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Modeling roughness effects in turbulent boundary
layers by elliptic relaxation

By J. George†, A. De Simone, G. Iaccarino AND J. Jiménez‡

The modeling of roughness effects in turbulent boundary layers (TBLs) is considered
using the elliptic relaxation method of Durbin (1993), which takes into account non-local,
wall-blocking effects. His approach considers a term, analogous to energy redistribution,
that combines the effects of the near-wall velocity-pressure gradient correlation and the
anisotropic dissipation rate and, by extension, the near-wall stress anisotropy and the
non-local pressure-strain effects. An extensive experimental data-set comprising smooth-
wall and various rough-wall TBLs over distributed three-dimensional roughness (George
2005) is used to quantify this term and its response to roughness. Further, this data-set
is used to estimate appropriate length and time scales for rough-wall, which are used
to modify the elliptic relaxation in the v2 − f model framework. A priori testing of
eddy viscosity using the data confirms that wall-normal stress (v2) is a more appropriate
velocity scale than turbulence kinetic energy in rough-wall computations.

1. Introduction

The calculation of roughness effects on wall-bounded flows poses major challenges so
much that V.C. Patel entitled his lecture, Flow at High Reynolds Number and Over
Rough Surfaces-Achilles Heel of CFD (Patel 1998), a statement that still holds good.
Recent studies on computation of rough-wall flows have used Direct Numerical Simula-
tion (DNS) and Large Eddy Simulations (LES), but the resolution requirements needed
to resolve the roughness geometry, especially those involving three-dimensional rough-
ness, and the need to resolve a hierarchy of scales from the smallest scales to the outer
length scales make the solutions impractical for high-Reynolds number flows. Hence it
is necessary need to develop and use robust Reynolds-averaged Navier-Stokes (RANS)
models for applications to complex flows and geometries such as the rough-wall flows.

Among RANS models, Durbin’s v2 − f model (Durbin 1993) is particularly attractive
owing to its relatively simple formulation. It is a better alternative to the conventional
k − ǫ model because the v2 − f model is suitable right up to the wall and does not need
damping functions to mimic the attenuation of turbulence close to the wall in the case
of smooth-walls. For rough-walls, the low-Reynolds-number k − ǫ models need damping
functions that include equivalent sand grain roughness in order to obtain the effect of
increased turbulent mixing near the rough-wall (Lu & Liou 2007). The need for damping
functions is avoided in the v2−f model by incorporating near-wall turbulence anisotropy
and non-local pressure-strain effects through an elliptic relaxation equation that captures
the non-local, wall-blocking effects. This feature is crucial not only in the computation of
strongly heterogeneous flows such as rough-wall flows but also toward accurate prediction
of heat transfer, skin friction, and turbulent boundary layer separation.

Some examples of complex flows computed satisfactorily using the v2 − f model are
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subsonic and transonic flow around airfoils (Kalitzin 1999), flows with adverse pressure
gradient and around bluff bodies (Durbin 1995), and three-dimensional pressure-driven
turbulent boundary layers around a wing-body junction (Parneix et al. 1998). The main
features of the mean quantities and the turbulence kinetic energy (k) were adequately
reproduced despite the fact that the model employed linear eddy viscosity hypothesis.
The attraction of fewer equations and more robustness than Reynolds stress models,
along with inclusion of elliptical relaxation in a linear eddy viscosity framework, has
made the v2 − f model quite popular, and it is now also available in several commercial
codes (Iaccarino, 2001, Gatski et al. 2007).

With the above mentioned reasons, there is more than sufficient impetus to model
roughness effects using the v2 − f model. This would be quite different from most of the
engineering RANS models that have been developed for rough-walls where the modifi-
cations to the log-law are directly incorporated through an ad-hoc tuning of the model
coefficients. To the authors’ best knowledge, this is the first time the v2 − f model
is used in the computation of rough-wall flows over distributions of three-dimensional
roughness, and hence it is very important to study the behavior of this turbulence model
to roughness effects.

In the v2 − f model (Durbin & Pettersson Reif 2001), the system of equations for the
Reynolds stress tensor (τij) is replaced by a transport equation for a velocity scalar, v2,
and an elliptic equation is introduced for a function, f , which is analogous to an en-
ergy redistribution term. This term represents the combined effects of near-wall velocity-
pressure-gradient correlation and the anisotropic dissipation rate. One goal of the present
investigation is to look at the possibility that modifications to this energy redistribution
can be correlated to the roughness. This is made possible by examining the experimen-
tal data of George (2005) wherein the flow structure within and above a rough surface
in moderately high-Reynolds number turbulent-boundary layers (TBL) was explored in
great detail with a three-orthogonal-velocity-component Laser Doppler Velocimeter. Dif-
ferent surfaces containing sparse distribution of cylinders, with heights (h) to boundary
layer thickness (δ) ratios of less than 2.5%, generate fully developed flows that range from
transitionally rough to fully rough. The full complement of mean velocities, Reynolds
stresses and triple products are used to estimate the term analogous to the energy re-
distribution term. The second goal of this study is to obtain turbulence length and time
scales from the experimental study for their use in the computations of rough-wall flows
using the v2 − f model.

2. Approach

2.1. Details of the experiments

Detailed 3-orthogonal-velocity-component Laser-Doppler Velocimetry (LDV) and other
measurements were performed to understand and describe the rough-wall flow struc-
ture (George 2005). The measurements include mean velocities, turbulence quantities
(Reynolds stresses and triple products), surface pressure, and oil flow visualizations in
fully developed two-dimensional rough-wall flows for Reynolds numbers (Reθ), based on
momentum thickness (θ), ranging from 7000 to 15000. Uniform circular cylindrical rough-
ness elements of 0.38, 0.76 and 1.52 mm height (h) were used in square and staggered
patterns, yielding six different roughness geometries of rough-wall surface. The rough-
ness Reynolds numbers (h+) based on the element height (h) and the friction velocity
(Uτ ), range from 26 to 131. A detailed grid of profiles (40-45) was measured within the
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Figure 1. Measurement locations in the two-dimensional rough-wall boundary layers: (a)
straight orientation, (b) staggered orientation. Each point represents a profile in the wall-normal
direction. The cylinder diameter (d) is 1.98 mm, and center-to-center spacing (D) is 5.49 mm.

Case h Orientation Ue δ δ∗ θ Reθ h/δ Uτ h+

(mm) (m/s) (mm) (mm) (mm) (m/s)

0 0 smooth wall 26.97 39.0 6.09 4.47 7300 - 0.966 -
1 0.38 straight 27.19 51.9 8.68 5.92 9179 0.0073 1.131 26
2 0.38 staggered 27.34 51.2 8.72 6.02 9945 0.0074 1.144 26
3 0.76 straight 27.56 58.5 11.28 7.25 12067 0.013 1.272 59
4 0.76 staggered 27.37 58.7 11.38 7.40 12231 0.013 1.295 60
5 1.52 straight 27.51 63.1 13.94 8.30 13789 0.024 1.394 128
6 1.52 staggered 27.20 70.4 14.77 9.03 14828 0.022 1.420 131

Table 1. Boundary layer parameters for the smooth wall and the six cases of two-dimen-
sional rough-wall turbulent boundary layers at x/D = 0.5, z/d = 0. Kinematic viscosity
ν = 1.656× 10−5 m2/s.

rough-wall and around the roughness elements, as shown in Fig. 1. These measurements
are used to obtain the various terms in the transport-rate equations for the wall-normal
Reynolds stresses (v2) and turbulence kinetic energy (k). Table 1 presents a summary of
the flow cases along with their boundary layer parameters.

2.2. Details of the modeling approach

For incompressible flows, the Reynolds stress transport equations can be written as

∂uiuj

∂t
+ Cij = Pij + Πij − ǫij + TDij + V Dij (2.1)
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∂uiuj

∂xk
, (2.2)
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∂xk
− uiuk

∂Uj

∂xk
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∂p
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∂p

∂xi
, (2.4)
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Dissipation: ǫij = 2ν
∂ui

∂xk

∂uj

∂xk
, (2.5)

Turbulent diffusion: TDij = −
∂uiujuk

∂xk
, (2.6)

Viscous diffusion: V Dij = ν
∂2uiuj

∂xk∂xk
. (2.7)

Following Durbin (1993) we can recast equation (2.1) as

∂uiuj

∂t
+ Cij + ǫ

uiuj

k
= Pij + Πij −

(

ǫij − ǫ
uiuj

k
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)

+ TDij + V Dij , (2.8)

where k is the turbulence kinetic energy and ǫ its dissipation rate. The relaxation tensor
function (fij) is determined by the following elliptic PDE:

L2 ∂2fij

∂xk∂xk
− fij = −

φqh
ij

k
−

bij

T
, (2.9)

where L and T are the appropriate turbulence length and time scales, and bij is the
anisotropy tensor, defined as

bij ≡
uiuj

k
−

2

3
δij . (2.10)

Considering the v2 − f system, Eqs. (2.7) and (2.8) reduce to

∂v2

∂t
+ Uj

∂v2

∂xj
+ ǫ

v2

k
= Pvv + kf −

∂v2uj

∂xj
+ ν

∂2v2

∂xj∂xj
, (2.11)

L2∇2f − f = −
φqh

k
−

b22

T
, (2.12)

where φ = kf , T = k/ǫ, and b22 ≡ (v2/k − 2/3). The present study uses the Rotta+IP
(isotropization of production) model as the source term, φqh (Manceau & Hanjalic, 2000).
The basic premise behind roughness modeling is to introduce modified length and time
scales in the elliptic PDE in order to modify the damping due to the roughness.

2.3. Determination of the analogous term to the energy redistribution (φ) and the
relaxation function (f)

As seen from Eq. (2.8), φ is the sum of velocity-pressure gradient correlation and the
anisotropic dissipation and is equal to kf in Eq. (2.11). This term can be obtained as a
remainder because all the other terms can be calculated using the experimental data-set
of George (2005). The dissipation of k (ǫ) is obtained as a remainder of the k budget if
the pressure-diffusion term can be modeled (Lumley 1978) because all the other terms
can be calculated. Note that owing to continuity, the pressure-strain term in k budget
goes to zero.

2.4. The v2 − f model equations

The following equations are in addition to the system of equations for the k−ǫ model (see
Appendix B, Manceau & Hanjalic, 2000). The equation for v2 is obtained by ignoring
its production term in Eq. (2.11) and the turbulent diffusion is modeled using a gradient
approach.
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Dv2
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L2∇2f − f = (1 − C1)
(2/3 − v2/k)

T
− C2

P

k
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The eddy viscosity νT = Cµv2T , and P = 2νT SijSij , where Sij = 1/2(∂Ui

∂xj
+

∂Uj

∂xi
). The

length (L) and time (T ) scales of turbulence are defined by
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[
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ǫ
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(
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ǫ

)1/4]

, (2.15)
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[

k

ǫ
, CT

(

ν

ǫ

)1/2]

. (2.16)

The bound is to ensure that the scales are above the Kolmogorov scales. The model
constants are Cµ = 0.22, C1 = 1.22, C2 = 0.6, CT = 6.0, CL = 0.2, Cη = 80.0. The wall

boundary conditions are: Ui = 0, k = 0, v2 = 0, ǫ = 2νk/y2, f = −20ν2v2/(ǫy4).

3. Results and discussion

It should be noted that the results presented here are those obtained by averaging over
a plane at a constant distance from the wall, and hence they are not location-dependent
within the rough-wall.

Figure 2 shows the distributions of the term analogous to energy redistribution, φ+,
for various rough-wall cases, where φ+ = φ/(U4

τ /ν). For the sake of comparison, the plot
also displays those for smooth-wall channels and TBLs obtained using DNS. Although
the smooth-wall TBLs show similar behavior in their distributions, those for the rough-
wall are starkly different. For a smooth-wall, the distributions display gentle peaks at
about y+ of 35, just above the buffer layer, which is considerably farther away from the
location of y+ of 10-15 where peak production of k occurs. The latter location is also
close to the region denoting peak dissipation of k. Perhaps the behavior of the maxima
of φ distributions is related to the diffusion of turbulence and its redistribution through
pressure fluctuations to regions away from these peak locations. For the rough-walls,
however, the peaks of both production of k and its dissipation, also production of v2 stress
(which is primarily due to the term v2∂V/∂y), occur in the neighborhood of the element
height, and large levels of turbulence are transported and redistributed from these regions
throughout the roughness sublayer region that extend to three element heights (George
2005). This behavior perhaps explains the location of peaks in the distributions of φ+ at
regions slightly above the element height.

The distributions of φ+, when plotted as an offset with the roughness height (h+) in
Fig. 3, indicate that the width of the φ+ distribution is related to the diameter of the
roughness element. Also, the peak values of the distribution, φ+

max, display an exponential
decay with roughness height as seen in Fig. 4. The behavior of the elliptic relaxation
function, f+, which is φ+/k, is similar to those for the φ+ distribution but is not shown
here for the sake of brevity.

The length (L) and time (T ) scales resulting from flow turbulence, used in the v2 − f
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Figure 2. Variation of the term analogous to energy redistribution (φ+) with distance from
the wall (y+). The dashed lines indicate the location of the roughness element height. ——
Reτ = 395 (Kim et al. 1987); – – – Reτ = 590 (Moser et al. 1999); – - – Reτ = 950 (Del
Alamo et al. 2004); — — Reτ = 2000 (Jiménez et al. 2010); .. - .. - Reθ = 1410 (Spalart 1988);
— — Reθ = 1100 (Jiménez et al, 2010); — . — Reθ = 1551 (Jiménez et al. 2010) ; — . .
—Reθ = 1968 (Jiménez et al. 2010) ; ◦ Reθ = 7300 (George 2005) ; Rough-wall, h =0.38 mm;
△ Rough-wall, h = 0.76 mm; ⋄ Rough-wall, h = 1.52 mm; straight orientation: open symbols;
staggered orientation: closed symbols.

model, are given by L = CL(k3/2/ǫ), and T = k/ǫ (Eqs. 2.15 and 2.16). The nondi-
mensionalized length scale, L+ = LUτ/ν, and time scale, T + = TU2

τ /ν, are plotted as
a variation with distance from the wall in Fig. 5. The results reveal that the variation
is fairly constant within the rough-wall, up to the roughness element height, which is
indicative of the low-momentum separated flow regions within the rough-wall. The con-
stancy in the length scale behavior is also similar to that outlined for mixing length in
the canopy model for three-dimensional roughness elements (Belcher et al. 2003). The
length scales are of the order of the roughness height and are representative of the eddies
formed behind the roughness elements. Further, both constant length (L+

h ) and time
(T +

h ) scales vary almost linearly with increase in the element height, as shown in Fig.
6, and these constant scales are used in the elliptic relaxation Eqs. (2.12 and 2.14) to
provide the appropriate modification caused by roughness.

A priori testing of eddy viscosity from the experimental data using the v2 − f model
equations indicates that eddy viscosity can be satisfactorily reproduced as shown in Fig.
7, where nondimensionalized eddy viscosity, ν+

T = νT /ν, is presented as a variation with
distance from the wall. The closed symbols indicate actual eddy viscosity obtained from
the data, which is −uv/(∂U/∂y), and open symbols indicate those obtained using the
model equation, νT = Cµv2T , where T is the time scale. The satisfactory agreement

also demonstrates that v2 is the more appropriate velocity scale rather than turbulence
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Figure 3. Variation of φ+, with distance from the wall (y+) offset by nondimensionalized
element height, h+. Rough-wall, h =0.38 mm; △ rough-wall, h = 0.76 mm; ⋄ rough-wall,
h = 1.52 mm; straight orientation: open symbols; staggered orientation: closed symbols.

Figure 4. Variation of φ+
max with nondimensionalized element height, h+. Two-dimensional

rough-wall TBL, straight: ; two-dimensional rough-wall TBL, staggered: △.

kinetic energy (k). For the sake of brevity, plots obtained using the latter as a velocity
scale are not shown here.

4. Conclusions

A modeling scheme is outlined to compute rough-wall turbulent boundary layers us-
ing the elliptic relaxation scheme within the v2 − f model framework. The data-sets
obtained from the LDV measurements of various transitionally rough and fully rough
two-dimensional turbulent boundary layers are used to obtain the various terms in the
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Figure 5. Variation of roughness scales with distance from the wall, y+. (a) Length scale, L+;
(b) Time scale, T+. The dashed lines parallel to the x-axis denote the constancy in the value
of the scales along with their values. Smooth-wall, Reθ=7300 (George, 2005): ◦; Rough-wall,
straight, h =0.38 mm: ; Rough-wall, straight, h =0.76 mm: △; Rough-wall, straight, h =1.52
mm: ⋄.

Figure 6. Variation of constant roughness length and time scales with nondimensionalized
element height, h+. Length scale L+

h : ◦; time scale T+

h :
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Figure 7. Comparison of eddy viscosity, ν+

T , obtained from the rough-wall experiments with

those obtained using the v2 − f model equations: (a) h =0.38 mm, straight: (b) h =0.76 mm,

straight: △; (c) h =1.52 mm, straight: ⋄. From Cµv2T : open symbols; from data: closed symbols.

budgets of wall-normal stress (v2) and turbulence kinetic energy (k). The analysis reveals
that the variations in the term analogous to the energy redistribution term, φ, is related
to the dimensions of the roughness element, and further, their maxima and that for the
elliptic relaxation function, f , occur close to the element height. Also, their peak values
decay exponentially with increase in the element height. The variations of length scales
and time scales in the rough-wall reveal that they are constant within the rough-wall,
and these constant values increase almost linearly with increase in the element height.
The roughness effects are incorporated through the use of these constant scales which
are used to modify the elliptic relaxation equation in the v2 − f model. A priori testing
of eddy viscosity obtained from the experiments reveal that the v2 − f model is able to
satisfactorily calculate the eddy viscosities using the velocity scale, v2, and the time scale
from rough-wall flows. Furthermore, v2 is a more appropriate velocity scale than k.
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