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Boundary layer transition in high-speed 
ow

By P. A. Durbin y, J. W. Jooy AND O. Marxen

The framework is developed for studying discrete and continuous mode transition
in high speed boundary layers. Linear modes are generated and separated into various
types in order to specify acoustic, vortical, discrete or continuous components at the
inlet. Implementation into a simulation code is discussed.

1. Introduction
Forces on, and heating of, high-speed vehicles depend critically on the location of

transition to turbulence. Uncertainties in the physics, lack of experimental data, and the
inability to model it, make transition a key outstanding pro blem in high-speed aerody-
namics.

At the same time this is an extremely challenging regime to study through laboratory
experiments. Noise sources are notoriously di�cult to control because acoustic noise is
in the same frequency range as shear-layer eigenmodes. Measurements within the 
ow
are di�cult at supersonic speeds. Real-gas e�ects are di�cu lt to produce, except in short
duration, shock tube facilities; etc. This experimental intransigence makes high-speed
transition an excellent problem to study using computer simulation.

Signi�cant uncertainty exists regarding the nature of tran sition between laminar and
turbulent 
ow at supersonic speeds. Stetson (1992) provides a comprehensive review of
experiments and theory. He notes many discrepancies between them, and indeed, that
linear theory does not lead to prediction of transition, per se. The theory that he cites
is linear analysis ofexponential instability. There is a good deal of evidence that pertur-
bations grow within the boundary layer, upstream of the neutral stability point; that is,
disturbances grow in a region where all modal disturbances are exponentially damped.
In experiments, this behavior is seen at low frequencies: Energy spectra in Graziosi &
Brown (2002) show substantial growth in a broad band of frequencies, well below the
linear instability modes. Although the Mack (e.g., Mack 1975) second-mode instability
was seen, the dominant growth of energy was at signi�cantly lower frequencies.

Boundary layer transition in incompressible 
ow has commonly been divided into \nat-
ural" and \bypass" types. That division has proved to be unapt: So-called natural tran-
sition is usually seen under well controlled conditions, often with arti�cial forcing. In the
presence of environmental disturbances, bypass transition is far more common.

Further ambiguity is created by the notion that something is being \bypassed". Some-
times the term bypass is synonymous withsubcritical instability; more often it alludes to
transition beneath free stream disturbances. A more recentperspective on incompressible
boundary layer transition has evolved from a recognition that Orr-Sommerfeld theory ap-
plies both to natural transition and to transition beneath f ree stream turbulence. Given
that understanding, the two cases are characterized asdiscrete and continuous mode
transition (Durbin & Wu 2007). Of course, Orr-Sommerfeld th eory only describes linear
processes. The connection to transition is far from obvious. They have been connected via
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Figure 1. Comparison of j� j at Ma=10, � = 0 :12, � = 0, R = 1 ; 000 to � (Malik 1990).
present.
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Figure 2. Second Mack mode: real part of u; imaginary part of u real part
of v; imaginary part of v.

computer simulations. Subtleties have been found which were not anticipated by linear
theory. A compliment of linear theory and computer simulation has proved e�ective in
incompressible 
ow.

2. Eigenmodes and boundary conditions
Compressible eigenmodes are obtained as solutions to linearized, primitive equations

(Malik 1990; Mack 1975). Assuming a disturbance proportional to

eik x x + ik z z� i!t
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Figure 3. Neutral stability curve for Ma=4.5,Pr=0.72, 2nd Mack mode r egion. The dashed line
indicates the extent of the present DNS domain for the discre te mode. (� = 0 :132, ! = 0 :1172)

provides the linear stability equations. If the dependent variables multiplying this com-
plex exponential form the vector
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of velocity, pressure and temperature, then the governing equations have the form

A �
d2�
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d�
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+ C � = 0 : (2.2)

This is an eighth order equation because of the form ofA , or because it can be re-written
with the dependent variable
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in the form

D �
d 
dy

+ E  = 0 : (2.4)
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Figure 4. Subsonic acoustic mode: real part of p; imaginary part of p real
part of � ; imaginary part of � .

The coe�cients are functions of !; k x and y, as presented in Malik (1990). They also
depend on Mach,M , and Reynolds number,R. These are based on free stream:M =
U1 =c1 , R =

p
U1 x=� 1 .

The eigenvalues,kx for spatial evolution, or ! for temporal evolution, are complex.
They separate into two families, discrete and continuous.

For the discrete mode, the eight boundary conditions are

(u; v; w; � )1 = 0 = ( u; v; w; � )N

at the wall and uppermost grid point. Eqs. (2.2) are discretized by fourth order central
di�erences. This provides an eigenvalue problem , e.g. for �xed kx , that is solved with the
Lapack CGGEV routine. Once an unstable eigenvalue is found,a more accurate solution
is obtained with a �ner grid and a Newton's method search. At present, discrete modes are
temporal (real kx = � ), with spatial growth approximated by Gaster's transforma tion.
Fig. 1 veri�es the present solver by comparison to Malik (1990). Fig. 2 shows the solution
for the second Mack mode eigenfunction. Fig. 3 shows the stability region, with a dashed
line showing the extent of the DNS domain, aligned with the � for this mode. It crosses
the upper and lower branches.

The continuous modes require more attention to the free stream condition; the wall
condition is unchanged. In the uniform, free stream 
ow, a linear disturbance can be
expressed as a sum of eigenmodes. These can be thought of as vorticity, acoustic and
entropy modes (Balakumar & Malik 1992), although that is not invoked here. Following
Mack (1975) and Balakumar & Malik (1992), let the solution vector be (2.3). In the free
stream the linearized compressible 
ow eqs. (2.4) have constant coe�cients. If a vertical
wavenumber,ky is prescribed, they have the eight eigenvalues� i . For instance

� 1 = � 2 = i (kx � ! )Re + k2
x + k2

z (2.5)

The remaining � 's can be found in Balakumar & Malik (1992). If � 1 is set to � k2
y and
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Figure 5. Subsonic acoustic mode: real part of z-vorticity; imaginary part of
z-vorticity; real part of dilation; imaginary part of dilation.

the corresponding formula is inverted to �nd kx ,

kr
x = !

" r

M 2 +
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(2.6)

is found, where

M =
1
2

+
2(k2

y + k2
z )

Re2 :

This kx , substituted into the formulas for the � 's, gives � i = � k2
y for all except � 4 and

� 3. Those equaling� k2
y are convective modes.

Two acoustic modes are also obtained with phase speedsU1 � c1 . They propagate at
an angle to the 
ow. � 4 and � 3 are the acoustic modes. For thekx of convective modes,
they are not equal to � k2

y ; however, they are the squared vertical wavenumber of the
corresponding acoustic modes. Alternatively, particularacoustic modes are obtained by
setting either � 4 or � 3 to � k2

y and solving for the correspondingkx .
The eigenvectors,� ( i ) , corresponding to the eigenvalues� i are used to obtain four

boundary conditions for continuous modes. The eigenvectors are known in closed form
(Mack 1975). For instance
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Figure 6. Vorticity mode: real part of u; imaginary part of u; real part of
v; imaginary part of v.

where c = !=k x is the complex wave speed andM is the Mach number. At large y the
solution behaves as

	 =
8X

1

A i �
( i ) e

p
� i y : (2.7)

Let the matrix of eigenvectors be

E =
n

� (1) ; � (2) : : : � (8)
o

or, in component form

E ij = � ( i )
j :

The far-�eld conditions are formulated in terms of its inver seE � 1
ij . Note that E � 1

ik � ( j )
k =

� ij . Hence, the coe�cients in eq. (2.7) are

A i = E � 1
ik 	 k e�

p
� i y :

One of the acoustic modes has exponential growth withy and its amplitude must be
set to zero. This is mode 4. The other acoustic mode is mode 3. We identify modes 5
and 6 with entropy. Thus a vorticity mode can be de�ned by sett ing the amplitudes of
modes 4,5,6 to zero and normalizing another amplitude to unity:

E � 1
4k 	 k = 0

E � 1
5k 	 k = 0

E � 1
6k 	 k = 0

E � 1
1k 	 k e�

p
� 1 y = 1 :

(2.8)

These four far-�eld conditions are equivalent to four relations between the the dependent
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Figure 7. Vorticity mode, real part of � , dashed : imaginary part of � real part
of w, imaginary part of w.
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Figure 8. Vorticity mode, real part of z-vorticity, dashed : imaginary part of z-vorti city
, real part of dilation, imaginary part of dilation.

variables and their derivatives (see eq. 2.3). The latter are approximated by one-sided
di�erences at the two uppermost grid points.

The formulation in eq. (2.8) has some similarity to the method of Balakumar & Malik
(1992). However, they assumed that four of the eight� i 's had positive real parts, so
eq. (2.8) is replaced by the four even numbered amplitudes being zero.

In continuous mode transition, modes are stable. Their eigenvalues are not the key to
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Figure 9. u' disturbance contour, for the discrete mode showing growt h of the disturbance.

Figure 10. Dilation contours at z-normal plane, contour level is arbit rary, before improved
treatment of the upper sponge region.

how they e�ect transition; rather it is their y-pro�les that play a critical role in deter-
mining interaction between the boundary layer and externalperturbations. By contrast,
in discrete mode transition, the complex dispersion relation is of primary importance,
especially the unstable modes.

Various modes are computed by choice of the set of null amplitudes in equation 2.8.
Figs. 4 to 8 display solutions for acoustic and vorticity modes.

3. Non-linear computations
The linear eigen solutions provide a basis for the in
ow disturbance. The 
ow code

(Nagaragan 2004) uses a large stencil to achieve high-orderaccuracy. The linear solution
was imposed on the �rst six grid points to �ll the stencil. The spatial evolution was
provided by the linear solution. Without doing this, the per turbation did not enter the

ow domain smoothly. Our ultimate objective is to simulate b oundary layer response
to inlet disturbances, leading to transition to turbulence. As of yet, only preliminary
computations have been done.

Development of the discrete mode is shown in �g. 9. This provides a veri�cation of the
simulation code. The growth follows the linear theory prediction. Note that at the far
right the disturbance enters into a numerical \sponge" region.

A di�culty was encountered with the acoustic mode. The sponge at the top of the
domain prevented incoming waves. These are required to correctly simulate acoustic
modes. The �x was to prescribe the linear solution in the sponge region. The problem
and correction are displayed in �gs. 10 and 11. Perturbationof the boundary layer by
acoustic modes is illustrated by �gs. 12 to 15.

The vortical mode has proved di�cult to generate without lar ge contamination from
the entropy mode. Fig. 16 is a simulation with this mode, as it presently stands. In this
vorticity mode, entropy components are eliminated (�g. 6 and equation 2.8). But, as a
result, the Squire mode becomes very large and Orr-Sommerfeld becomes small; this has
the e�ect of producing only a small perturbation inside the boundary layer.
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Figure 11. Dilation contours at z-normal plane, contour level is arbit rary, with improved
treatment of the upper sponge region.

Figure 12. Continuous acoustic mode u disturbance contours for � 0:01 < u 0 < 0:01 in planes
normal to x.

Figure 13. Acoustic mode u disturbance contours for � 0:01 < u 0 < 0:01 in plane y = 0 :3� .

Figure 14. Acoustic mode u disturbance contours for � 0:01 < u 0 < 0:01 in plane y = � .

Figure 15. Acoustic mode u disturbance contours for � 0:01 < u 0 < 0:01 in xy -plane.
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Figure 16. Vorticity mode. u-contours for � 0:034 < u 0 < 0:034.
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