
Center for Turbulence Research
Proceedings of the Summer Program 2010

227

Understanding the role of temperature in free
shear flows via modification of the dynamics of the

large scales

By D. J. Bodony†

High-speed mixing layers are known become quieter when the high-speed stream is
heated at constant velocity. The cause of the noise reduction is not known but it is
hypothesized that it can be partially explained through modification of the mixing layer’s
large scale dynamics. It is found through simulations of the linearized dynamics that
the large-scale entropy fluctuations play an increasing role with increased temperature,
as expected, but also that these fluctuations are partially responsible for reducing the
radiated sound. Preliminary results from a multiscale linear theory are developed toward
explaining this observation and suggest that the entropy fluctuations are less efficient
sound radiators.

1. Introduction

High-speed turbulent shear layers are an important technological flow with a simple
geometric configuration that is ideal for studying inhomogeneous turbulence. Existing
work has predominantly focused on the turbulent velocity field, such as its dependence
on compressibility effects, because of limitations in experimental measurements of the
thermodynamic properties at high speeds and the simplification of assuming local dynam-
ics are isentropic. Non-isothermal mixing layers behave differently from their isothermal
counterparts because of changes in the coupling between the thermodynamic fluctuations
with the velocity fluctuations which alter turbulent transport and space-time correlations.

Low-speed mixing layers have been studied extensively and much is known about their
mean and turbulent velocity fields, as summarized in the reviews of Ho & Huerre (1984)
and Dimotakis (1991). The initial growth of the mixing layer is very sensitive to the state
of the boundary layer and whether any external forcing or acoustic reflection is present
(Bell & Mehta 1990). Asymptotically far away from the splitter plate their width grows
linearly with downstream distance in the absence of an externally imposed pressure
gradient. Hot-wire measurements of constant property mixing layers by Liepmann &
Laufer (1947) and Wygnanski & Fiedler (1970) have shown that a simple eddy viscosity
assumption can predict reasonably well the mean velocity U and dominant Reynolds
stress 〈u′v′〉, where u′ and v′ are the fluctuating streamwise and transverse velocities,
respectively. In addition such measurements have demonstrated the importance of the
flow inhomogeneity on intermittency, integral lengthscale variation across the mixing
layer, and a frequency-dependent convection velocity.

Instantaneous visualization of low-speed, high-Reynolds-number mixing layers iden-
tified the presence of large scale turbulent structures whose growth, and thus that of
the time-averaged mixing layer, was a function of the density ratio ρ2/ρ1 across the
mixing layer (Brown & Roshko 1974). They concluded that compressibility effects were
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more effective at altering the mixing layer growth rate and, subsequently, a large num-
ber of investigations were conducted to better understand this (Samimy & Elliott 1990;
Goebel et al. 1990; Goebel & Dutton 1991; Sandham & Reynolds 1991; Samimy et al.

1992; Clemens & Mungal 1995; Vreman et al. 1996; Simone et al. 1997; Slessor et al.

2000; Pantano & Sarkar 2002; Rossmann et al. 2002; Kourta & Sauvage 2002; Olsen
& Dutton 2003). These studies suggested that the mixing layer growth rate, dδ/dx,
was a function of a convective Mach number, Mc, which was loosely linked to the con-
vection velocity of the large structures of the mixing layer. Various definitions for Mc

exist; one of the most commonly used is that of Papamoschou & Roshko (1988) and is
Mc = (U1 − U2)/(a1 + a2) where a1, a2 are the speeds of sound on either side of the
mixing layer. However Dimotakis (1991) emphasized that this definition combines the ef-
fects of velocity and density ratio and later (Slessor et al. 2000) proposed an alternative
parameter Πc = maxi(

√
γi − 1/ai)(U1 −U2) where γi is the ratio of specific heats in the

ith stream.

By focusing on the parameter Mc, the separate effects of velocity ratio and density ra-
tio across high-speed compressible mixing layers have not been examined in great detail,
except for the effect of the latter on mixing layer growth (Brown & Roshko 1974; Pan-
tano & Sarkar 2002). Experimentally, it is challenging to measure thermodynamic fields
without intrusive diagnostics at the same level of spatiotemporal resolution as provided
by particle image velocimetry. Recent enhancements to the measurement capabilities are
changing this, however (Mielke et al. 2009). In low-speed flows wire-based techniques
are available for simultaneous temperature-velocity measurement and Antonia and co-
workers have examined in some detail their relationship in mixing layers and in jets
(Antonia & Van Atta 1975; Antonia et al. 1975; Rajagopalan & Antonia 1981). Others,
such as Tong & Warhaft (1995), have used temperature fluctuations in a low-speed flow
as a passive scalar proxy for studying turbulent dispersion.

Very little is known about the instantaneous or two-point space-time correlations of
velocity with the thermodynamic field in any high-speed turbulent flow, except for a few
singular computational efforts (Fortuné et al. 2004; Golanski et al. 2005; Bodony & Lele
2005, 2008) and recent causality experiments related to jet noise (Panda & Seasholtz
2002; Panda 2007). The successful modeling of noise sources in compressible turbulent
flows depends crucially on the space-time correlations of the fluctuations involved and it
was recently identified that the velocity-temperature correlation is the largest contributor
to noise prediction uncertainty (Bridges et al. 2008). It is a commonly held assumption
that the 〈u′T ′〉 space-time correlation is the same as 〈u′u′〉, within a proportionality
constant, but there is no simulation or experimental justification for this (Lilley 1996). As
a result, current noise prediction methodologies, aside from direct numerical or large-eddy
simulation, are unable to predict the trends in jet noise with heating without calibration;
nor do we understand the observation that heating a high-speed jet reduces its radiated
noise (Tanna 1977; Bodony & Lele 2008).

To this end we examine carefully the dynamical role played by the entropy field through
numerical simulations and a multi-scale linear theory. The geometric simplicity of the
mixing layer is exploited to simplify the analysis and as a surrogate for future work with
axisymmetric shear layers and turbulent jets.
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Figure 1. Schematic of mixing layer.

2. Linearized Euler calculations

We study first the development of disturbances on a spatially developing compressible
mixing layer (see Fig. 1) at fixed velocity ratio U1 = 0, U2 = 1.12a∞ but at varying total
temperature ratios TR = Tt2/Tt1 = {1.00, 1.25, 1.50, 2.00, 2.50, 3.00}. These conditions
span those typically found in cold, isothermal, and heated jets in the laboratory. The
Mach number of lower, high-speed stream drops from 1.3 to 0.7 as the temperature is
raised. To permit comparison with the linear theory presented in the next section, we
assume the disturbances are of sufficiently low amplitude but allow them to grow on a
turbulent mixing layer. The perturbations to the density, momentum, and total energy,
{ρ′, (ρui)

′, (ρE)′}, are governed by

∂

∂t

(

ρ′

J

)

+
∂

∂ξj

(

ρ′Ûj + ρu′

kξ̂j,k

)

= 0, (2.1)

∂

∂t

(

(ρui)
′

J

)

+
∂

∂ξj

(

(ρui)
′Ûj + ρuiu

′

kξ̂j,k + p′ξ̂j,i

)

= 0, (2.2)

∂

∂t

(

(ρE)′

J

)

+
∂

∂ξj

(

[(ρE)′ + p′]Ûj + [(ρE + p)ξ̂j,ku′

k] − p′ξ̂j,t

)

= 0, (2.3)

where Ûi = uj ξ̂i,j is the mean contravariant velocity and ξ̂i,j = J−1∂ξi/∂xj is the
Jacobian-weighted metric. These equations are valid for a calorically perfect gas with
equation of state

p′ = (γ − 1)

{

(ρE)′ − 1

2
ρ uiu

′

i −
1

2
(ρui)

′ui

}

(2.4)

in generalized curvilinear coordinates. The entropy fluctuations s′ about the local mean
s(x, y) are given by

s′

Cv

=
p′

p
− γρ′

ρ
, (2.5)

where Cv is the specific heat at constant volume. Equations (2.1)–(2.5) are dimensional;
their non-dimensional forms follow by using the reference quantities from the slow side
of the mixing layer: ρ1, c1 =

√
γRT1, (γ − 1)T1, ρ1c

2

1
, Cv, and δω,0 for the density,

velocity, temperature, pressure, entropy, and initial vorticity thickness of the mixing
layer, respectively.

The mean flow follows from the observation that most high-Reynolds-number mixing
layers are turbulent with a growth rate dδ/dx that is a function of the convective Mach
number Mc = U2/(a1 + a2) which is related to the acoustic Mach number Ma = U2/a1

and the static temperature ratio T2/T1. We thus propose the following mean flow based
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on empirical data:

u(x, y) =
Ma

2

(

1 − erf

{

y

δ(x)

})

, (2.6)

v(x, y) = 0, (2.7)

p(x, y) = p∞, (2.8)

ρ(x, y) =
γp∞

(γ − 1)T (x, y)
, (2.9)

where

δ(x) =

{

1/
√

π, x ≤ xa

1/
√

π + 2S(1 − erf(0.6Mcx), x ≥ xc,
(2.10)

where S = 0.10 is an estimate of incompressible turbulent mixing layer growth (Pope
2000) and 1−erf(0.6Mcx) is the compressibility correction to it. Observe that for x ≤ xa

the mixing layer is parallel and for x ≥ xc the mixing layer grows linearly; for xa ≤ x ≤ xc

a circular fillet blends the two growth rates. Finally, the mean density follows from the
assumption of constant mean pressure and the Crocco-Busemann relation,

T (x, y) = −1

2
u2 + C1u + C2 (2.11)

where C1 = (1 − T2/T1)/(γ − 1) + Ma/2 and C2 = (T2/T1)/(γ − 1) + M2

a/2 − MaC1.

2.1. Incident spatial instability waves

To perturb the shear layer, linear waves from a spatial instability analysis are added
through the inflow boundary condition and through an upstream sponge region (Bodony
2006). The sponge, which adds a term −σ(x)(~q − ~qt) to the right-hand-side of the gov-
erning equations, drives the current solution ~q = {ρ′, (ρ~u)′, (ρE)′} to the target so-
lution ~qt, the latter of which comes from instability theory. By assuming the ansatz
~qt = ~q(y) exp{i(αx−ωt)}, with ω > 0, a single second order differential equation for the
vertical velocity v̂(y) eigenfunction results with α the complex eigenvalue. The real and
imaginary parts of α are shown in Fig. 2 as a function of the non-dimensional frequency
St = (ω/2π)M−1

a (Dj/θ0)(θ0/δω,0) where, based on a Dj = 1 inch diameter nozzle, at
laboratory conditions Dj/θ0 = 254, and θ0/δω,0 = 0.23, for momentum thickness of
θ0 = 0.1 mm.

2.2. Numerical method

Equations (2.1)–(2.5), in non-dimensional form, were solved using a globally third-order
accurate summation-by-parts approximation with an explicit norm (Strand 1994); the
scheme is second order on boundaries and fourth order in the interior. The boundary
conditions utilized the simultaneous-approximation-term approach (Svärd et al. 2007)
modified for the current linearized equations. The time advancement used a traditional
fourth-order Runge-Kutta method with a fixed timestep corresponding to a CFL of
approximately 0.4. This approach has been shown to be stable and accurate for a variety
of problems in aeroacoustics (Bodony 2010).

2.3. Single frequency results

Results from the linearized simulations are presented here for a single frequency case of
ω = 0.1a∞/δω,0; multi-frequency results will be presented elsewhere. After the instability
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Figure 2. Linear instability wavenumber αr (left) and growth rate −αi (right) for a heating
planar mixing layer with constant velocity U1 = 0, U2 = 1.12a∞, and varying total temperature
ratio TR = Tt2/Tt1.

Figure 3. Instantaneous density perturbation ρ′ for the cold (TR = 1.0, left), isothermal (TR
= 1.25, middle), and heated (TR = 2.00, right) mixing layers. Vertical dashed line corresponds
to end of sponge region.

waves are introduced, a transient period follows after which a steady, sinusoidal temporal
response of all points in space is observed. At the steady state root-mean-square velocity,
pressure, and entropy fluctuations are recorded. The varying growth rates of the insta-
bility waves with temperature imply that the peak fluctuation levels will be different
for a fixed given initial disturbance amplitude. Thus, to put the simulations on an equal
footing, the linear results are scaled such that the peak level of u′ root-mean-square along
y = 0 is unity. Justification for this scaling comes from the experimental observation that
in heated jets the mixing layer fluctuation levels are approximately constant for fixed ve-
locity (Bridges & Wernet 2003). The scaling factors, relative to the cold mixing layer,
where A ∈ {1.00, 1.99, 4.41, 22.10, 77.47, 189.53}, in a trend consistent with the increase
in −αi with increasing TR. All fields are scaled accordingly.

A visualization of the scaled ρ′ and the mean streamwise velocity is given in Fig. 3 for
a mixing layer at three different temperature ratios corresponding to cold, isothermal,
and heated. It is observed that above the mixing layer the density field diminishes in
amplitude with increasing temperature, consistent with experimental data on high-speed
jets.

A more quantitative view is given in Fig. 4, which shows the scaled streamwise velocity,
pressure, and entropy root-mean-square values, as functions of the temperature ratio,
along y = 0. Observe that in Fig. 4a the peak velocity for each curve is one, though
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Figure 4. Normalized fluctuations from linear analysis of a ∆U = 1.12a∞ shear layer. Arrow
shows increasing ratio of Tt2/Tt1. (a): scaled u′

x. (b): scaled p′. (c): scaled s′. The vertical lines
correspond to xa and xc, respectively.

the peak location moves upstream with heating. After the peak value of u′

x there is a
local minimum followed by a secondary rise whose value at large x/δω,0 approaches a
constant that depends on the temperature ratio. The pressure fluctuations, in contrast,
exhibit a single peak and then rapidly decay downstream. The peak pressure fluctuation
diminishes with increased heating. Finally, the entropy fluctuations show an exponential
rise followed by a plateau at large downstream locations without a distinct maximum.
The entropy plateau amplitude is minimum for the isothermal mixing layer and increases
with increasing temperature ratio. It appears from the data in Fig. 4 that the velocity
and entropy fields become tightly coupled downstream in the mixing layer whereas the
pressure field is initially coupled to the velocity but then is not continuously generated,
resulting in a single-peaked profile. This latter observation is also found in the far-field
directivity as shown in Fig. 5 where the pressure fluctuations as a function of angle from
the downstream mixing layer axis diminish monotonically with increasing temperature.

3. Multiscale linear theory

The numerical results in the previous section are consistent with large scale nonlin-
ear simulations and with experiment where heating a high-speed shear flow reduces its
radiated sound. To explain the observations we appeal to linear theory and follow the
approach of Tam & Morris (1980). Only preliminary results are available at this time,
which are as follows. The mean flow used varies slowly in the x-direction but has rapid
variation in the y-direction, which suggests introducing a slow coordinate X = ǫx where
ǫ ≪ 1 is a measure of the growth rate dδ/dx. In doing so suppose we expand ~u as
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[U(y/X), ǫV (y/X)]T and propose for the perturbations the ansatz

~q′ =

{

∞
∑

n=0

ǫnq̂n(y, X)

}

exp[i(θ(X) − ωt)], (3.1)

where dθ/dx = α(X) is the local wavenumber and ω is the real-valued frequency as
before. After substituting Eq. (3.1) into Eqs. (2.1)–(2.3), the order unity equations may be
combined into a single second order differential equation for p̂0, the pressure disturbance,
as

d2p̂0

dy2
+

[

2α

ω̂

dU

dy
+

1

γ

ds

dy

]

dp̂0

dy
−

[

α2 − ω̂2M2

aρ
]

p̂0 = 0, (3.2)

where ω̂ = ω−αU . Equation (3.2) depends on both the mean velocity and mean entropy
gradients and describes the same dynamics as the linear instability waves from §2.1.

Shown in Fig. 6 are the order unity solutions to Eq. (3.2). As the mixing layer grows
the eigenvalue α of the unstable modes shown in Fig. 2 changes, as seen in Fig. 6(b)
and Fig. 6(c). As the mode becomes damped the critical layer y∗, defined by ω̂(y∗) =
ω−U(y∗) = 0, crosses the real axis in the complex y-plane and one must integrate around
it. To do this the method of Boyd (1985) is adopted where Eq. (3.2) is integrated in the
complex y-plane by parameterizing the integration path y = Y(x), with x real, by the
simple mapping

y = x + i∆exp

{−(x − ζ)2

σ2

}

(3.3)

with ∆ = 0.10 + Im(y∗), ζ = y − Re(y∗), and σ = 0.1. The integral
∫ x

0
α(x′) dx′ equals

the phase θ(x) function required in Eq. (3.1).
When coupled to evanescent boundary conditions at |y| → ∞ the solution p̂0 is not

uniformly valid away from the mixing layer as x → ∞ and must be coupled to a global
solution via the method of matched asymptotics. It can be shown that the far-field
acoustic solution, obtained after matching terms at intermediate values of y above the
mixing layer, is of the form

p′(r, θ, t) =

∞
∑

n=0

ǫn

∫

∞

−∞

gn(k) exp[i(−
√

M2
aω2 − k2 sin θ + k cos θ)r − iωt] dk, (3.4)

where gn(k) is the x-Fourier transform of the amplitude function gn(x) of the pressure
fluctuations along the centerline, as shown in Fig. 3b. Extracting gn(x) from the time-
domain data requires an adjoint calculation to ensure orthogonality between p̂0 and its
adjoint, a procedure which is not yet complete.

4. Concluding remarks

Preliminary results from the analysis of a planar, two-dimensional high-speed mixing
layer at non-isothermal conditions show consistency with observations from experiments
and non-linear large-eddy simulations of high-speed turbulent jets where the radiated
sound decreases with increasing temperature ratio. The cause of the reduction is not yet
known but is believed to be related to the emergence of significant entropy fluctuations
within the mixing layer created by the spatially varying mean velocity and mean entropy
gradients. A multiscale linear theory suggests a path for explaining the observations by
coupling a multiscale expansion near the mixing layer to a globally valid outer problem
through the method of matched asymptotic expansions.
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Figure 5. Directivity of pressure fluctuations on an arc of radius 600δω,0 from the end of
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