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A second-order ghost-fluid method for the
primary atomization of liquid fuel in air-blast type
injectors

By V. Moureaut AND O. Desjardinsi

This paper addresses the development of a novel method to handle high-density ratios
in the computation of interfacial two-phase flows. This study is part of a larger effort,
which aims at designing numerical solvers capable of computing the primary atomization
of fuel by high-speed air. State-of-the-art methods for two-phase flows have shown their
capability of computing primary atomization of high-speed liquids in quiescent gas with
density ratios up to 50. These methods usually fail when the liquid is atomized by high-
speed air or when the density ratio increases. In this paper, a new ghost-fluid method
(GFM) of higher order is derived and verified. This method is then applied in the primary
atomization of a low-speed water jet by a high-speed air coflow. All results show the
potential of this second-order GFM for this type of flow.

1. Introduction

While Large-Eddy Simulation (LES) has demonstrated its potential for single-phase
reacting flows in modern combustors (Boudier et al. 2007; Mahesh et al. 2006), two-
phase flow LES are limited to dispersed sprays and do not take into account primary
atomization. As a result, these two-phase computations are highly dependent on the
boundary conditions imposed for the liquid phase, which are mainly the size and velocity
distributions for the fuel droplets.

Primary atomization modeling is very challenging because it consists of unsteady topol-
ogy changes of the liquid-gas interface, which have to be accurately represented. This
process is also numerically challenging because of the discontinuous material properties
of the two phases. As an example, the density jump at the interface can be of the order
of 800 for the atomization of a water jet in air, or of the order of 1000 for liquid fuel
atomized by air in a gas turbine undergoing light-on in altitude and cold conditions.
Moreover, viscosity is also discontinuous at the interface, and surface tension creates a
pressure jump where the interface is curved, leading to other discontinuities in the partial
derivatives of the Navier-Stokes equations.

Several methods have been developed to model primary atomization. The most widely
used and promising for turbulent atomization are the volume-of-fluid (VOF) (Scardovelli
& Zaleski 1999) and level set (LS) (Sethian 1999; Osher & Fedkiw 2003) methods. These
methods suffer from various drawbacks: while VOF methods are complex and of limited
order of convergence for the interface transport, LS methods are usually plagued by
spurious mass conservation errors. VOF and LS may be coupled to benefit from the
advantages of each method but the resulting algorithm is even more complex. Recently,
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Desjardins et al. (2008b) developed an accurate, fully implicit and simple LS method,
which conserves mass discretely. This accurate conservative level set (ACLS) approach
combines the concept of conservative LS introduced by Olsson et al. (Olsson & Kreiss
2005; Olsson et al. 2007) with high-order implicit transport schemes in order to conserve
mass while maximizing accuracy and robustness. The coupling with the flow solver is
achieved due to the ghost-fluid method (GFM) (Fedkiw et al. 1999).

The LS method of Desjardins et al. (2008b) has been successfully applied in the com-
putation of the atomization of a diesel jet with realistic material properties. Even if the
Reynolds and Weber numbers were decreased to make the computation affordable, the
main atomization phenomena were observed: capillary waves, ligament and drop forma-
tion, air entrainment. For this diesel jet, the liquid fuel was injected at high speed in
quiescent air, and the momentum was mainly transferred from the liquid to the gas.
At the gas-liquid interface, because of the density difference, the air was rapidly set in
motion, and the tangential velocity continuity at the interface was preserved.

In air-blast injectors, in which the air has a high velocity compared to the liquid, the
behavior of the gas is different. Indeed, the velocity gradient at the interface creates
a thin boundary layer in the gas phase. Resolving this boundary layer is out of reach
with usual LES meshes of injectors, and the numerical errors at the interface in the
momentum equation may be important or even lead to numerical instability. Hence,
limiting numerical errors is essential, especially in the case of air-blast atomization.

In this paper, a second-order GFM is presented. This method is an improvement of the
original GFM, which is only first-order at the interface. Then, this method is verified for
a 1-D test case and applied in the turbulent primary atomization of water by high-speed
air.

2. The accurate conservative level set (ACLS)

In this section, the ACLS method developed by Desjardins et al. (2008b), which is a
combination of the conservative level set method and the GFM, is described.

2.1. The conservative level set method

The method used in this study is derived from the Conservative Level Set (CLS) of
Olsson et al. (Olsson & Kreiss 2005; Olsson et al. 2007). The time advancement of the
CLS consists of two steps. The first step is a transport step of the level set ¢ at the flow
velocity u:

0
a—fjtv-(wu):o. (2.1)
The second step is a re-initialization step. In this step, a partial differential equation
is advanced in pseudo-time 7:
N

So V(1= Y)m) = V- (Ve nn) 22)

where n is the normal to the interface, and € is a diffusion coefficient, which is related to
the thickness of the level set function.

The combination of these two steps ensures that the level set is transported at the
velocity u, and that the level set retains a hyperbolic tangent profile:

b(x,t) = % (tanh <@> + 1> : (2.3)
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where ¢ is the signed distance to the interface. With this profile, the level set is located
at ¢ = 0.5, which is equivalent to ¢ = 0. The CLS method needs an accurate definition
of the interface normal n to limit the spurious interface displacements that could be
caused by the re-initialization. The originality of the Accurate Conservative Level Set
(ACLS) (Desjardins et al. 2008b) method is to rely on ¢ to compute the normals instead
of 1. This necessitates the building of ¢ before the re-initialization, and this is achieved
via the Fast Marching Method (Sethian 1999). Since the normals are computed from ¢
and not v, the low-order non-oscillatory schemes used by Olsson et al. in order to en-
sure robustness become unnecessary and can be replaced by high-order accurate implicit
schemes. The resulting ACLS method retains the mass conservation property of the CLS
method, but provides significant improvements over CLS in terms of both robustness and
accuracy.

2.2. The first-order ghost-fluid method (GFM)
2.2.1. The principle of the GFM

Following Delhaye (1974), the velocity in both phases is continuous at the interface for
atomizing sprays provided evaporation is negligible. This is not the case for the pressure
which exhibits a jump because of surface tension force and viscous stresses, and for
the pressure gradient due to the density jump. Hence, the usual discrete operators for
gradient and Laplacian of the pressure are not usable because they rely on Taylor series
expansions that are not valid in the presence of jumps.

A solution to this issue consists in expanding both phases to the other sides of the
interface. This enables the removal of the discontinuities and the computation of the
discrete operators in the same phase even across the interface. This is achieved by per-
forming Taylor series expansions of both phases from the interface I'. For the pressure
P, this is written

P(x) =P+ (x—xr) VP + 0O ((x— xr)?) , (2.4)
Py(x) = Pyr + (x = xr) - VP| . + O ((x —xr)?) , (2.5)
where the [, g and I' subscripts refer to the liquid, the gas and the interface, respec-
tively. The variable x represents the coordinates and xr is the position of the interface.

Subtracting the two previous equations defines the pressure jump [P] extended in both
phases away from the interface:

[P](x) = [Pr + (x = xr) - [VP]p. + O ((x —xr)*) . (2.6)

The pressure jump at the interface [P]r is due to the surface tension and the viscous
stresses:

[Plr = ok +2[pjrn’ - Vu-n, (2.7)

where n is the interface normal, o is the surface tension, k = —V - n is the interface
curvature, and [u|r is the dynamic viscosity jump. The pressure gradient jump can be
computed by noting that the pressure gradient weighted by the density inverse has to be
continuous for the velocity to be continuous:

[%VPL =0, (2.8)
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2.2.2. Notations

The notations used in the following derivations are given in Fig. 1. In this figure, the
interface I' is located between the nodes 7 and i+ 1. The distance between the two nodes
is Az = |[x;41 — X;|. Then, the fraction of the distance between this node pair in the gas
is written 6 = |xp — x;|/Ax. With this gas fraction, a weighted density can be defined,

p*="0pg+(1—=0)p. (2.10)
Finally, the node pair direction d; /5 can also be introduced,

X5 - X5
di+1/2 = 4_2717 . (211)

2.2.3. Jump conditions away from the interface for a discrete field

From the known pressure and pressure gradient jumps, the pressure field of each phase
can be extended on both sides of the interface. This allows the definition of the usual
discrete operators everywhere, including across the interface. Following the notations of
Fig. 1, it is assumed that a node i of the mesh is in the gas, and a neighboring node i+ 1
is in the liquid. Then, the gas pressure at ¢ + 1 is simply equal to the liquid pressure
minus the jump condition at ¢ + 1,

Pyit1 = Priv1 — [Pl (2.12)
From Egs. (2.6) and (2.9), the pressure jump at i+ 1 can be expressed from the interface
jumps by
1
[Pli+1 = [P]r + (Xi1 — xr) - [P]p— VP, p+ O ((xit1 —xr)?) . (2.13)
9

In Eq. (2.13), the pressure gradient in the gas VP|,r in the d;i/; direction can be
computed from known quantities. Centered finite differencing is adopted for this pressure
gradient, leading to

Priv1 — [Plig1 — Py
Ax

di+1/2 . VP|g,F = + 0O ((Xi+1 - Xl)) . (214)
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From Egs. (2.13) and (2.14), the pressure jump at node i + 1 takes the form
1
[Pli+1 = [Plr + (1 = 9)[P]p— (Priv1 = [Plit1 = Pyi) + O ((xis1 —xr)?) . (2.15)
9

Equation (2.15) can be inverted to obtain the pressure jump [P];;1. Then, the pressure
jump [P];41 is simply expressed from the pressure jump at the interface [P]r, the weighted
density p*, and the pressure at nodes ¢ and 7 4+ 1 in each phase,

[Plit1 = %[P]F + (1 - %) (PLi+1 = Pyi) + O ((xi41 —xr)?) - (2.16)

Following the same methodology, the pressure jump can be computed in the liquid at
node 1

[P]z = %[P]F + (1 — Z—i) (B,iJrl - Pg,i) + O ((XF - Xi)2) . (217)
2.2.4. Derivation of the pressure gradient operator

Knowing the pressure jump at [P];11 is sufficient to build discrete operators for the
pressure derivatives. For instance, the pressure gradient in the gas in the direction d; 12
weighted by the inverse of the density is equal to

1 1 Pyit1— Py
diy1/20- =VP = ot "ol 0 (Az) , (2.18)
P gi+1/2 Py Az
1 P it1 — [Plis1 — Py
= —— ~+0(A 2.19
- - +0(a), (219)
1P,;1—Py; 1[Pp
= —— - - — O (Ax) . 2.20
T Ax AT (Az) (2.20)
The pressure gradient in the liquid can be expressed in the same fashion,
1 1 Piv1— Py
diy1/2- —VP S S S N 0) (Az) , (2.21)
P Lit1/2 Pl Az
1 Pit1— Py — [P
= —— . oA 2.22
e 0(Aa), (222)
1 Piy1—P;; 1 [Plrp
= —— = - — oA 2.23
> Ar > Ar T (Az) (2.23)

which is the same expression as Eq. (2.20). This proves that this operator discretely
satisfies the right jump condition for the pressure gradient weighted by the inverse of the
density, which has to be zero, i.e.,

1
- -VP

=0. (2.24)
Lit1/2 P

[EVP = 1VP
g,i+1/2

P L+1/2 P

3. A second-order ghost-fluid method

The first-order GFM gives reasonable results for flows with low density ratios or when
the kinetic energy is dominant in the liquid. For high density ratios and liquid fuel
atomized by high-speed air, the first-order GFM exhibits numerical instabilities. This is
partly due to the errors introduced by the first-order GFM at the interface in the pressure
gradient, which lead to spurious inertia forces. To improve the GFM and reduce these
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errors, the order of the GFM can be increased. This section presents the derivation of a
second-order GFM.

In order to derive a second-order GFM, the order of the Taylor series expansion of the
jump conditions away from the interface given in Eq. (2.6) is increased, which gives

[Pl(x) = [P]F+(X_XF)'[VP]F+% (x —xp)"[VVP-(x —xp)+0 ((x —xr)*) . (3.1)

The pressure gradient jump can be expressed as a function of the gradient in one of
the phases using Eq. (2.9). An additional assumption is needed to calculate the jump
of the pressure Hessian. Assuming that the velocity derivatives are continuous at the
interface requires that the pressure Hessian weighted by the inverse of the density is also
continuous. This hypothesis leads to a relation similar to Eq. (2.9),

— ] Lvve| (3.2)

1
[VVP]. = [p] —VVP
gl Pl LT

Pg

Applying Egs. (3.1), (2.9) and (3.2) to the nodes ¢ in the gas and i+ 1 in the liquid gives
the following pressure jump at node i + 1,

Plics = [Plr + (xi1 —xr) - [o] —VP

Pg

g,I'

1 1
+5 (i —xr)" - [p] —VVP

2 Py (g1 = x0) + O ((xip1 —x0)7) . (3.3)

g,I'

In the previous equation, the pressure gradient in the gas at the interface cannot be
expressed directly from known quantities while maintaining the desired accuracy, as
done for the first-order GFM. First, this gradient has to be computed from the pressure
gradient at ¢ + 1/2 between the nodes ¢ and 7 + 1,

1
+ (XF — Xi+1/2)t . —VVP
g,i+1/2 Pg

1
= —VP
g, Pg

1
—VP + @ ((Xl" - X'L+1/2)2) .
Pg g,i+1/2

(3.4)

After combining Eqgs (3.3), (3.4) and (2.14), and inverting the resulting relation, one

finally obtains the pressure jump at node i + 1 for the second-order GFM,

[Pliy1 = %[P]F + (1 — %) (Piy1,1— Pig)

Az?
% 5 . di+1/2 + O ((xi-‘rl - XF)3) . (35)

1
[pl0(1 —0) d§+1/2 - —VVP
P i+1/2

A similar relation may be obtained for the pressure jump at node 4,

[Pl; = Z_i[P]F + (1 - Z—i) (Pit1,— Pig)

p Ax?

1
plo(1—6)d., - —VVP
o g PO =0 diyy )y o

“dip1y2 + O ((xr —x)°) . (3.6)
i+1/2

Finally, the pressure gradient in the gas or in the liquid for the pair of nodes i and
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i+ 1 in the direction d; /2 can be computed as follows:

1 Py — Py
ol Ax

1
dif1/2- —VP
P g,i+1/2

1
=djp1)2- -VP
+1/2 P

1i+1/2

1 Ax? . 1
T Az ([P]F + T[P]H(l —0)diy1)s- ;va

. di+1/2 + O(A$2) . (3.7)
i+1/2

In the latter equation, the Hessian may be evaluated from the pressure gradient at the
previous time step or at the previous iteration by

igpl —1ivp
P i+l P

“dip1y2 = Aa Lodiye + O(A?). (3.8)

1
dl,, - _vvp

i+1/2
Compared to the first-order GFM, the second-order GFM has an additional term
with the pressure Hessian. This term resembles the pressure jump at the interface [P]r.
This method can therefore be implemented similarly to the first-order GFM, but with a

modified pressure jump at the interface [P], which is written

, Ax? . 1
[Plp = [Plr + T[P]e(l —0)diyy)p- —VVP i1z (3.9)
p i+1/2

4. Verification

To verify the second-order GFM and compare its performance against its first-order
counterpart, the two methods are used to compute the pressure gradient weighted by
the density inverse for a family of 1-D manufactured solutions. These solutions satisfy
the following jump conditions: [P]r = 100, [p~'VP]r = 0 and [p~'VVP]r = 0, and are
defined as follows:

if
P(.’L’) _ pq¢(.’IJ) iU xr<oxp, (41)
pg@(xr) + pi (¢(x) — (ar)) + [Plr  else,

where the function ¢ is an infinitely differentiable function, p, = 1, and p; = 1000.

According to the definition of the manufactured solution, the pressure gradient weighted

by the density inverse is simply:
10P
p Ox

~_1oP
l_pax

_ 99
oz

g

(4.2)

From this family of manufactured solutions, two functions ¢ are chosen to assess the
performances of the method. The first is a second-order polynomial with ¢(z) = 22 and
the second is a third-order polynomial, i.e., ¢(x) = z3. For these two cases, the interface
is located at - = 1-1073. The pressure profiles for the two cases are represented in
Fig. 2.

The computation of the gradient is performed on a uniform mesh with a second-order
finite-difference scheme away from the interface, with Eq. (2.20) for the first-order GFM,
and with Eq. (3.7) for the second-order GFM across the interface. The pressure Hessian
in the second-order GFM is pre-computed using the first-order GFM. The L., norm of
the error between the analytical solution and the computed solution is calculated for
different mesh resolutions; the results are presented in Table 1 for the second-order poly-
nomial and in Table 2 for the third-order polynomial. These results clearly highlight the
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FIGURE 2. Pressure profiles.
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Az | First-order GFM | Second-order GFM
(mm) Lo norm Lo norm
0.005 | 4.99375E-004 7.93530E-013
0.01 4.99445E-004 1.65974E-013
0.02 4.99474E-004 2.33239E-014
0.05 9.46622E-003 2.27249E-014

TABLE 1. Second-order polynomial.

Az | First-order GFM | Second-order GFM
(mm) Lo norm Lo norm
0.005 | 2.79963E-005 2.50000E-005
0.01 1.05494E-004 1.00000E-004
0.02 4.10489E-004 4.00000E-004
0.05 7.44023E-003 2.50000E-003

TABLE 2. Third-order polynomial.

benefits of the second-order GFM. For a second-order polynomial, the pressure gradient
shows machine accuracy with the second-order GFM, while for the first-order GFM, the
error is not negligible and can be a source of spurious inertia forces in more complex
computations. In the case of the third-order polynomial, the error is due to both the
interface jumps and to the second-order finite-difference scheme, which is not exact for a
third-order polynomial. Nevertheless, with the second-order GFM, only the error of the
finite-difference scheme is seen, while for the first-order GFM, the error due to the jump
conditions is negligible for the fine meshes but becomes dominant for coarse meshes.
Again, the second-order GFM leads to a significant improvement.
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F1GURE 3. Sketch of the experiment.

5. Validation of the second-order GFM for a liquid jet

In this section, the second-order GFM is validated for a low-speed liquid jet surrounded
by a coflow of high-speed air. This case was first carried out with the first-order GFM
but all of the computations diverged before exhibiting interesting features. The numerical
instabilities were occurring specifically in the regions where the gas was able to entrain
a certain amount of liquid. This issue motivated the development of the second-order
GFM to improve the robustness and the accuracy of the solver at the interface, in the
presence of strong tangential velocity gradients.

5.1. Description of the experiment

The experiment consists of a round jet of low-speed water atomized by an annular high-
speed air stream. This experiment has been used extensively by Lasheras & Hopfinger
(2000) and Marmottant & Villermaux (2004) to study the break-up regimes and the
mechanisms of the formation of drops and ligaments. A sketch of the experimental setup
is given in Fig. 3; additional details about the experimental conditions can be found in
Lasheras & Hopfinger (2000) and Marmottant & Villermaux (2004). The inner diameter
and the annulus gap width are 7.8 mm and 1.7 mm, respectively. Several sets of parame-
ters for the inflow conditions are available in these papers, but only one set was computed
in the present work. The chosen inlet velocities for the gas and liquid are u, = 21m/s
and u; = 0.55m/s. For these velocities, the gas Weber number is 58, meaning that sur-
face tension effects are dominant, and the Reynolds number in the gas and in the liquid
are 3000 and 3760, indicating that the two jets are turbulent. Finally, the momentum
flux ratio of the two streams is M = pyu?/(piui) = 1.76. This means that a transfer of
momentum from the gas to the liquid should occur.

5.2. Description of the solvers

Two different codes called NGA and YALES2 were used for this study. NGA is a 3-
D structured code based on fully conservative finite-difference schemes of arbitrary or-
der (Desjardins et al. 2008a). It solves the incompressible Navier-Stokes equations using
a fractional-step method (Kim & Moin 1985). YALES?2 is a 1-D, 2-D and 3-D unstruc-
tured code for hybrid grids that relies on central finite-volume schemes of fourth-order
in space. It also solves the incompressible Navier-Stokes equations using a fractional-step
method. Both codes are parallel and rely on the Message Passing Interface (MPI), with
the capability of running on a large number of processors. NGA is based on 3-D domain
decomposition, and YALES uses a double decomposition method with a first partition-
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ing into N parts, where N is the number of processors, then the mesh is partitioned
again into cell groups that fit in the cache memory. For this problem, the Poisson solver
used in NGA was a parallel conjugate gradient scheme preconditioned by a geometric
multi-grid method, part of the Hypre library (Falgout et al. 2005), while YALES used a
BiCGStab(2) solver (Van der Vorst 1995).

5.3. High-order shock capturing

To compute two-phase flows with high-density ratios and complex dynamics, it was found
necessary to use a shock-capturing technique in order to stabilize the computations. This
is partly due to the fact that all the spatial schemes in NGA and YALES2 are centered,
and may therefore generate spurious dispersion errors. The shock-capturing technique
employed in both codes is similar to the method of Cook & Cabot (2004). A fourth-
order artificial viscosity is added to the dynamic viscosity in each phase and is defined
as follows:

frarsis = pCuAz® |AV - (Vu+ Vu')| (5.1)
where C}, = 0.1, and the characteristic cell size Az is simply related to the cell volume V'
by Az = V'/3. The value of C, chosen in these computations is equal to the value used
by Cook & Cabot (2004). Nevertheless, the influence of the shock capturing technique
on two-phase computations was checked for simple test cases with analytic solutions,

such as capillarity instabilities, and it was found that it was negligible compared to the
numerical errors of the finite-difference and finite-volume schemes.

5.4. Results

The computation of the experiment was carried out with a tetrahedron-based mesh of
18.5 million cells. The characteristic cell size in the vicinity of the gas and liquid inlets is
approximately 0.15 mm with finer cells around 0.1 mm at the lip between the two fluids.
This cell size may be compared to a Kolmogorov scale in the liquid jet of the order of
40 pm, which indicates that almost all the scales inside the liquid jet are resolved on
the mesh. In the gas, the Kolmogorov scale is approximately 10 ym, indicating that only
the smallest scales are not resolved. The initialization was done with a conic liquid core,
which was 7.9 liquid diameters long.

The results obtained with YALES2 are shown in Figs. 4 and 5. In these two figures,
the interface is represented as an iso-contour of the level set. Figure 4 highlights the high
level of dynamics in the jets. Because of the momentum ratio, which is in favor of the
gas, the liquid is entrained in some regions by recirculating vortices of gas. In these high-
shear regions, ligaments are formed and eventually lead to the formation of large drops.
These zones and the resulting ligaments are well represented in Fig. 5, where the velocity
field is also plotted. These results can be compared to the photographs of Lasheras &
Hopfinger (2000) for the same inlet velocities. The first notable difference is that the
computation exhibits more ligaments that are also finer. This is due to the fact that
this flow is highly dependent upon surface tension forces, and these forces need a very
accurate calculation of the curvature. The numerics used in this study to compute the
interface curvature are not accurate enough, and they introduce spurious high-frequency
errors in the curvature. Therefore, the order of convergence of the curvature calculation
must be increased in order to improve the results. The second difference between the
computation and the experiment is in the injection plane. In the computation, the gas
partly recirculates inside the pipe of the liquid jet. This may be due to the lack of
resolution in the lip between the two streams. The thickness of the lip is 0.2 mm and only
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FIGURE 4. 3-D view of the interface location at ¢ = 6 ms.

Velocity
240
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FI1GURE 5. Planar cut of the velocity field and of the interface location at ¢ = 6 ms.

two cells were used to discretize it. More generally, Marmottant & Villermaux (2004)
underlined that the mixing layer thickness between the gas and the liquid, imposed by
the thickness of the lip, has a strong influence on the first structures observed after the
injection plane. These structures are the most energetic, because in this region the jets
are still coherent, and they need to be well-predicted to obtain the formation of the first
ligaments.

6. Conclusions

In this paper, a novel ghost-fluid method (GFM) is presented. While the original
GFM is first order at the interface, the new method is second order and was verified for a
manufactured solution. Then, the method was applied in the computation of a low-speed
water jet atomized by a high-speed air stream. The second-order GFM proves to be
more stable than its first-order counterpart for two-phase flows with high density ratios.
Nevertheless, several points need to be addressed before obtaining a good comparison
between the experiments and the computation. The most important is improving the
accuracy of the curvature computation to model the surface tension forces correctly, and
to refine the mesh at the lip between the gas and the liquid.
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