij = 〈δup,iδup,j |Hf 〉 , (2.9)

δΘp,j = 〈δTpδup,j|Hf 〉 , (2.10)

2.3. Models

The RUM velocity stress tensor is decomposed into its spherical and deviatoric parts as

δRp,ij = δR∗

p,ij +
2

3
δθpδij , (2.11)

where δθp = 1/2 δRp,kk is the RUM kinetic energy. Following Simonin et al. (2002)
and Kaufmann (2004), the deviatoric part δR∗

p,ij is modeled by a viscosity assumption:

δR∗

p,ij = −νp,RUM

(
∂ũp,i

∂xj

+
∂ũp,j

∂xi

−
2

3

∂ũp,k

∂xk

δij

)
, (2.12)

νp,RUM =
τp

3
δθp (2.13)
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whereas a transport equation is solved for the RUM kinetic energy

∂ñpδθp

∂t
+

∂ñpũp,jδθp

∂xj

= −2
ñp

τp

δθp − ñpδRp,ij

∂ũp,i

∂xj

−
1

2

∂ñpδQp,iij

∂xj

. (2.14)

The third-order velocity correlation δQp,ijk = 〈δup,iδup,jδup,k|Hf 〉 in Eq. 2.14 is modeled
as suggested by Kaufmann et al. (2008):

δQp,iij = −2κp,RUM

∂δθp

∂xj

, (2.15)

κp,RUM =
5τp

3
δθp. (2.16)

With this, Eq. 2.7 is closed so the last contribution to model is the RUM heat flux δΘp

in Eq. 2.8. For this work, it was decided to use as little additional modeling as possible
for the RUM heat flux so we opted for a resolution of the conservation equations for
δΘp (Masi 2010):

∂ñpCpδΘp,i

∂t
+

∂ñpCpũp,jδΘp,i

∂xj

= −ñpCp

(
1

τp

+
1

τθ

)
δΘp,i − ñpCpδΘp,j

∂ũp,i

∂xj

−ñpCpδRp,ij

∂T̃p

∂xj

−
∂ñpδ∆p,ij

∂xj

, (2.17)

with the only assumption that the third-order contribution δ∆p,ij = 〈δup,iδup,jδTp|Hf 〉
could be neglected. This last assumption is solely based on pragmatism as we do not yet
have models available for this term.

3. Solver and numerical strategies

Equations 2.6 to 2.8 are implemented in the solver AVBP developed by CERFACS
and Institut Français du Pétrole. They are similar to the Navier-Stokes equations except
that they are known to have an extremely high compressibility, which allows for the
formation of very steep gradients and calls for specific numerical schemes. In the work
of De Chaisemartin et al. (2008) and De Chaisemartin (2009), so-called kinetic schemes
were successfully used to solve these equations. However, these schemes can not yet be
derived in the three-dimensional unstructured cell-vertex formalism of AVBP so we opted
for a different approach. Two strategies for handling the steep gradients in the dispersed
phase will be considered: the use of a positive scheme called PSI (for Positive Streamwise
Invariant) and the use of high-order centered schemes together with selective artificial
viscosity.

3.1. Numerics

The typical failure for a numerical integration of Eqs. 2.6-2.8 is that the number density
ñp becomes negative. To overcome this difficulty, it was decided to test the PSI scheme,
which was developed by Struijs (1994) and implemented in AVBP by Lamarque (2007).
The PSI scheme corresponds to an upwind discretization and its main property of in-
terest here is its intrinsic positivity. The other option investigated is to use the TTGC
sheme (Colin & Rudgyard 2000) together with selective artificial viscosity. TTGC is a
centered scheme, third-order in space and time, that has been very successful for the
simulation of gaseous compressible flows, with and without combustion (Selle et al. 2004;
Roux et al. 2005). In order to improve its robustness given the high compressibility of
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Figure 1. Particle number density for the one-dimensional convection test cases after one
turnover time: (a) TTGC without artificial viscosity, (b) TTGC with artificial viscosity and
PSI. • exact solution, TTGC, PSI.

the dispersed phase, artificial viscosity is added to the TTGC scheme. The procedure is
too lengthy to be described in this report so the reader is referred to the work of Sanjosé
(2009) (p. 90) for a thorough description. For both TTGC and PSI schemes, the integra-
tion of the carrier phase is performed using TTGC so that the differences in the results
come only from the integration of the dispersed-phase equations (Eqs. 2.6, 2.7 2.8, 2.14
and 2.17).

3.2. Results

The first test case is the convection of a top-hat perturbation in the number density in a
one-dimensional periodic domain of 1 m with 200 grid cells. The initial condition consists
of a double hyperbolic tangent profile with an overall width of 0.3 m and a gradient
width of 0.015 m. Figure 1 presents the results after one turnover time. Figure 1 (a)
shows that the TTGC scheme generates spurious oscillations that are not acceptable.
In Fig. 1 (b) TTGC is stabilized with artificial viscosity thus reducing the oscillations.
One can also see that the PSI scheme preserves the positivity of the solution but the
dissipation is substantial. The conclusion of this first test-case is that the TTGC scheme
can be stabilized to overcome steep gradients and that the PSI scheme seems robust but
its dissipation is too large.

Then a two-dimensional validation is carried out with the computation of a gaseous
vortex, derived from a Gaussian potential, laden with an initially uniform field of parti-
cles. The gaseous phase is frozen and the objective is to accurately compute the formation
of a dense ring of particles at the edge of the vortex caused by the ejection of the particles
from the central region. The Eulerian simulations are compared to an analytical solution
and to a Lagrangian computation. Figure 2 (a) compares the Lagrangian computation
and the Eulerian using TTGC to the analytical solution. This solution is an exponential
decay depending on the Stokes number of the particles and the turnover time, τv, of
the gaseous vortex. The agreement is excellent, despite a minor discrepancy for the La-
grangian simulation owing to the relatively small number of particles in the central cell.
Figure 2 (b) is a radial cut of the particle number density at t/τv = 100: one can see that
the central region is void of particles and a dense ring has formed around the vortex. Both
Eulerian computations with PSI and TTGC remain positive and accurately predict the
location of the peak but its intensity is underestimated. The important conclusion of this
test is that our numerics can represent preferential concentration but their robustness is
achieved at the price of some dissipation as the peak in particle number density in the
outer ring is missed by a factor of two. Interestingly, unlike in the one-dimensional test,
PSI now has a better performance than TTGC.
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Figure 2. Validation on a two-dimensional vortex derived from a Gaussian potential. (a) Tem-
poral evolution of the number density at the vortex center. (b) Radial profile of number density

• Lagrangian, TTGC, PSI.
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The final test is a particle-laden homogeneous isotropic turbulence at Reynolds num-
ber (based on the integral length scale) Re=17.76, Mach M=0.3, and St=0.55 using a
1283 mesh. This test includes the RUM and associated model for δRp,ij described in
Sec. 2.3, but there is no heat transfer. Figure 3 (a) shows how the particles are ejected
from the center of the vortices, thus creating dense pockets with steep numbered-density
gradients. This phenomenon called preferential concentration is measured by the quan-
tity gpp =

{
ñ2

p

}
/ {ñp}

2
, where {•} is the volume average over the whole domain. The

temporal evolution of gpp is presented in Fig. 3 (b). From an initially homogeneous field,
the segregation starts at around t/τv = 5 and culminates at t/τv = 20. Both TTGC and
PSI schemes reach levels close to the Lagrangian reference, with a delay in the initial
surge. For this most complex validation, both schemes have a comparable performance.

4. Modeling heat transfer

In this section we address the simulation of non-isothermal dilute two-phase flows with
the mesoscopic formalism described in Sec. 2. Based on the results of Sec. 3.2, it was
decided to use the TTGC scheme for this computation.
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Case name Solver RUM heat flux Grid
NT Lag 128 NTMIX Yes 1283

AV Eul 128 AVBP No 1283

AV Eul 128 HF AVBP Yes 1283

AV Eul 256 AVBP No 2563

AV Eul 256 HF AVBP Yes 2563

Table 1. List of cases, periodic boundary conditions.

4.1. Configuration

The configuration is a temporal planar jet with the inner slab embedded with particles.
The computational domain is a cubic box of size Lb = 2π10−3 m, with periodic boundary
conditions in all directions. The inner stream has a temperature T in

f = 300 K and

velocity uin
f,1 = 0.15c (where c is the local speed of sound), whereas the outer region

is initialized with T out
f = 375 K and uout

f,1 = 0. The thickness of the jet is Ljet = Lb/4
and the transition with the outer region is achieved with a hyperbolic tangent function
with an initial thickness δ = Ljet/10. In order to favor the transition to turbulence,
a perturbation is added to the initial velocity field. This perturbation is a synthetic
homogeneous isotropic turbulence with a Passot-Pouquet spectrum. The most energetic
length scale is L = Ljet/4 and the turbulence intensity is u′ = uin

f,1/10. These values of L
and u′ are used to define the carrier time scale in Eq. 2.5. The initial particle temperature
is T 0

p = T in
f and their initial velocity u0

p = uin
f . Masi (2010) determined that this initial

condition does not produce any artificial bias in the study of the dispersed phase after a
simulation time of the order of 3τp. Dynamic and thermal Stokes number are respectively
0.46 and 2.

Four simulations of this configuration were performed with AVBP: two on a 1283 mesh
and two on a 2563 mesh. For each mesh, the computation was performed with the MEF,
both with and without uncorrelated heat-flux modeling (i.e., with and without Eq. 2.17).
The first objective is to see the influence of Eq. 2.17 and the second goal is to match the
reference Lagrangian simulation performed with NTMIX. The cases are summarized in
Tab. 1.

4.2. Results

It was first decided to duplicate in AVBP the Lagrangian simulation of NTMIX: how-
ever, the resolution of the Eulerian equations on the 1283 did not seem to generate the
steep number density gradients encountered in case NT Lag 128. Through a discrete
kinetic-energy balance, this was attributed to the excessive dissipation necessary to sta-
bilize the numerics. The comparison of planar cuts of ñp are presented in Fig. 4 (a) for
case AV Eul 128 and in Fig. 4 (b) for case NT Lag 128. One can see that the Eulerian
computation does not generate the concentration levels encountered in the Lagrangian
simulation. In order to reduce this dissipation, the Eulerian computations were con-
ducted on a 2563 mesh. The corresponding field of ñp presented in Fig. 4 (c) for case
AV Eul 256 shows much higher fluctuation levels. Moreover, on the 1283 mesh, there was
no noticeable difference between AV Eul 128 and AV Eul 128 HF.

For a quantitative evaluation of the performance of the Eulerian formalism, plane-
averaged quantities are now presented as a function of the cross-stream coordinate x2.
The mean of ñp is closely matched by all Eulerian simulations, as seen in Fig. 5 (a).
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(a) (b) (c)

Figure 4. Planar cut of normalized number density ñp/ñ0

p. The gray scale goes from 0 (white)
to 2 (black). (a) AV Eul 128; (b) NT Lag 128; (c) AV Eul 256 HF.
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Figure 5. Homogeneous plane average: (a) normalized number density ñp/ñ0
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p /ñ0

p. AV Eul 128; AV Eul 256;
AV Eul 256 HF; • NT Lag 128.

The simulations with a better resolution have a slightly larger discrepancy. This will be
discussed below. The rms of ñp is presented in Fig. 5 (b). Although the AV Eul 128 clearly
does not reach the levels encountered in the Lagrangian simulation, the predictions on
the 2563 closely match the reference. However, there is no noticeable difference between
AV Eul 256 and AV Eul 256 HF.

Then, because our interest is in heat-transfer modeling, the mean and rms particle
temperatures are plotted in Fig. 6. The mesoscopic temperature T̃p presented in Fig. 6 (a)
is well reproduced for all computations. This kind of precision seems adequate for use in
engineering applications. The rms of the temperature, plotted in Fig. 6 (b), is slightly
under-predicted for case AV Eul 128 and over-estimated in both 2563 simulations. This
over-estimation is suspected to be caused by the under-estimation of the RUM kinetic
energy.

So far, we have compared only mean and rms mesoscopic quantities. These quantities
are of interest from an engineering perspective, but they are also driven by higher-order
correlations, namely the RUM kinetic energy δθp and the RUM heat flux δΘp. The
RUM quantities not only impact the evolution of the mesoscopic variables, but they
are key to other interactions such as particle collisions or droplet evaporation. Indeed,
the uncorrelated fluctuation of velocity must be accounted for in the collision rate and
similarly the uncorrelated temperature in the evaporation (or chemical reaction) rate. The
RUM kinetic energy is presented in Fig. 7 (a) and it is obvious that none of the Eulerian
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Figure 6. Mean (a) and rms (b) particle temperatures. AV Eul 128;
AV Eul 256; AV Eul 256 HF; • NT Lag 128.
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Figure 7. RUM kinetic energy (a) and streamwise component of the RUM heat flux (b).
AV Eul 128; AV Eul 256; AV Eul 256 HF; • NT Lag 128.

simulations predicts the correct level of δθp, even though the 2563 cases do a better job.
The first-order impact of δθp is on the momentum equation (c.f. Eq. 2.7), which then
causes changes in the number density field through Eq. 2.6. One may then wonder how
the profile of ñp for case AV Eul 128 presented in Fig. 5 matches that of NT Lag 128. The
reason is that coincidentally, the excessive numerical dissipation, on average, does the job
of the uncorrelated kinetic energy. For the 2563 cases however, numerical dissipation is
minimal, but δθp is under-predicted, which leads to a stiffer averaged profile of ñp. Finally,
the streamwise component of the RUM heat flux is presented in Fig. 7 (b). As expected,
only the simulations on the 1283 mesh under-predict δΘp,1 but case AV Eul 256 HF is
in very good agreement with the Lagrangian reference. For case AV Eul 256, Eq. 2.17
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is solved, but δΘp is set to zero in Eq. 2.8, which allows a sort of one-way evaluation
of the RUM heat flux. It appears in Fig. 7 (b) that despite having similar mesoscopic
quantities, in cases AV Eul 256 and AV Eul 256 HF there is a factor two in the RUM
heat flux indicating that the one-way evaluation of the RUM heat flux is inadequate.

5. Conclusion

Two numerical methods were tested for the computation of two-phase flows using an
Eulerian set of equations. One is based on centered schemes with selective artificial dis-
sipation whereas the other is a positive scheme called PSI. The performance of the two
strategies is similar for two-dimensional and three-dimensional flows and the robustness
of the PSI scheme makes it a good candidate for the computation of industrial configu-
rations. The implementation of a higher-order version of PSI should further enhance its
performance.
Direct Numerical Simulations of non-isothermal particle-laden flows were successfully
conducted using the mesoscopic Eulerian formalism. It was shown that in the case of
the planar temporal jet, the impact of the RUM heat flux on the mean quantities is
moderate but its prediction is accurate. For a more accurate evaluation of the formalism,
a more precise model is needed for the RUM kinetic energy because the levels predicted
by the current viscosity assumption are too low, which affects the prediction of the mean
quantities.
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