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Chapter 13

The Gaussian Vector Multiple
Access Channel

The Gaussian multiple-access channel (MAC) rst appeared n Section 12.2, where examples added the
sum of two or more users' signals to Gaussian noise before pressing by a single dimension of a common
receiver. This chapter returns to this Gaussian MAC and morecompletely analyzes the common output
with possibly multiple dimensions for inputs and outputs, and thus generalizes to the \Vector MAC,"
which is abbreviated in these notes asMAC ! This MAC will be completely handled by the GDFE
theory of Chapter 5.

Section 13.1 models theMAC , particularly describing the H matrix. This detailed model allows a
more thorough speci cation of MAC -input implementation of a particular point b within the rate region
c(b), nding a generalization of Section 12.2's simultaneous \ater- lling for the maximum MAC rate
sum. Section 13.2 introduces the simpléterative water- lling algorithm for determining a simulta-
neous water- lling solution. Iterative water- lling then can be used to maximize the users' rate sum on
any MAC . lterative water- lling can be used with no order, or equivalently its results can be used with
any of U! orders, and will for each situation produce a possibly di eent set of users' input covariances
that all have the same maximum rate sum. Each such ordered-dmder maximum-rate-sum point b is
then a vertex of that maximum rate sum. Section 13.2 also describes a xednargin (FM) iterative
water- lling procedure that will produce a set of input cova riances that achieve any rate vectorb 2 ¢(b),
although there will be no absolute guarantee for such pointghat the corresponding energy constraints
for all the users will be satis ed or that any user, or the set d users, necessarily uses minimum sum
energy. This FM IW will have uses as a component of other proagures.

Section 13.3 then proceeds to/ector DMT  solutions that simplify the MAC implementation for
many practical situations and allow essentially a tone-bytone approach to the MAC . In particular,
time(dimension)-sharing will yield to frequency-sharing. An otherwise di cult rate-region construction
associated with dimension-sharing of various user-orderate-point choices simpli es, with large numbers
of tones, to a single best order(same on all tones) for impleentation of any rate-region point. This best
rate-point solution is no longer SWF at non-rate-sum-maximzing points. An alternate procedure (of M.
Mohseni) determines the input covariances and best order siultaneously in Section 13.4. Section 13.5
progresses to tracing of the rate region or determining the arrect the best energy and bit distribution
for any point with the MAC rate region. Section 13.5 also suggests a distributed impheentation that
may be important for applications where the central MAC controller does not attempt to implement
complex algorithms for time-variation of the channels and maintains the use of bit swapping to keep a
solution close to optimal with minimal complexity.

1Thus, the boldface MAC implies vector and Gaussian.
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13.1 The Gaussian Vector MAC Model

This section develops a consistent vector model for thé1AC and generalizes SWF for this model.

13.1.1 Vector Model Basics

Figure 13.1 illustrates the basic vector AWGN channel with the linear channel matrixH. Ly denotes the
number of non-temporal input dimensions per user (non tempeal means not associated with stacking
of N time samples to form a packet, so like number of antennas or maber of lines in a DSL system).
In situations where di erent users may have di erent numbers of dimensions, the largest number of said
dimensions de nesLy (and dummy dimensions are inserted into the analysis on otheusers). Similarly,

Ly is the number of non-temporal dimensions at the commorMAC output. Each element of the channel
matrix H, isLyN LxN (or more preciselyLyN Ly(N + ) with guard bands?, see Chapter 4). The
channel is thus described by theLy,N Ly(N + )U matrix H. If all outputs and all inputs could

n(R,)
Xy N’ Yo,
b ST H YL.Y—I

y
X, LN <L (N+v)J — =
X H=[H, - H] LN <l
LN+ U -1 ’

Figure 13.1: The GaussianMAC .

be coordinated as vectors, then the channel is truly a singkeiser channel at the physical layer even if
many users' signals are carried at a higher level of use. In th vector single-user case, the vector coding

of Chapter 4, with RnﬁzzH = F M determined by singular value decomposition, can be used wlit

transmit signal
x=MX ; (13.2)

with receive matched matrix- Iter output
Y=Fy ; (13.2)

and with a water- lling distribution of energy computed for up to N'=min(LyN;Lyx(N + )U) channel
input dimensions. De ning the channel signal to noise gainsas

O = 2 ; (13.3)
the water- lling distribution is well-known as
E, + gi = constant ; n=1;:;N (13.4)
n
E, 0: (13.5)

A good low-gap code can be applied to all subchannels with caesponding single-user decoders for
that same code's use on the AWGN channel. With such good codeghe vector-coded transmission
system will perform as close to capacity as that code would péorm as when that same code is applied

21f guard bands are used, they are presumed of the same length a nd to occur at the same time for all users.
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to a simple AWGN with no crosstalk nor ISI. The overall sum of all users' number of bits per symbol is
then approximated as (and becomes exact if =1)3

X Ex On b
= — + y - — .
b . 5 log, 1 ;b L (N+ ) (13.6)
with overall SNR
2261
SNRyc = (13.7)
The number of bits is the capacity b= ¢ when =1 (0 dB) and then
SNRyc =2%¢ 1 : (13.8)

When the input energy distribution is not water- lling, the re is a mutual information | < c. With
good codes on each of the dimensions, the vector coding systewill perform for that non-water- Il
energy distribution (input covariance) as

SNRyc =22 1 ; (13.9)

which is the highest level of performance for this particula choice of Gaussian input energy distribution.
The energy constraint will sometimes be denoted by a diagoramatrix

Eec =diagfEg : (13.10)

Any GDFE with the same input energy distribution and indepen dent input dimensions, or more precisely
the sameRxx = Mdiag(E)M = G,S,G,, will perform at the same level given by (13.9). That mutual
information (from Chapter 5) is

| = 1 log iRyyi _ 1 og JHRxx H + Rnn
2L (N + ) jRnnj 2Ly(N+ ) 2 jRnn j

(13.11)

An interesting almost-MAC like channel occurs when inputs @n be coordinated but multiple energy
constraints exist instead of a single sum-energy constratn Systems with integer or quantized information
units (like integer bit restrictions) can use Levin-Campello (LC) loading algorithms as in Chapter 4. Such
LC algorithms readily incorporate any type of power-spectmal-density, peak, or sum-energy constraints
expressed by ., can be viewed as the gain to then™ dimension by the u" user)

LX(N+ U
jmunj® en Eu (13.12)

n=1

where e, is an individual dimensional energy constraint (using lowe casee, to distinguish energy for
dimensionn from energy per user). The weightsm,,, could be viewed as the elements of the™ column
of the matrix M in the single-user-with-dimensional-energy-constraing problem, but need not be so
constrained and could be any set of weights in general. Suclhoostraints in the multi-user channel might
correspond to individual antenna-driver (or line-driver) maximum average energy, or even dimensional-
peak-energy, constraints. LC algorithms simply need evalate the constraints in (13.12) after each bit has
been assigned the next least energy position. The incremeak energy tables of Chapter 4 for each tone
are then updated to re ect an in nite cost in the position of a ny subsequent bit allocation that would
cause violation of the constraints. Such multi-energy-costraint channels may have practical interest
and fall somewhere in between a multiple-input-multiple-autput single-user channel and aMAC . This
approach assumes, however, that the SVD remains optimum fowector coding, which may only be
approximately true. The loss of optimality of a single SVD is more pronounced in the case of the full
MAC .

3Tacitly assumes real dimensions, there is no factor of 1 =2 if H is a complex matrix.
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For the MAC , the inputs are more limited by the lack of coordination between users in addition
to having individual-user energy constraints. Thus, the waer- lling solution of Equation (13.5) may be
impossible to generate within the uncoordinated-input corstraint of the MAC because of the structure
of the M matrix. The equivalent of the data rate for the single-user dannel is the sum of all users' data
users, the best possible sum-of-data-rates performance &so given by (13.9). Again, the b"érformance
for this choice of input autocorrelation Rxx (understood to be a more limited set in MAC 's than in
single-user channels and block diagonal) has sum-rate permance as in (13.9) when a GDFE receiver
is used for these independenMAC inputs®.

The single-user total-energy constraintEx now for the MAC becomes a vector of constraints, as in
(13.10). The sum-rate formulation of capacity is convenieh and restated here as

CPI”IV CPI”IV ( X )
c(b) = bj by 1 (Xy;y=xXy 2 U nu) (13.13)
Rxx (Wu U uzu )
I A . X b, 1Iog o JH Rxx H +Rnnj . (13.14)
= = 2 ¥ - . .
Ryx (Wu U u2u 2 I waUnuHu Rxx (u) Hy+ Rnn j
The MAC input autocorrelation matrix is restricted to be a block dia gonal matrix
2 3
Rxx (U) 0 o 0
0 Rxx (U 1) 0
Rxx = : . : : (13.15)
0 0 2 Rxx (1)
The individual energy constraints are imposed by
tracef Rxx (u)g Ey : (13.16)
13.1.2 The SWEF rate-sum criterion for the Gaussian Vector MA C

Rate-sum or mutual-information maximization for the MAC fortunately follows the SWF principle of
Section 12.2. In the scalar MAC case, any user's water llingtreats all the others as noise, presuming all
are using single-user-AWGN capacity-achieving codes. Th&aussian vector MAC follows a generalized
version of this same basic principle.
The maximization of mutual information in (13.11) reduces to
max jH Rxx H + Rnpnj (13.17)
fRxX (U)Qu=1 ;:5u

whereRxx (u) is the autocorrelation for useru and the inputs are independent as in (13.15). By rewriting
the maximization in the form

X
max jH Rxx(u) H + H;i Rxx (i) H; +Rnnj (13.18)
fRxx (u)g Ieu
{z }
Roise  (U)

the problem separates intoU optimizations where each user views all the rest as \noise,'as indicated
by Rneise (U) in (13.18), speci cally

X

i6u
Each of Rxx (u) is then determined by the usual water- lling on the vector- coded channeIRnoliS::(u) Hy.
The overall rate-maximization problem is convex in the U autocorrelation matrices and thus has a
solution that can be found by various \descent" or gradient methods. One such method, \iterative
water- lling," has a strong intuitive appeal and appears in Section 13.2. Then, formally:

4Independent inputs allow GDFE performance to be canonical.
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Theorem 13.1.1 (Optimality of SWF for the MA channel) The autocorrelation ma-

trices R%x (u) that are simultaneously water- lling, that is each Ry (u) is the solution to a

single-user water- lling problem while all other Rg& (i 6 u) are treated as noise, maximize
the rate sum for the Gaussian MA channel.

proof: See the preceding paragraph and note that the optimization poblem is separable for
each of theRxx (u) as a well-known water- lling problem. QED.

The exact determination of the water- lling energies can r st form the singular-value-decompaosition
of the u™ user's noise-whitened channel equivalent

Rige (U) Hy=Fy oy My (13.20)
Then the energies are assigned according to (wheig., = &n)
Ein + = constant 8 u; (13.212)
Ou;n
such that
LXQH )
Ein = B (13.22)
n=1
and
E.n O : (13.23)

The u™ user's input is constructed as
Xy =My Xy (13.24)

where the elements ofX , are independent and each has energk,;., .

Implications of the Chain Rule for various decoding orders
Successive decoding (or the GDFE) follows the Chain Rule asiChapter 12, where
(X;y)= T (Xy;y)+ T (X2;y=X1)+ i+ T (Xu;y=[X1 X2 Xy 1)) (13.25)

for any of the U! possible order(s). The given inputs in each term of the chai rule are those that have
already been decoded by the receiver. An alternate form of th rate sum i$

1 . Hy, R u H,+R
(xiy) = log, lpmle Rocl) HyTRml
J y= Hu Rxx(u) Hy+Rnnj
Py E
1 - Hy R u H,+R
+ Zlog, tpy e Rocl) Mt Ranlo g,
j u=s Hu Rxx(u) Hy+ Rnn]j
+
. N .
+ Ligg, Hu Rxx () Hy*Ronj ) (13.26)
2 jRnn j
These equations could be written with the use of the noise-agvalent channel H, = Rnﬁzz H, as
1 jPU HuRxx (u)H +Ij!
= XX
l(xiy) = Slog, Py——- — ()
] = HyRxx (U)Hu + |j'
-PU L
_, HUR H, +1
v Zlog, Lpye MuRocOM T,
] u=3 HyRxx (U)Hu + |j

5Again, no factor of 1 =2 appears if the channel is complex.
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L | |
* 5log; jHuRxx (U)Hy + 1) () (13.27)

or with the order-dependent equivalent noise-normalized bannels de ned as:

Hu = Rigise (W) Hu (13.28)
with
N
Rhnoise (U) = HiRxx Hi + Rnn (13.29)
i=u+l
and thus
1 _ .
l(x;y) = 3log, jHiRxx (DH + 1] (bn)
1 . .
+ log, jH2Rxx QH, + 1] (»)
+
1 . .
+ 5log, JHuURxx (UW)Hy + 1] (by) (13.30)

The chain-rule decomposition explicitly shows the \other users later in order" as noiseRnsise - A GDFE
would be equivalent, but as in Section 12.2, the other-user oise would be tacitly but automatically,
included in the minimum-mean-square error quantities.

There are U! possible decoding orders in (13.26) and (13.30) that all pvide the same rate sum,
but usually correspond to di erent rate tuples b. While each term in (13.26) appears to view other
user's signals as noise, this noise only includes others thare not previously decoded in the successive
decoding, or equivalently excludes earlier users in the setted order. There is a di erence between the
Rnoise (no tilde) that helps determine SWF and the Ryise that can be used to determine the individual
user data rates after a SWF has been found. The rate sum that wald be produced in (13.27) above
would not be correct if Rpoise Were used and more speci cally the rates of the users are NOTamputed
with ALL the other users as noise except for the rst user ratein any chosen order.

An interesting special case occurs whehy =1 and Ly = U, as a direct map to Chapter 5's GDFE.
The individual terms in the chain-rule sum are the bits/dime nsion to be used in encoding for each user
and add to the rate sum ofl (x;y) in a GDFE that corresponds to aU U square non-singular channel.
That is, the GDFE is used as the receiver and each user correspds to its own dimension. There may be
up to U! distinct SWF solutions that provide the same rate sum for the GDFE (meaning as is well known
from Chapter 5 that the ordering or indexing of dimensions inthe GDFE does not change the single-user
data rate). Each order corresponds to & that is a vertex for the correspondingf R%yx (u)g. It is possible
in the general MAC to have [Lx(N + )U]! di erent orderings of user dimensions, all providing the same
rate sum. However, this text considers onlyU! orders for reasons that will eventually become apparent
in Section 13.4.

The diagram in Figure 13.2 applies with the coe cients g, determined by a GDFE Cholesky factor-
ization. The GDFE allows, in the absence of error propagatio, symbol-by-symbol decoding without loss
in SNR, although with Gaussian signals the decoder itself wold theoretically span all time to decode
the signal before it could be subtracted from the next user insuccession. However, that subtraction will
use the \white" independent part of the input rather than a co rrelated part (so a v, rather than an x
in the terminology of Chapter 5). The usual approach to succssive decoding require,, which may
not be white and indeed would add complexity to the decoders sed. With the GDFE, the decoders
are those of only the applied Gaussian codes and need know g of the channel or \undecoded"
users \noise" correlation. When (H) < U, then some users will share at least one dimension, and a
MMSE-DFE with all uncanceled users viewed as Gaussian noiseis used to estimate each user. This
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Figure 13.2: GDFE Successive decoding for 3 users.

formulation arises directly and naturally from the GDFE wit hout need for bookkeeping after an order
is selected.

There is one special GDFE case where all orders have the samate tuple. In this case, the users
are separated orthogonally from one another { in particular, this corresponds to the one FDM solution
whenlLy = Ly =1 in Chapter 12asN !'1 . When Ly or L, exceeds one, such an orthogonal solution
need not necessarily exist as was rst shown by former EE479%tsdent W. Rhee (even with N 11 ).

Alternate view of the existence of the SWF point

This subsection further investigates satisfaction of the SVF criterion, leading towards the iterative-
water- lling algorithm of Section 13.2.

First, the convergence of a sequence of water- lling steps tere each treats all other users as noise
is established heuristically® Figure 13.3 illustrates the basic rate region for two users.The 2 usersx
and x, contribute to the common MA output y. Then, by the chain rule,

L(x;y) = 1(x1;y)+ (X2, y=x1) = 1 (X2;y) + 1 (X1;y=X2) (13.31)

and there are two ways to achieve the same rate surh(x;y), thatis U! = 2 orders. Since either order can
be used, the receiver can decode; rst, and water- Il for user x; rst with user x, as noise. Reversing
the order of decoding maintains the rate sum, but sends the irplementation to point B on the same
(red) pentagon. But, with the opposite order and maintaining user 1's spectrum, user 2 now water lls.
Since user 1 is decoded rst and does not change spectrum, usEs rate is maintained. But user 2 must
increase its rate (because of water- lling) and so it moves p on the blue pentagon. Again maintaining
the rate sum, the order can again be reversed so that the uppecorner point on the blue pentagon is
now achieved. Since user 2 now maintains the same spectra, ars2's rate does not change. However,
user 1's rate increases to point c if another iteration of waer lling is used. Clearly the pentagons must
keep moving up and to the right unless the rate sum line is SWF eerywhere. That SWF everywhere
could correspond to a single point (shown in purple), or in caes where multiple SWF may exist a 45

6Since the SWF condition corresponds to a convex optimizatio n, and descent algorithm can be used and will thus
converge, but the objective here is a more heuristic explana tion.
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b2 Capacity region

With SWF, the points meet
(or capacity region bounded
with 45° line)

Decode 2 first,
X, has water-fill with X, as noise

Figure 13.3: lllustration that SWF solution achieves MA channel maximum rate sum.

line that bounds the capacity region. Thus, the result is esablished forU = 2. By setting a single user
w to correspond to the rate sumb, + b, and introducing a 3rd user x 3, the concept can be repeated with
w replacing x 1 and x3 replacing X,. Thus by induction, the iteration of water- lling must conv erge to
a rate-sum-maximizing point and thus SWF.

In general, the receiver implementation will be successivelecoding (or a GDFE), and there may be
many orderings that achieve the maximum rate sum if the rate sim boundary is a plane or hyperplane.
These orderings may all have di erent constituent user rates. In practical situations where the system is
not undersampled so that no individual water- Il band is the entire frequency band of theMAC , then
usually only one rate-sum-maximizing point exists and all aders would produce this single point that
necessarily then has the same constituent rates for all ussralso. ForLy = Ly = 1, this single point
will be frequency-division multiplexed asN ! 1 for a linear-time-invariant channel with stationary
Gaussian noise. However, for nite N, general block channels, and/orL, 1, the single point with
di erent orders need not necessarily correspond to an orthgonal use of available dimensions.

EXAMPLE 13.1.1 ((.8,.6) AWGN revisited) The capacity region for an ANGN MA

channel withL = N =1 and U =2 with P; = :8, P, = :6 and 2 = :0001 is shown in Figure
13.4. This channel was studied in Example 12.2.1 previouslyn Chapter 12. This region is
a pentagon. Since the two user's channels are at, at energyuse on both simultaneously
satis es the SWF criterion trivially. Both corner points ar e rate-sum maxima for the MA

channel. The value summing each rate when the other is vieweds noise is .74+.32=1.06
and is not equal to the maximum rate sum for the MA channel of 664, again indicating that

individual user rates must be associated with one of thdJ! = 2 orders.

To extend the analysis of this channel, the designer could teN ' 1 while keepingLy =

Ly = 1. With an innite N, there are an in nite number of simultaneous water- lling

solutions possible, some of which are shown in Figure 13.5.0fition (a) corresponds to both
users at over the entire band and use of a GDFE at one of the camer points. Solution
(b) corresponds to an FDMA solution that is also SWF and has 476% of the bandwidth
allocated to User 1 and remaining 52.4% of the bandwidth allcated to User 2. Both are
at over their ranges, and clearly both satisfy SWF criteria. The GDFE degenerates into
2 independent decoders (no feedback or successive decodimgcessary) in this FDM case.
Solution (c) corresponds to a mixture of the two that is part FDMA and part sharing of

bandwidth { thus a mixture of solution a and solution b. Because the boundary of this
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Figure 13.4: Simple MA AWGN Example 13.1.1.

capacity region is a non-zero length at line with slope -1, ®veral SWF solutions are possible
for this example, each corresponding to a point on this line. The representative decoder

Figure 13.5: Example SWF spectra for Example 13.1.1.

structure is also shown below each choice of spectra.

13.1.3 The use of GDFE's in the MAC

The input autocorrelation matrix for a MAC is always block diagonal and can be factored in a block
diagonal form in terms of a white input v as

2 3
Rxx (U) 0 ::: 0
0 Rxx (U 1) : 0
Rxx = : : . : (13.32)
0 o 0 Rxx (1)
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2
o 0
§ 0 Ay 1 = Oz
_ : T (13.33)

| "z }
2 A 3 2 3
Ryv (U) 0 ::: 0 Ay 0 0
0 Ryw(U 1) = 0 0 A 0
SRR § IR SIED
0 e 0 R 1 0 e 0O A
| z wib z Ly
RVV A

where Ryy (u) are all diagonal matrices. If singularity occurs in any of the inputs, then the Generalized
Cholesky decomposition discussed in Chapter 5 can be apptidor the corresponding input factorization
if a triangular decomposition is desired. Channels with (HA) > UN need have no dimension sharing
of users. The GDFE theory of Chapter 5 applies directly and félows formulation of a canonical forward
channel matrix

Re=A H Rpy H A ; (13.35)

from which a canonical backward channel matrix is formed andfactored
R,'=Rf+Ry=G Sy G : (13.36)
The GDFE feedback section (or successive decoding) then i& with bias removal to a Gy = | +

[SNR ,+ 1] [SNR,] * [G I],whereSNR = RywvRed RwSpandSNR , = RywSy |. The
overall feed-forward processing is

W=[SNR,+I1] [SNR,]* S, G A H Rp; : (13.37)

When (HA) <UN , the GDFE auto includes other-users' noise on all dimensios/decisions for a given
order.
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13.2 Iterative Water Filling

This section introduces several forms of iterative water-lling. Iterative water- lling was noted by
Rhee and Ginis as a mechanization of more general convex-aptization solution to the MAC rate-
sum maximization problem. Essentially iterative water- | ling has each user compute a water- Il spectra
while other users' spectra are presumed held constant. Itative water- lling proceeds to execute water
lling for each user successively, perhaps several cyclesrfall users. The process will converge eventually
to an SWF solution fR%x g,-; ..., - Ilterative water lling is a simple implementation of what w ould
otherwise be a mathematical, but insight lacking, procedue had it not been for their observation. A
second bene t beyond simplicity is the recognition that esentially each user can autonomously determine
its own input autocorrelation without a need for central control, which may have advantages in practice
with time variation or under various coordination limitati ons.

13.2.1 The IW algorithm and related distributed implementa tions

The Rate Adaptive (RA) lterative Water- lling (IW) of Figure 13.6 is an iterative algorithm

that converges to an SWF-criterion satisfying point for the MAC . In Figure 13.6, no order is presumed
so all users view all others as noise and no successive decaflis presumed in the calculations. The
process may take several iterations of the outer loop, but wi converge as is shown shortly. In Figure
13.6,u is a user index,j is an index that counts the number of times that U water- llings have been

performed (one for each user), and max iS @ number chosen su ciently large that the designer thinks

the algorithm has converged.

Figure 13.6: Flowchart of (rate adaptive) Iterative Water- lling.

This procedure converges as was illustrated in Section 13.XChoosing an order allows an implemen-
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tation and will then specify each user's constituent rate inthe maximum rate sum. The consequent
water- lling autgporrelation matrix for any user (denoted R$y (u)) is derived from viewing a total noise
Of Rnoise (U) = g, Hi R%x (i) H; + Rnn .

The global convergence folMAC is established by again using the convexity of theMAC problem:

Theorem 13.2.1 (Convergence of IW algorithm to limiting poi nt) The IW algorithm
always converges to a limiting solution that satis es the SW criterion on the MAC . proof
(Yu): First the problem is convex, so there is a solution. Any uses data rate will be in-
creased (or not decreased if no further improvement possie) by running water- Il with all
other users as noise. In at least one order, this user is rst ad the maximum rate sum is
valid for this and all orders. All other users will not reducetheir rates in this order because
they all remove this rst user in successive decoding and arthus una ected by this rst user's
new water- || spectrum. The same is true for the next iterative water- lling order (with at
least one, di erent, order). Thus the rate-sum is non-decreasing at each step and with this
convex system, the procedure eventually will reach the mawum. QED.

EXAMPLE 13.2.1 (simple AWGN channel) This example returns to the (P, = :8; P, =
:6) MA channel. The rst step of IW produces E; =1 and by = 6:32 bits/dimension. Using

this at spectrum as additional noise for the second step, IW producesE, =1 and b, = :32

bits/dimension.

Starting with user 2 would produce the other corner point of the capacity region.

Distributed Implementations

The IW algorithm in Figure 13.6 does not directly show that coordination is not necessary. Indeed that
algorithm is using information about all the channels, input powers, spectral densities, etc to compute
other spectra. Such an algorithm could of course be easily pgrammed in centralized software (Matlab)

for the analysis of any particular set of H, matrices and power constraints. In actual implementation,
a master matlab program or analysis may not be possible. Eacliser's \loading" might independently
execute a water- lling algorithm based on the measuredH , for that channel only, and the measured
noise autocorrelation Rpeise (U) (wWhich includes all the other users as if they were noise). &h eld
implementation produces the same result but requires veryittle coordination other than users knowing
who proceeds them in order. Since thelAC allows receiver coordination and the receiver can actually
measure all the signals and noises, then this distributed f#ture is not so interesting, but may be of
interest to simplify practical implementation.

Loading algorithms in practice are likely to be continuously implemented in operation as transmissions
systems could turn on or o, as well as during initialization. Chapter 4 suggested in practice that methods
such as the Levin-Campello or others might be used basicallto approximate water- lling with discrete
bit loading. The question then arises as to their convergene.

Lemma 13.2.1 (Global Convergence of Levin-Campello Method for MA channel)
The use of su ciently fast bit-swapping according to the Leun-Campello algorithm of Chap-
ter 4 necessarily converges to withind 1 information units of the maximum rate sum for
the MAC . For large N, the overall loss per dimension thus goes to zero.

proof: One need only granulate time nely enough to force any updatef the LC algorithm
to be executed distinctly. Any such step necessarily then éreases the rate for that user and
since all other users remain at their sum values, the rate ineases. Because of the granularity
it is possible that up toU 1 of the users could be each 1 bit (information unit) away from
the best solution. For largeN >> U , this is negligible. In practice, the LC algorithms
cannot instantaneously measure the updated noise and chamghe bit distribution through a
bit swap. However, on average, simple execution will ensutbat on average the rate sum is
increasing. Thus nite-execution time simply might slow caowvergence (in several senses) of
the algorithm, but not prevent it as long as all channels theselves are otherwise stationary
(or vary su ciently slowly).
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Caution needs to be exercised in interpreting chain-rule cocepts when the gap is non-zero, as in the
following Example 13.2.2.
EXAMPLE 13.2.2 (non-zero gap) A U =2 MAC with N =1 has user SNRSSNR; =
EL =22 dB and snr, = E =29 dB. A gap of 9.5 dB for P, = 10 7 is used for both users,

1= 2= =9.5dB. Both users use QAM with symbol rates of 10 MHz and th e noise is
AWGN. 7 The maximum data rates for the two users are
SNR
R1.jast 10° log, 1+ ==X = 44.2 Mbps (13.38)
1
SNR
Ro:jast 10" log, 1+ >—2 = 64.9 Mbps (13.39)

2

and represent corner points for the -dependent rate regionthat correspond to decoding the
other user rst. The rates for decoding rst are

SNR1
Ry = 107 | 1+ ————=  =03Mb 13.40

1;first 0g, 1+ s\Ry) 1 ps ( )
Rogist = 107 log, 14 —— 2 = 6.4 Mbps (13.41)

1+ SNRy) 2

The larger rate sum corresponds to decoding user 1 rst and us 2 last and is 64.9+.3 =
65.2 Mbps. Order is important to maximum rate sum when the gapis non-zero. The other
order would have produced a rate sum of 44.2+6.4 = 56 < 652 Mbps. When the gap is
zero, either order would produce the rate sum

Rsum: =0 =107 log, (1 + SNR1 + SNR2) = 99 Mbps : (13.42)

Also
SNR; + SNR>

Rmaxsum = 65:2< 107 log, 1+ = 67.5 Mbps : (13.43)

The latter expression on the right in (13.43) is an easy mistke to make if one errors by
applying the chain rule with non-zero gaps.

The area of non-zero gaps with iterative water- lling has been addressed by Jagannathan in his
Stanford dissertation. Problem 13.10 investigates this aea further.

13.2.2 Fixed-Margin (Min Power) lterative Water- lling

Fixed-margin (FM) water- lling is reviewed in Figure 13.7. The gap is again as n RA water- lling
and used for actual systems that cannot operate exactly at cpacity, but this section initially assumes
that =0 dB. FM water- lling is very close to margin-adaptiv € water- lling in Section 4.3. The only
di erence is the last step in Figure 4.9 of Chapter 4,

max = PNEU— ; (13.44)

n=1 EU;n

is omitted in FM water- lling. Thus, the power is minimized f or the given data rate of b, that is desired
(for the given gap). Thus, FM introduces an element of \politeness" to the other users.

FM IW follows Figure 13.6 with RA replaced by an FM box containing the algorithm of Figure
13.7, except that the gainsg; now corresponding to the singular value decomposition off, for eachu
in some given order selected for FM IW. The FM IW always conveges for some selected order in one
pass through all users. The converged multiuseRxx (u) u =1;:::; U point obtained may not satisfy the
original energy constraints unfortunately. Several ordes (or all U!) can be attempted. If any, or any
time-shared combination thereof, satis es the energy corisaints, a solution has been found. If not, the
methods of Sections 13.4 and 13.5 are necessary.

“Note - no 1/2 is used in this case because the channels are complex.
8Take care that we used the acronym MA to stand for \margin adap  tive"in Chapter 4, while it means \multiple access"
here so we fully write margin adaptive in Chapters 13-15 wher e appropriate.
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Figure 13.7: Fixed-Margin Water- lling for any user u.
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Figure 13.8: lllustration of Vector DMT timing alignment.

13.3 Vector DMT for Multiple Access

Vector DMT systems were rst introduced in Chapter 5 for a lin ear time-invariant channel. The as-
sumption of linear time invariance is continued throughout this section. Figure 13.8 illustrates the
synchronization of multiple-access DMT symbols at a commorreceiver. Each transmitter uses the same
size DMT symbol and o sets symbol boundaries so that all uses arrive at a common receiver symbol
boundary. Such alignment presumes the receiver supplies ammon clock through a reverse channel to
all transmitters (essentially telling these transmitters to advance or delay their transmit symbol bound-
ary until all are aligned at the receiver). Such alignment can be achieved in up-channel direction ( and
simultaneously the down-channel direction) as describedn Section 4.6 of Chapter 4 on digital duplexing
or \zippering." M MAC 's need only synchronize in the \up" direction. A bi-directi onal alignment will
be important for systems that use Vector DMT in both directio ns and thus also have a vectoBC , as
in Chapter 14. There areL, IFFT's implemented at each of the U users' transmitters. There arelL,
FFT's implemented at the common receiver.

Such alignment will, if the common cyclic extension of DMT partitioning is longer tan the length of,

any of the response entries corresponding to each and all dfi¢ H , (thatis T ° length max,; Ayi(t)

lead to no intersymbol interference and to crosstalk on any prticular tone n that is a function ONLY
of other users' signals on that same tonen of other users. Each tone of thel receivers' FFT outputs
can then be modeled in Figure 13.9 as

2= TRy (13.45)

Ly 1 Ly LyU LyU 1 Ly 1

where
Hn = IiHU;n |é|]_;n] (13.46)
XU;n
Xo = 3 : & (13.47)
X 4.
2 "N 3
yLy;n
Y, = ﬁ : (13.48)
Yin
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Figure 13.9: lllustration of the Vector DMT system.

2
Xu;L x N
X un = 2 g . (13.49)

Xu;l;n

The (ly; I, )" entry of Hun is the DFT of the response from line/antennaly of useru to line/antenna Iy
of the common output. The energy constraints become

X
trace Ryy (un) Ey 8u=1;z5U ¢ (13.50)

n

This tone-indexed model, as illustrated in Figure 13.10, fo DMT leads to tremendous computational
reduction with respect to the full successive decoding (or ®FE) structure of Section 13.1. Essentially
that structure is now applied independently to each tone. E ectively, N small successive-decoding
channels of sizeLy, Ly U replace a giant successive decoding of sit, N Ly N U. The GDFE
computational advantage whenLy =1 and L, = U is a complexity of U N log,(N)+ NU? versus the
much larger (N U)?, orif N = 128 and U = 4, the savings is a factor of about 50 times less computation
(262,144 vs 5,632,

For further analysis, given an order of decoding with VectorDMT, the Ly Ly matrix

Hun = Rnolis::(U;n) Hun (13.51)
and
XJ .
Roise (U; N) = RNN (n)+ Hin RXX (i;n) Hi;n ; (13.52)
i=u+l
can be constructed. There areU! possible user orders that could be used in computing such an

Rhnoise (U; ). All correspond to valid GDFE's for the tone.
Vector coding code be applied to each of these tones throughrgular value decomposition:

Hun = Fun “un Mu;n ; (13.53)

90ne can only hope that the uninformed who incorrectly claime d less complexity for single-carrier approaches will be
staggered by such overwhelming complexity reduction for mu lti-carrier in the multiple-access case!
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Figure 13.10: Tonal Equivlaent of the Vector DMT system.
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Figure 13.11: Vector-DMT with equivalent noise-whitened gopoach.

so that an input is designed whereNt ., is a transmit matrix such that

Ryx (u;n)= Myn Rwv(u;n) M., (13.54)
with Ryy (u; n) diagonal,
Gutn = “on 81=1;05 Ly (13.55)

Figure 13.11 illustrates the implementation, which is in e ect a special form of both a GDFE and
successive decoding. This gure shows one user, which hasatismit and receiver vector-coding matrix
Iters designed with noise whitening based on the equivalehnoise Rygise (U). Subsection 13.3.2 will use
the GDFE directly on each tone to simplify the design.

13.3.1 SWEF for the Vectored DMT MAC
Simultaneous water- lling for Vector DMT:,follows the more g eneral case for the maximum rate sum.
Any user u water- lIs with  Rpgise (U; N) = ,eu Hin Rxx (i;n) H;, + RyN as noise. The equivalent

channels are thus determined byH ., = anse (uin) Hyn = Fuyn  un My, . The energy distribution
is determined by

Eiin + = constant, 8n;| : (13.56)
gu;l;n
The input autocorrelation matrix for user u is then formed by
%x (un)= My, diag fEvec(u;n)g M, 8n (13.57)
Such R? can be determined by the iterative water- lling in Section 13.2. To determine a rate-
sum=maximizing bit distribution, each input autocorrelat ion can be factored so that
R&x (Uin)= Pyn Eec(u;n) Py, (13.58)
where Ejec IS Hg\gonal matrix of input energigs on each dimension. Thernan order is selected and
Rhnoise (U; N) = izus1 Hun R§x (uin) Hy., + RynpN formed for this order. Then
Hun = Rnolis::(U;n) Hun Mun = Fun “un My, (13.59)
De ning 9u1n = 5”;” , then the number of bits carried by useru in that chosen order is
X X Xx
by = by = log, 1+ By Suin : (13.60)
n n =1



(a factor of 1/2 is introduced if the channel is real baseband but this happens in DMT only for the DC
and Nyquist tones, which are often not used anyway°) This number of bits will be di erent with order
for each user, but the overall rate sum

X X X
b= b, =

u=1 u=l n

buin (13.61)

is always the same and is constantly equal to the maximum for th(U!)N orders. For the case oL, > 1,
the existence of an FDM solution is not guaranteed. WhenLy = 1, there exists a rate-sum vector bmax
for which all orders provide the sameh, set - an FDM point, as N !'1

13.3.2 Tonal GDFE's

While R()J(X may maximize the rate sum, a GDFE exists for any set of input adocorrelation matrices.

To implement the Vector-DMT GDFE with known Ry (n) = AaRyy (n)A, with Ryy (n) diagonal,
the receiver forms

h i
Zn = A, H, RNlN (n) Yn (13.62)
= A, H, Ry (M) Hn AgVa+ N (13.63)
= Rin Va+ N (13.64)

a forward canonical channel for tonen. The entity Rpgise (U) does not appear explicitly in the GDFE

design, which instead uses directhRy., . The given order of the GDFE, which is implied by the ordering

of inputs in V ,, does assign later users as noise. Di erent orders then sinfypcorrespond to re-indexing
the GDFE dimensions in the channel model. There areN such forward canonical channels that act
independently, one for each tone. The canonical backward @nnel is characterized by the backward
matrix with Cholesky factorization

Rps = Ren + Ryy(0)= G, Som G ; (13.65)

The upper triangular Cholesky factor G,, determines the feedback section. The diagonal matrbSNR
contains the biased SNR's for the estimation of all dimensias of all users and is

SNR » = Ry (n) Son (13.66)
The unbiased feedforward section that processes the chanhneutput vector Y , is
W, =[SNR ] [SNR 1171 Sor G, A, HoRyN (M (13.67)
The unbiased!® feedback section is
GU" = | + SNR ,[SNR, + 1] '[G, 1] : (13.68)

When the channel rank isN U Ly, then there is no \other user" noise and each user occupies a
dimension, directly analogous to Chapter 5's estimation ofeach dimension. When the rank is less, other
users naturally become signi cant constituents of most dimensions' error signals. Figure 13.12 illustrates
the GDFE structure for each tone. Decisions are made on eacHament of the vector V ,, in succession
from bottom (user 1, antenna/line 1) to top (user U)according to the users' order. A GDFE structure
exits for each and every order.

10For a real baseband channel, the number of tones is typically N=2 becausemf conjugate symmetry. We shall tacitly
assume the designer knows the correct number of DMT tones, an d we often write to avoid the notational complication.
11 A superscript of \unb" is used to denote \unbiased" to avoid ¢ onfusion with the use of U as a user index.
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Figure 13.12: Tonal GDFE

Column dominance

A special case of the GDFE occurs wherRnn (n) = | and Hy, A, is column dominant. Column
dominance means that the diagonal element of each column is uch greater than the other elements in
that column, so if P, = H, A,, then

jPn(u;u)j >> jPn(i 6 u;u)j8i 6 u : (13.69)

In this case, thenR; and thus R, ! become approximately diagonal matrices, and therG ! |. There
is no feedback in this situation, and order is irrelevent in the GDFE { all orders produce the same
result. Indeed each user best uses a water- lling energy disbution with respect to the same noise.
This situation occurs in some DSL channels when the upstreanmoise is \white." The \other user" noise
is completely eliminated by the action of the feedforward marix.

The bit rate on tone n for user u's I input line/antenna is

Bun =109, (Buiin - Souin ) - (13.70)
The bit rate for user u is then

X XKx
b, = bu;I;n : (13.71)

n I=1

The rate sum for tonen is 0
b, = bu:n (13.72)

u=1

and is the rate for tone n's GDFE.

The ZF-GDFE may also be of interest and whenH, has rank Ly = U nonsingular (nor close to
singular) because the ZF-GDFE then works at nearly the same prformance as the GDFE (MMSE).
The procedure for design is for the \Q-R" factorization (G, is monic upper triangular, Q is orthogonal,
and D, is diagonal)

RyN Hn=Qn Dn Gy (13.73)

and the feedback section asG, and the feedforward section asw, = D,! Q,, thus avoiding some
of the matrix algebra at essentially no loss in performance Wwen ZF is close to MMSE. In this form,
no matched ltering is directly used. Following, this same form and including the noise-whitening, the
entire feedforward matrix is D,,! Q, RN1§|2 . The unbiased SNRs are computed by

SNRy;in = Eun [Dugin ]2 : (13.74)
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The complexity of the tonal GDFE is dramatically less with Ve ctor DMT than would be the case
with single-carrier type modulation. The tonal DFE complexity in multiply-accummulate operations is

Tonal GDFE operations= N (LU)2+ L N log,(N) (13.75)
while the complexity of the full GDFE without DMT is
Full GDFE operations = ( NLU )? : (13.76)

For instance, with N = 1024, L = 1, and U = 10, the complexity is roughly 100,000 operations per
symbol for vector DMT, or 100 per sample. By contrast, the ful GDFE would require approximately
100 million operations per symbol or roughly 100,000 operabns per sample, a factor of 1000 times
more complexity (some level of zeros might exist in the GDFE natrices, but this is of course channel
dependent and unreliable as a complexity-reducing mechasum). Thus, the complexity advantages of
DMT in the single-user case magnify greatly with multiple users.

13.3.3 Spatial Correlation of Noise

Spatial correlation refers to the possibly non-diagonal stucture of the matrix Ry (n) on any (or
many/all) of the independent tone-indexed matrix channels of the vector-DMT system. The GDFE
easily handles such correlation in concept. System desigremay often assume such non-crosstalk noise
to be \white" or diagonal. For any given set of diagonal values of the noise, a \white" assumption may
reduce estimates of system capacity greatly.

It is clear from Equation (13.63) that a singular or near-singular Ry (n) with consequent tiny or
zero determinant in the denominator could produce a very hidp data rate sum. For vector-MA systems,
such near-singular spatial noise correlation may be commanFigure 13.13 illustrates the basic situation
where a common noise source impinges on each of two channelmé€s or antennae). There is a high
correlation of the noise on the two channels because the soue is the same. If this were the only noise,
the capacity would be in nite. One receiver could measure tte noise and then subtract the noise from
the other channel output if receiver coordination is allowed as in the MAC , leaving noise-free operation
with in nite capacity. Figure 13.13 also illustrates the basic channel from noise to receivers (itself a
single-user channel with one input and two outputs).

If the noise in the upper portion of Figure 13.13 is white on the input, then the autocorrelation

matrix is 2 hoh
RNN (MW= B Rt (13.77)

which is singular, leading to in nite capacity. Suppose ingead the situation in the lower portion of
Figure 13.13 occurs with two independent noise sources. Tine the noise correlation becomes

2 2 2 2 2
hsa+ h3, 2 h2a hia 5+ hop hip §

: 13.78
hoa hia 2+ hyp hyp 2 hi,+ hi, 3 ( )

RNN (n) =
which is generally not singular. Indeed, as more and more nee sources contribute, on average, the
RyN  matrix will become less singular (and capacity decreases)However, if for the case of two noise
sources,Ly = 3, then Ry (n) is singular again and the capacity is large/in nite. In general, if the
number of independent noise sources is less thdn,, then the capacity is in nite. For practical systems,
each receiver front-end will have some small independent rige so in nite capacity never occurs { however
data rates may be very high if the number of external noise sorces is less thanLy (presuming receiver
front-end noise is small, and will essentially determine cpacity). The spatial-singularity e ect cannot
occur if Ly = 1. Thus vector multiple-access systems may have enormousapacity in both wireless and
wireline applications. In wireless systems, if the number breceive antennae exceeds the number of \other
users" (i.e., from adjacent cells) then if the system can be ptimized by vector-DMT, the Uplink capacity
will consequently be enormous. In wireline DSL systems, tts result means that upstream capacity can
be enormous even in the presence of uncoordinated crosstaliks long as the number of lines coordinated
exceeds the number of signi cantly contributing crosstalkers outside the MAC . Such results can also
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Figure 13.13: Spatial noise correlation.
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Figure 13.14: VDSL with and without vectoring - no spatial correlation of other noises.

indirectly be used to help down-direction transmissions beause if the upstream direction has very high
rates, then more bandwidth or dimensions can be allocated fodownstream transmission (where spatial
correlation cannot be exploited as well unless the receivealso uses multiple lines/antennae).

EXAMPLE 13.3.1 (VDSL) VDSL is a zippered DMT system as described in Section 4.6.
The upstream direction is a vectored multiple-access chargl if the DSLAM uses coordination.
This system then is vectored DMT if all upstream DMT transmis sions use the same master
clock. The tone spacing is 4.3125 kHz with a cyclic extensionf 640 samples on a sampling
clock of 16 2.208 MHz. Up to 4096 tones can be used in either direction. Tw frequency
plans have been used for a frequency-division separation apstream and downstream bands.
The so-called 998 plan of North America allows up and down trasmission below 138 kHz
(tone 32), and also up-only transmission between 4 MHz and 2. MHz and between 8.5 MHz
and 17.6 MHz. Two uncorrelated and uncoordinated types of apsstalk noise noise A - (less
severe) and noise F (more severe) are used for testing.

Two options are investigated in Figure 13.14. In the lower cuves, the upstream data rate
for simple DMT use with water- lling in each of the FDM bands i s used upstream with no
vectored coordination or GDFE. The upper curve is the data rae achieved with vectoring
and the same noises. At short line lengths, the self-crossia from same-direction VDSL
signals dominates (while at longer distances it does not). N spatial correlation of the Noise
A or Noise F was used in Figure 13.14.

Figure 13.15 illustrates the situation if the other crosstdkers are fewer in number than the
number of vectored users in the upstream direction. The datarate plotted is the overall

rate sum divided by the number of users since all the lines haw the same channel in the
con guration investigated. Again, yet an even higher data rate is achieved at short lengths.
In this case the other crosstalkers overlap the band used byhe upstream VDSL. No frequency
plan was used and the loops simply adapted to best band use wit14.5 dBm of upstream
transmit power. As can be seen in Figure 13.15, yet further d& rate increase is large when
spatial correlation of noise can be fully exploited. This example is revisted for bi-directional

downstream vector BC and upstream vector MAC in Chapter 14.
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Figure 13.15: VDSL with vectoring - spatial correlation of other noises have fewer sources than the
number of lines terminated on the DSLAM.
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13.4 Minimization of an energy sum - Mohseni's Algorithm

This section uses some optimization-theory concepts to ndthe minimum weighted sum of energies
(or traces of input autocorrelation matrices in general) ard bit distributions of a vector DMT design
that corresponds to any data rate vector b. Such energy-sum minimization may be of interest when
\radiation" into other systems (i.e., those that do not shar e the same receiver and are not part of the
MAC ) is to be somehow contained. The minimization of a weighted eergy sum is also an intermediate
step that enables the solution for nding the energy and bit distributions corresponding to all users to
realize any point within a capacity rate region for a MAC in Section 13.5.

This section rst poses the problem and introduces some corex/concave optimization concepts that
lead to an algorithm by Mohseni that nds the minimized weighted energy sum. Essentially the same
algorithm can be used to solve some related problems like maxization of a weighted rate sum and the
inclusion of various constraints in the capacity formulation.

13.4.1 Minimizing a Weighted Energy Sum

The basic problem addressed is the determination of a set df user inputs that minimize a weighted
sum of energies to implement a transmission system that achives a given set of user data rates speci ed
by a rate tuple [by b, :::by] where b is considered to be xed andRyy (u) to be variable.

P
min 3:1 w, tracefRxx (u)g (13.79)
fRxx (u)g

ST: b [brmin Bomin bumin]l O

While ad-hoc in terms of radiated energy, a designer with sora knowledge of the details of the transmis-
sion environment outside the MAC would adjust the weights in the sum of energies to re ect a dese
of minimum radiated energy. If one user's energy use were spected to be more o ensive, it could
be weighted higher in the sum. The vectorw 0 controls such weighting, and it would a reasonable
assumption to force this vector to have a unit sum of its elemats (but not necessary). The vector
w =[11::1] corresponds to the energy sum. More theoretically, this ppblem forces a particular solution
for a given b in general. The solution does not have to be contained in the ate region c(b), but the
extension to such an additional constraint on individual user energies is subsequently easily addressed
in Section 13.5. The energies of individual users are re eed in the trace Ryy (u) terms when
Ly > 1. When Ly =1, these terms reduce to the individual energies of userg,, making the analogy to
a minimum sum energy more obvious.
The criterion of 13.79 can be specialized to VDMT as
. Py Py
min u=l  n=1
Ryx (un)
P N
ST: b= [ [bun b iibun]  Brin 0

Equation (13.79) could be obtained from Problem (13.80) by stting N = 1 mathematically, likely
meaning in practice that the actual size ofRyy ! Rxx in general could be quite large, losing the
bene t of VDMT's reduction of the problem into many smaller p roblems of less complexity. Thus solving
(13.80) solves the original problem ifN = 1. The tonal decomposition will be helpful also in simplifying
the solution to the overall problem, as in Subsection 13.4.2Both criteria are concave and always have a
solution as should be obvious because using su cient energwill always obtain the rate tuple for some
order of decoding in aMAC .

The so-called \Lagrangian” for (13.80) is formed as

wy, trace Ryy (u;n) (13.80)

3 X # " X # )
LRxx :bw; )= wy trace Ryy (u;n) u Bu:n o ; (13.81)

u=1 n n

with an additional implied convex constraint that any tone m ust have a rate tuple b, that lies within
the capacity region for the tone and any given set ofRyy (u;n);u=1;::;U for that tone, namely

bn 2 ch(Ryx (u;n);Hy) (13.82)

486



where the capacity region for tone and given noise, channegnd input correlation is provided in Section
13.1 and generated by rate-sum bounds for the'2 1 possible rate sums. The non-negative quantities

u are rate-control constants that contribute nothing to the L agrangian's value when the rate constraints
are met, but cause the Lagrangian to re ect the constraint in a way that causes increase in its value
when the constraints are not met. Minimization of the Lagrangian for the maximum non-negative values
of leads to a solution of the overall problem if the point satis es the implied data-rate constraint. The
implied-constraint region is convex because it is a capagjtregion for that tone and given Ry x (u;n)
set. Any rate tuple for tone n outside this set is not achievable on this tone, and all rate tiples within
the set are achievable. This implied constraint is a key to anpli cation of a algorithmic solution.

An interesting observation is that the solution to the dual problem
max P N bun (13.83)
RXX (u;n)
Py P
ST: E u=1 ntrace Ryx (u;n) 0 ;

which has essentially the same Lagrangian (other than consints that disappear under di erentiation),
thus could be optimized by essentially the same algorithm. Erthermore, when the minimum energy sum
has all equal weights, sav = 1, the weighted rate-sum-maximization almost never has all qual weights,
and vice-versa. Tracing the weighted rate-sum is a mechanis for generating the capacity region, and
thus the minimum weighted energy sum is also closely relatetb rate-region generation. Thus, a designer
might address the problem

Given:lb;w Find:Ryyx ; (13.84)
or equivalently the problem

Given:E; Find:b;w : (13.85)

13.4.2 Tonal Decomposition of the Lagrangian

The nite sums over indices u and n in (13.81) can be exchanged to obtain

L(Ryx :bw; )= w, trace Ryy (u;n) TN T TR « TR (13.86)

n:1§ =1 {z u=1 ’ }é

La(Ryy (un)ibyiw: ) ’

where L (Ryx (n);bn;w; ) is a tonal Lagrangian term. The boldfaceR in Ryy denotes all users
included. This term for the user bit distribution in b, or equivalently b, values, and any given depends
only on tone n quantities. Thus, the overall \maximin" can be decomposed &

X
L =max Lmin ( ;n)=max Lmin () (13.87)
n=1
where
Lmin ( 5n) = foxnw“ - La(Rxx (n);bn;w; ) : (13.88)
The minimization part is thus N independent problems that may be each individually investgated for
a given . The outer maximization can be later considered after each bthe internal minimizations for
any given has been addressed.

As above, there is an impliedGDFE constraint  (or successive decoding constraint) that the bit
vector and the autocorrelation for any tone must satisfy the known capacity relation for that tone with
U users:8 9

I

< . X »x : =
by 2., D0 j O bin  log, HunRyx (WMHy, +1 . =c Ryx (0) iHn
. u u u=1
(13.89)
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where again

Hun = RN (M) Hun (13.90)
Thus, there are N independent problems to be solved, each of the equivalent fon:
P
max . u bin W tracefRyy (Uin)g=  Lmn ( ;0) (13.91)
ST : b2 c, RXX (U;n) yHn
A fact noted by Tze is that for any 0 within the tone's capacity region that
I
N !
max u Bun (13.92)

Ry x (un) u=1

can only occur at one of the vertices of the region in (13.89).Any point between vertices is convex
combination, and thus optimization selects the vertex with the largest , to go last in order, and so
forth. Thus, determines the order for the problem of maximizing a convex esmbination of the rates.
Given such a best order (u), it would be such that

1(U) U 1) o 1) - (1393)

Since the second term on the right in (13.91) does not dependro , then a constraint is that a vertex
point must maximize the overall tone criterion in (13.91) for each tone. Furthermore, the constant
(with respect to tone index n) relates that the best order is the same on all tones.
To minimize the expression on the right in (13.91), the relaionship between the bits per user/tone
bi;n and tone autocorrelation Ry y (u;n) can be inferred from the known best order (that is at given
), and the tonal capacity relation becomes

x X 1
bun = log, H 1inRxx ( Mi)imH 15, + 1 log, H 1inRyxx ( M(0)inH 1), + 1

i=1 i=1

= (13.94)

When computing the sum 3:1 u bun, each \log" term in the equation above appears twice, with
di erent value of ; so with simpli cation the sum becomes

X X x g
u bn = 1(u) 1(u)+l H 1(i):n RXX ( (i);n)H 1(i)n + | : (13.95)
u=1 u=1 i=1

Equation (13.95) permits (13.91) to be written purely as a function of the tone autocorrelation Ry yx  (u; n)
matrices, u = 1;:::; U. This concave function can then be maximized as in Subsectiv13.4.3 to nd the
best set of autocorrelation matrices for this tone and the g¥en value of .

13.4.3 Mohseni's Algorithm and minPMAC program

Mohseni's algorithm computes the solution to the overall sun-energy minimization problem by iterating
between a step of nding the best autocorrelation matricesRy y (u;n) for each tone that minimize
(13.91) and adding them for a xed value of and a subsequent step of nding the best for the given
set ong( (u; n). With appropriate initialization, this iterative altern ation betweenRyy (u;n) and
optimization will rapidly converge to the overall optimum s olution if each step uses appropriate convex
optimization procedures that converge to individual best ®lutions based on the given parameter(s). It
can be summarized in two steps after initialization of = 1:

Rxx step For given and each tonen = 1;::;N, compute Ly, ( ;n) in (13.88) for each tone via some
convex minimization procedure, most likely a steepest desmt procedure as in Subsection 13.4.3.
Sumthelmin ( ;n)overnandadd by asin(13.86)toformL(Ryx ;b;w; ) for the determined
set of all users' tonal autocorrelation matrices.
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Order Step Determine for the given outputsL (R xx ;b;w; ), which is evaluated at the best set of all users'
tonal autocorrelation matrices from step 1, the value of that maximizes this expression for the
given Ry x , b, and w. Use this new value of and return to step 1. This step typically uses an
elliptical or \sub-gradient" optimization algorithm as in Subsection 13.4.3.

The algorithm converges if each step uses convergent algtrim for the intermediate convex optimization.
The algorithm can be terminated when successively computed. (Ry x ;b;w; ) on successive step 2's
are su ciently close to each other, or when all user bit constraints are met.

Order step and initialization

The \order step" determines the best order and may be implemated with an elliptical algorithm.

The minimization from an Rxx step of Mohseni's algorithm produces a set ong(X (u;n) and
corresponding related set oftf},, . These can be substituted into the Lagrangian expression tareate a
function of , L°( ), thatis

[0} >U >¢J [0}
L°( )= Ln(R%x (uin);bfnsw; ) (13.96)
n=1 u=1
This function can be evaluated at any argument, so an o set flom the xed of the Rxx step is selected,
that is ! + . The function L°( + ) by direct algebraic manipulation is then at this new
argument
" #

X X
L min ( + ) LO( + ): L min ( )+ u o lJ.J;n = Lmin ( )+ b ; (13-97)

u=1 n=1

where Lin () is the value from (13.88). If b =0, then the best is already known and equal to the
value used in the immediately preceeding Rxx step, and the glorithm is nished. If not, the expression
(13.97) then allows that!?

Loin ( + ) Lmn()+ b= LO( + ) (13.98)

So the objective is to determine such a  that maximizes L°( + ), and then a new is generated
for return to step Rxx. Essentially, the components of b, sign and magnitude, give an indication of
desirable values of that upon a subsequent Rxx step would push b, with any consequent change in
order, to zero. b is known as a \sub-gradient" in optimization theory for the f unction Ly, ( ).

The ellipsoid method exploits the sub-gradient in an iterative procedure that will converge to the
optimum value of °. The algorithm must start with an ellipsoid O( ) that contains °. The algorithm
iteration index will be k so at any iteration k, the estimate of °is , and will be viewed as the center
of an ellipsoid, Ox( ), viewed as a function of . An ellipsoid of smaller volume, Oy ( ) at iteration
k + 1 is recursively determined as the smallest containing theintersection of Oy with the half-space

( k) b 0. Dening k =( k), the new ellipsoid is then
n \ 0
Ok+l = Omin Ok( ) Kk b O : (1399)

Each ellipse can be speci ed as
o= j( AN 1 ; (13.100)

where Ay is a positive de nite symmetric matrix that speci es the ell ipsoid axes. The ellipsoid-
normalized rate-di erence sub-gradient vector is de ned as

b
b= gtV (13.101)
1
12 ¢ b< 0, then Lmin ( + ) Lmin ( )and + cannot be the optimal solution. Recall the idea is to nd

a that does minimize L min .
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which is used to simplify the recursions to get a new ellipseavering the intersection of the half plane
and the old ellipse:

1
K+l = K U+1Ak by new center (13.102)
A u* A 2 A B b, A new axes : (13.103)
k+1 U2 1 k U+1 k k k k . .
The volume of the ellipsoid decreases as
vol (Os1) € Zovol(Oy) ; (13.104)

implying exponential convergence in terms of the number ofterations within any single order step of
Mohseni's algorithm.

To determine the initial ellipsoid that contains  ° on any order step, any order is selected and a user
bit distribution is selected so that

bew = & (13.105)
by = B+1 : (13.106)
A single pass$® FM iterative water- lling for the selected order and bit dis tribution in (13.105) and

(13.106) is made through all users to obtain this bit distribution, thus generating a set off Ry y (u; n)g.
This set of autocorrelation functions is substituted into the Lagrangian equation, which must always be

non-negative for °© 0, so
" # " I#
XX X X
0 Lmn(?9 wy trace Ryyx (u;n) + by Bun o (13.107)
u=l n u=1 n
I {z }
1
must hold. Rearranging this equation leads to
XX
0o 3 wy trace Ryy (U;n) = ymax - (13.108)
u=l n

The step in (13.108) is repeated for each user (that is increenting one of the users by one bit as in
(13.105) and (13.106)) to generate a,;max as in (13.108). Thus by executingU single-pass FM IW's for
each of theU bit distributions (each incrementing one user by one bit whie others are held constant),
a box containing ° is obtained. The ellipsoid that covers this box is then de ned by

A01:§ Y; ; z : (13.109)

Interior point or discrete-quantization algorithm

The Rxx step can be implemented with a gradient descent methd independently for each tone. Basically,
I = Lmin ( ;n) is minimized by moving in the direction of the negative gradient of L according to

Lisr = Ly 52, 5 Ly (13.110)

where 5 2L is the 2nd-derivative matrix or \Hessian" of L and 5 L is the gradient of L, both respect to
the positive-de nite-matrix entries of Ry y (u;n). The positive step size is chosen to be less than half
the inverse of the trace of the Hessian. The Hessian is comphted but contained within the software
in Subsection 13.4.3. The proper Hessian calculation shodlalso include constraints that ensure the
autocorrelation matrices are positive semi-de nite.

13The water- lling need be executed only once for each user bec ause a single pass usingRy, oise(u) for some order will
produce a solution, which is all that is necessary for initia lization.
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Matlab Implementation of Mohseni's Algorithm

Mehdi Mohseni has graciously donated a \minPMAC" program for the case whereL  x = 1.
The call of the program is basically

(E, theta, bun) = minPMAC (G, bu, w)

The inputs to the function are

wisaU 1 vector of weights for the energy sum (typically w=ones(U,J.

buisaU 1 vector of non-negative bits per symbol for each user.

GisanLy U N tensor ofLy U matrices [Gy Gy ::: Gn] with G, = RN1§|2 (n) H, froma
vector DMT system. (This is the same asH.)

The outputs from the function are

EisaU N matrix of energiesE;, .

theta is aU 1 vector of rates that determines the best order.

bisaU N matrix of by .

These programs are available to all at the EE479 web site. Thenain program is again minPMAC
and is listed here for the curious reader.minPMAC is the main program to run, all the inputs and
outputs are described in the function, it basically runs elipsoid algorithm.

function [E, theta, b] = minPMAC(G, bu, w);
This is the ellipsoid method part and the main function to ca 1.

%

%
%
%
%
%

the
1)

inputs are:

G, an Ly by U by N channel matrix. Ly is the number of receive r dimensions/tone,
U is the total number of users and N is the total number of tone S.

G(:,;,n) is the channel matrix for all users on tone n

and G(,u,n) is the channel for user u on tone n. This code ass umes each user

% only has single transmit dimension/user, thus G(:,u,n) is a column vector.

% 2) w, a U by 1 vector containing the weights for each user's po wer.

% 3) bu, a U by 1 vector containing the target rates for all the u sers.

% the outputs are:

% 1) E, a U by N matrix containing the powers for all users and ov  er all tones

% that minimizes the weighted-sum power. E(u,:) is the power allocation for

% user u over all tones.

% 2) theta, the optimal U by 1 dual variable vector containing optimal weights

% of rates. theta determines the decoding order. (Largest th eta is decoded last.)
% 3) b, a U by N matrix containing the rates of all users on all to nes after convergence.
bu = bu * log(2); %conversion from bits to nuts

err = le-6;

w_0 = 1000;

count = O;

[Ly, U, N] = size(G);

theta = w_0 * ones(U,1);
A = eye(U) * (U * w_0"2);
g = w_0 * ones(U,1);
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while sqrt(g' * A * g) > err

ind = find(theta < zeros(U,1));

while ~isempty(ind)
g = zeros(U,1);
g(ind(1)) = -1;
gt =g /sqrt(g" * A * g);
theta = theta - 1 / (U + 1) * A * gt;
A=U2/UM2-1)*A-2/U+1)*A*gt*gt*A);
ind = find(theta < zeros(U,1));
end
[f, b, E] = Lag_dual_f(G, theta, w, bu);
g = sum(b,2) - bu;
gt =g /sqrt(g" * A * g);
theta = theta - 1 / (U + 1) * A * gt;
A=U2/UM2-1)*A-2/U+1)*A*gt*gt*A);
count = count+1

end

b = b /log(2); %conversion from nuts to bits

The subroutine minPtone is the core of the code (Interior Point method). It optimizes the weighted

sum of rates minus weighted sum of the powers over the capagitregion. It just solves it over one tone
and the results are combined in Lagdual_f to compute the dual function over all tones.

function [f, b, e] = minPtone(G, theta, w)

%
%

%
%
%
%
%
%
%

%
%
%
%
%
%

minPtone maximizes f = sum_{u=1}*U theta_ u * b_u - sum_{u=1}*U w_u * e_u
subject to b \in C_g(G,e)

the inputs are:

1) G, an Ly by U channel matrix. Ly is the number of receiver an tennas,
U is the total number of users.
G(:,u) is the channel for user u. In this code we assume each u  ser
only has single transmit antenna, thus G(:,u) is a column ve ctor.

2) theta, a U by 1 vector containing the weights for the rates

3) w, a U by 1 vector containing the weights for each user's po wer.

the outputs are:
1) f, the minimum value (or maximum value of the -1 * function ).
2) b, a U by 1 vector containing the rates for all users
that optimizes the given function.
3) e, a U by 1 vector containing the powers for all users
that optimizes the given function.

[Ly, U] = size(G);
[stheta, ind] = sort(-theta);
stheta = -stheta;

sG

= G(:,ind);

sw = w(ind);
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NT_max_it = 1000; % Maximum number of Newton's
% method iterations
dual_gap = le-6;

mu = 10; % step size for t

alpha = 0.01; % back tracking line search parameters
beta = 0.5;

count = 1,

nerr = le-5; % acceptable error for inner loop

% Newton's method
e = ones(U,1); % Strictly feasible point;

A

t ;
Il p =1 % for newton's method termination

T |l

while (1+U)/t > dual_gap
t= t* mu
l_p =1
count = 1;
while |_p > nerr & count < NT_max_it

f val = eval_f(t * stheta, sG, e, t * sw);
% calculating function value

% calculating the hessian and gradient
[9, h] = Hessian(t * stheta, sG, e, t * sw);

de = -h\g; % search direction
I p =g * de; % theta(e)*2 for Newton's method
s = 1; % checking e = e+s*de feasible

% and also back tracking algorithm

e new = e + s * de;

if e_new > zeros(U,1)
f new = eval f(t * stheta, sG, e_new, t * sw);
feas_check = (f_ new > f val + alpha * s * g' * de);
else
feas_check = 0;
end

while ~feas_check
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S = s * beta;

if s < 1e-40
|_p = nerr/2;
break

end

e new = e + s * de;

if e_new > zeros(U,1)

f new = eval f(t * stheta, sG, e_new, t * sw);
feas_check = (f_new > f val + alpha * s * g' * de);

else
feas_check = 0;
end

end

e =e + s *de;
count = count + 1;
end

end

M = eye(Ly) + sG(:;,1) * sG(:,1)" * e(d);
b = zeros(U,1);
b(1) = 0.5 * log(det(M));
for u = 2:U
b(u) = -0.5 * log(det(M));
M =M + sG(:,u) * sG(:,u) * e(u);
b(u) = b(u) + 0.5 * log(det(M));
end

b(ind) = b;
e(ind) = e;
f =theta *b - W' * g

% update e

% number of Newtons method iterations

Lag_dual_f sums the individual tones to compute the overall Lagrangian:

function [f, b, E] = Lag_dual_f(G, theta, w, bu);
% this function computes the Lagrange dual function by solvi
% optimization problem (calling the function minPtone) on e

% the inputs are:

ng the
ach tone.

% 1) G, an Ly by U by N channel matrix. Ly is the number of receive r antennas,
% U is the total number of users and N is the total number of tone S.

% G(:,:,n) is the channel matrix for all users on tone n

% and G(,u,n) is the channel for user u on tone n. In this code w e assume each user
% only has single transmit antenna, thus G(:,u,n) is a column vector.

% 2) theta, a U by 1 vector containing the weights for the rates

% 3) w, a U by 1 vector containing the weights for each user's po wer.

% 4) bu, a U by 1 vector containing the target rates for all the u sers.

% the outputs are:

% 1) f, the Lagrange dual function value.

% 2) b, a U by N vector containing the rates for all users and ove r all tones
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% that optimizes the Lagrangian. b(u,:) is the rate allocati on for user
% u over all tones.

% 3) E, a U by N vector containing the powers for all users and ov  er all tones
% that optimizes the Lagrangian. E(u,:) is the power allocat ion for
% user u over all tones.

f
b = zeros(U,N);
E = zeros(U,N);

% Performing optimization over all N tones,

for i = 1:N
[temp, b(:,i), E(,i)] = minPtone(G(:,:,i), theta, w);
f=1f + temp;

end

f = f - theta' * bu;

The subroutines eval _f and Hessian are two functions that compute the value of the cost function,
the gradient and the Hessian of it. | have added the expressits for the gradient and the Hessian inside
the Hessian le.

function f = eval_f(theta, G, e, w)
% This function evaluates the value of the function,

% f(e) = (theta_1 - theta 2)/2 * log det(l + G_1 * G_1"H * e_1) +
% (theta_2 - theta_3)/2 * log det(l + G 1 * G 1M *e 1+ G 2* G 2 "H*e 2) + ..
% (theta_{U-1} - theta_U)/2 * log det(l + G_1 * G_1"H * e 1 + ... +

% G _{U-1} * G_{U-1}"H * e_{U-1}) +

% theta_ U/2 * log det(l + G 1 *G 1M *e 1+ ..+ G U*G UM *e U -w'T *e
% + sum_{u=1}*U log(e_u)

% theta should be in decreasing order, theta 1 >= theta 2 >= . .. >=theta_U.

% the inputs are:

% 1) theta, a U by 1 vector of weights for the rates.

% 2) G, an Ly by U channel matrix. G(:,u) is the channel

% vector for user u. Again each user has just one transmit ante nna.
% 3) e, a U by 1 vector containing each user's power.

% 4) w, a U by 1 vector containing weights for each user's power

% the output is f the function value given above.
[Ly,U] = size(G);
theta = 0.5 * (theta - [theta(2:U); 0]);

M = zeros(Ly,Ly,U); % M(,5i) = (1 + sum_{u=1} G_u * G_uH * e _u)
% M is computed recursively

M(:,:,1) = eye(Ly) + G(:,1) * G(;,1)' * e(L);
f = theta(1l) * log(det(M(:,:,1))) + log(e(1)) - w(1) * e(1);
for u = 2:U

M(:,:,u) = M(,5u-1) + G(;,u) * G(,u) * e(u);
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f = f + theta(u) * log(det(M(:,:,u))) + log(e(u)) - w(u) * e(u) ;
end

function [g, H] = Hessian(theta, G, e, w)

% This function calculates the gradiant (g) and the Hessian ( H) of the

% function f(e) = (theta_1 - theta_2)/2 * log det(l + G_1 * G_1~ H*e 1) +

% (theta_2 - theta_3)/2 * log det(l + G_1 * G_1"H *e_ 1 + G_2* G 2 "H *e 2) + ..

% (theta_{U-1} - theta_U)/2 * log det(l + G_1 * G_1"H * e_1 + ... + G_{U-1} * G_{U-1}*H * e_{U-1}) +
% theta_U/2 * log det(l + G_1 *G 1™H *e 1 + ... + G U* G UM *e_U) - w'T * e + sum_{u=1}*U log(e_
% theta should be in decreasing order, theta 1 >= theta 2 >= . .. >=theta_U.

% the inputs are:

% 1) theta, a U by 1 vector of weights for the rates.

% 2) G, an Ly by U channel matrix. G(:,u) is the channel

% vector for user u. Again each user has just one transmit ante nna.
% 3) e, a U by 1 vector containing each user's power.

% 4) w, a U by 1 vector containing weights for each user's power

% the outputs are:
% 1) g, U by 1 gradiant vector.
% 2) H, U by U Hessian matrix.

[Ly,U] = size(G);
theta = 0.5 * (theta - [theta(2:U); 0]);

M = zeros(Ly,Ly,U); % M(,5i) = (1 + sum_{u=1} G_u * G_u™H * e u)M-1}
% M is computed recursively using matrix inversion lemma

M(,:,1) = eye(Ly) - G(;,1) * G(;,1) * e(1) / (1 + e(2) * G(;,1) "*G(L1);

for u = 2:U
M(G,u) = MGu-l) - MGousl) * GGu) * GGu)' * MGy ,U-1) * e(u) / (1 + e(u)
* G(,u) * M(,Lu-1) ¢ G(LW));

end

g = zeros(U,1);

% g_u = sum_{j=u}*U theta j * G u* M j* G uH -w.u+ 1l/e u
for u = 1:U
for j = w:U
g(u) = g(u) + theta(j) * G(;,u)' * M(:,:)) * G(,u);
end
end

g=9g+1/e-w

% H_{u,l} = sum_{j = max(u,)}*U -theta j * tr(G_u* G uUH*M_ j* G_I* G_I"H * M_j)
% - 1lle_u”2 * delta(u-I)

H = zeros(U,U);

for u = 1:U
for | = 1:U
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for j = max(u,l):U
H(u,l) = H(u,l) - theta(j) * trace(G(:,u) * G(:,u)" * M(:,:, ) * GG,
* GG * ML),
end
end
end
H = H - diag(1./(e.2));

Example uses of minPMAC software

EXAMPLE 13.4.1 (simple scalar MAC) This rst example returns to the simple scalar
MAC with gains h, = 0:8 and h; = 0:6 of Section 12.2, Example 12.2.1. For this channel
the number of tones can be set af\ = 1, while U =2 and Ly = 1. The input energies are
E;, = E =1, but are not used in the minPMAC software. a bit rate of 3 bit s/dimension for
each user is attempted. The noise variance is 0.0001, so theeetive noise-whitened channel
gains are 80 and 60 respectively. The matlab steps follow:

>> H=zeros(1,2,1) % dimensioning a tensor
H= 0 0

>> H(1,1,1)=80;

>> H(1,2,1)=60

H= 80 60
>> p = [3

3;

>> W = [ 1
1J;

>> [E, theta, B]=minPMAC(H, b, w)
count = 96

E = 0.6300

0.0176
theta = 1.2801

1.2957 % indicates last position in order
B = 2.9958

3.0043

>> 0.5*l0g2(1+(6400*E(1))/(1+3600*E(2))) = 2.9858
>> 0.5*l0g2(1+(3600*E(2))) = 3.0043

The data rates are achieved and the energies fortunately arevithin the constraints, so this
is a viable solution to achieve the rate pair ofb =[3; 3] .

This same example could be revisted withN = 4 to obtain (note that the rate vector is
multipled by 4 since there are now 12 bits in 4 dimensions for &h user

>> H=zeros(1,2,4);
>> H(1,1,:)=80 ;
>> H(1,2,:)=60 ;

>> [E, theta, B]=minPMAC(H, 4*b, w)
count = 96
E =

0.6300 0.6300 0.6300 0.6300
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0.0175

theta =
1.1906
1.2026
B =
3.0000
3.0000

0.0175

3.0000
3.0000

0.0175

3.0000
3.0000

0.0175

3.0000
3.0000

In this case, not surprisingly, all the dimensions are sharé equally. If the data rate were

increased, then the result would be:

>> [E, theta, B]=minPMAC(H, 5*R, w)

count = 98
E =
5.0918
0.0500
theta =
9.5305
9.5645
B =
3.7497
3.7504

5.0918
0.0500

3.7497
3.7504

5.0918
0.0500

3.7497
3.7504

5.0918
0.0500

3.7497
3.7504

In this case, the data rate is too high, so the minimum energy iolates the energy constraint.
This second example illustrates that minPMAC does not accep energy constraints and only
minimizes a weighted energy sum. Thus, it will always produe an \answer," and thus the
designer needs more. The admMAC program of the next Sectiorsithe missing element for

design.
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13.5 Tracing the Rate Region

The MAC capacity rate region is characterized byU individual energy constraints, one for each user.
Minimization of a sum of energies may have meaning in the comixt of radiated energy from aMAC into
other systems, but does not necessarily lead to a solution #t satis es these U individual energy con-
straints. However, Mohseni's Algorithm of Section 13.4 canbe applied with minor modi cation to nd

a solution that also satis es the energy constraints. Subsetion 13.5.1 describes the modi ed procedure,
which can be used to tracec(b). Subsection 13.5.3 describes a distributed implementatin of these al-
gorithms where bit-swapping is retained and active on each ser independent of the others as would be
necessary in any system trying to react to noise/channel chages in real time.

13.5.1 Satisfaction of an energy vector constraint

The modi cation of the minimum-energy-sum problem is:

min 0 (13.111)
RXX (u;n) P
ST: 0  Dmin n [Bi:n bon byl

0 P ntrace Ryyx (u;n) B E::ER]=E

The problem in (13.111) is the same as the minimum energy cotisined problem with zero weights on
all individual user energy terms, except that a new constrant bounding each energy has been added.
The new Lagrangian becomes

" # " #
X X X
L(Rxx ;bw; )= Wy trace Ryy (u;n) E u (o TR « TR (13.112)
u=1 n=1 n=1
with both w 0 and 0 now as variables to be determined along with the best set of gsitive-semi-

de nite autocorrelation matrices. Thus, after minimizati on of the Lagrangian over the set of autocorre-
lation matrices for any given and w, it can be viewed as a function of both and w, so

Lmin (W; )= min L(Ryx sbw; ) 0 : (13.113)
RXX (u;n)

The minimized Lagrangian is only positive (by inspection) if the constraints cannot be satis ed for the
given b. If such a positive result occurs for any 0 and/or w 0, then no solution exists.

Mohseni's algorithm still applies, but the \order" step now has an ellipsoid that is a function of
both and w, which are combined into a larger vector™ = [w; ]. If after any Rxx step in Mohseni's
algorithm, a positive L, (W; ) occurs, then the algorithm terminates and declares that the energy
constraints cannot be met. De ning

P 3
ntrace Ryyx (1;n) E

2
E=9 : £ (13.114)

P .
ntrace Ryyx (Uin) Evuy

the sub-gradient vector now becomes

Ok = IE (13.115)
and the recursions now use normalized sub-gradient
g= g—0 K (13.116)

g At g
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which is used to simplify the recursions:

- o 1
e T A 8 (13.117)
2U2 2
A A A A : 13.118
k+1 a0z 1 Tk Sur1 Tk G Gk Ak ( )
The volume of the ellipsoid decreases as
vol (Ok+1) e #vol(Ok) : (13.119)

Initialization is easier in this case of the ellipse. Becaus the Lagrange multipliersw and could be
arbitrarily scaled, essentially any ellipse that satis es the positivity constraints would contain a solution
if such a solution exists. Thus an acceptable initialization overs the unit cube and would then be:

2 3
1 0 =2 0
At=%: . . b (13.120)
0O @ 0 1
The interior point method step remains the same for each tonewith the w and from previous
iterations (the rst iteration can set both equal to all ones). The tonal Lagrangian is computed in exactly
the same manner for each tone, but the overall sum should coofm to the Lagrangian in (13.112).
Tracing the Capacity Region

The capacity region is then found by gradually increasing tte elements ot in a nested U-loop that calls
Mohseni's algorithm and checks to see ib has a solution. If the algorithm does not abort, then the b
point will be in the capacity region. If not, the point is not i n the capacity region. This is sometimes
called the admission problem tp see ofb is an \admissable" data rate vector.

Mohseni's admMAC program

Mehdi Mohseni has kindly also provided a program that implements the admission problem, and it is
called \ adminMAC ". This program also makes use of the minPtone, Hessian and el.f subroutines
that were used with minPMAC in Section 13.4 and are listed thee. A new subroutine called dualadm
is also added and listed here.

The inputs to the adminMAC function are

G (orH)isanLy U N matrix of channel coe cients (Ly =1).

buisaU 1 vector of non-negative bits per symbolb for each user.

Euisthe U 1 vector E, Of non-negative energies per symbol for each user.
The outputs from the function are

E, aU N matrix containing the energies E;., . An all zero E indicates that the given rates inb
are not achievable with given powers inEec.

buisaU N matrix of b, . Again, all zero rates indicates that givenb is not achievable with
the given Eec.

theta, the U 1 vector of weightings for user bits per symbol.
w, the U 1 vector of weightings for user energies per symbol

f, the actual value of the minimized Lagrangian.
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function [E, b, theta, w, f] = admMAC(G, bu, Eu);
This is the ellipsoid method part and the main function to ca 1.

%

%
%
%
%
%
%
%
%

%
%
%
%
%
%
%
%
%
%
%
%
%

the
1)

2)
3)

the
1)

2)

3)

4)

inputs are:

G, an Ly by U by N channel matrix. Ly is the number of receive r antennas,
U is the total number of users and N is the total number of tone S.
G(:,:,n) is the channel matrix for all users on tone n

and G(,u,n) is the channel for user u on tone n. In this code w e assume each user
only has single transmit antenna, thus G(:,u,n) is a column vector.
Eu, a U by 1 vector containing power constraints for all th e users.
bu, a U by 1 vector containing the target rates for all the u sers.

outputs are:
E, a U by N matrix containing the powers for all users and ov  er all tones

that support the rate vector given in bu. E(u,:) is the power allocation for

user u over all tones. An all zero E indicates that the given r ates

in bu are not achievable with given powers in Eu.

b, a U by N matrix containing the rates of all users on all to nes after convergence.
Again, all zero rates indicates that given bu is not achieva ble with

Eu.

theta, the optimal U by 1 dual variable vector containing optimal weights

of rates. theta determines the decoding order.

w, the optimal U by 1 dual variable vector containing opti mal weights

of powers.

5) f, the dual optimal value.

bu = bu * log(2); %conversion from bits to nuts
err = le-6;

w_0 = 1;

count = O;

[Ly, U, N] = size(G);

w = w_0 * ones(U,1);

theta = w_0 * ones(U,1);
A=eye(2*U)*2*U*w0"2),
g =w_0 * ones(2 * U,1);

while sqrt(g' * A * g) > err

ind = find(Jw;theta] < zeros(2 * U,1));

while ~isempty(ind) % This part is to make sure that [w;theta ]

g = zeros(2 * U,1);

g(ind(1)) = -1;

gt =g /sart(g" * A * Q)

temp = [witheta] - 1 / (2 * U + 1) * A * gt;

w = temp(1:U);

theta = temp(U + 1:2 * U);
A=Q*U2/@*U2-1)*A-2/2*U+1)*A*gt*gt*A);
ind = find(Jw;theta] < zeros(2 * U,1));

end

[f,

b, E] = Dual_adm(G, theta, w, bu, Eu);

if f< -err
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E = zeros(U,N);

b = zeros(U,N);

return
end

= [Eu - sum(E,2);sum(b,2) - bu];
gt =g /sqrt(g" * A * g);
temp = [w;theta] - 1 / (2 * U + 1) * A * gt;
w = temp(1:U);
theta = temp(U + 1:2 * U);
A=*U2/(22*Uv2-1)*A-2/2*U+1)*A*gt*gt*A),
count = count+1
end

b = b /log(2); %conversion from nuts to bits

The function dual_adm is called and computes the Lagrangian dual function as th sum of the results
from each tone.

function [f, b, E] = Dual_adm(G, theta, w, bu, Eu);

% this function computes the Lagrange dual function by solvi ng the

% optimization problem (calling the function minPtone) on e ach tone.

% the inputs are:

% 1) G, an Ly by U by N channel matrix. Ly is the number of receive r antennas,

% U is the total number of users and N is the total number of tone S.

% G(:,;,n) is the channel matrix for all users on tone n

% and G(,u,n) is the channel for user u on tone n. In this code w e assume each user
% only has single transmit antenna, thus G(:,u,n) is a column vector.

% 2) theta, a U by 1 vector containing the weights for the rates
% 3) w, a U by 1 vector containing the weights for each user's po wer.

% 4) bu, a U by 1 vector containing the target rates for all the u sers.
% 5) Eu, a U by 1 vector containing the power constraints for al | the
% users.

% the outputs are:
% 1) f, the Lagrange dual function value.

% 2) b, a U by N vector containing the rates for all users and ove r all tones
% that optimizes the Lagrangian. b(u,:) is the rate allocati on for user

% u over all tones.

% 3) E, a U by N vector containing the powers for all users and ov  er all tones
% that optimizes the Lagrangian. E(u,:) is the power allocat ion for

% user u over all tones.

y U, N] = size(G);

[L
f
b = zeros(U N);
E = zeros(U,N);

% Performing optimization over all N tones,

for i = 1:N
[temp, b(:,i), E(,i)] = minPtone(G(:,:,i), theta, w);
f=1f + temp;

end
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f=1f-theta * bu + w' * Eu;

13.5.2 Examples of the use of admMAC

This section returns to the example of Section 13.4.3 to nd he admissability and then also the proper
weight vector for use in minPMAC.

EXAMPLE 13.5.1 (scalar MAC revisited) The scalar MAC channel is revisted for the
data rate of 3 bits per symbol on each of the two users.

>> H

H(.1) = 80 60
H(:.:.2) = 80 60
H(::;3) = 80 60
H(:,:4) = 80 60

>> p =
3
3
>> energy = [1
1J;
>> [E, B, theta, w, L]|=admMAC(H, b*4, 4*energy)
E =

0.8799 0.8799 0.8799 0.8799
0.8912 0.8912 0.8912 0.8912
B =
0.7310 0.7310 0.7310 0.7310
5.8240 5.8240 5.8240 5.8240
theta = 1.0e-007 *
0.3601
0.2771
w = 1.0e-006 *
0.0898
0.1082
L = 3.0497e-007

>> [Eopt, thetaopt, Bopt]=minPMAC(H, 4*b, w)
count = 104
Eopt =
1.3389 1.3389 1.3389 1.3389
1.1342 1.1342 1.1342 1.1342
thetaopt = 1.0e-007 *
0.2012
0.1211
Bopt =
0.8157 0.8157 0.8157 0.8157
5.9979 5.9979 5.9979 5.9979

>> [Eopt, thetaopt, Bopt]=minPMAC(H, 4*R, le6*w)
count = 97
Eopt =
0.6303 0.6303 0.6303 0.6303
0.0175 0.0175 0.0175 0.0175
thetaopt =
0.1147
0.1167
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Bopt =
3.0006 3.0006 3.0006 3.0006
2.9997 2.9997 2.9997 2.9997

The rst instance of the use of minPMAC has numerical problems, but notice the uniform
scaling of the w weighting of the users' energy removes the issue on the seabrinstance.
Continuing we see that the rate pair (2,4) produces:

>> b:[2
4];

>> energy =[1
1];
>> [E, B, theta, w, L]|=admMAC(H, 4*b, 4*energy)
count = 345
E =
0.9121 0.9121 0.9121 0.9121
0.6463 0.6463 0.6463 0.6463
B =
0.9052 0.9052 0.9052 0.9052
5.5924 5.5924 5.5924 5.5924
theta = 1.0e-007 *
0.4236
0.2745
w = 1.0e-006 *
0.0882
0.1107
L = 4.2049e-007

>> [Eopt, thetaopt, Bopt]=minPMAC(H, 4*b, le6*w)
count = 96
Eopt =
0.5998 0.5998 0.5998 0.5998
0.0708 0.0708 0.0708 0.0708
thetaopt =
0.1131
0.1218
Bopt =
1.9999 1.9999 1.9999 1.9999
4.0000 4.0000 4.0000 4.0000

However, increasing the rates to just outside the region prduces:

>> [E, B, theta, w, L]J=admMAC(H, 5*b, 4*energy)

E=0 0 0 0
0 0 0 0
B=0 0 0 0
0 0 0 0
theta =
1.1029
1.2991
W =
0.7308
0.8258
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L =
-0.6669

The negative Lagrangian value means the point is outside theapacity region and thus cannot
be realized within the energy constraints.

For the inter-symbol interference example of Section 13.4a similar investigation produces

EXAMPLE 13.5.2 >> H=zeros(1,2,8);
>> H(1,1,:)=abs(fft([1 .9],8));

>> H(1,2,:)=abs(fft([1 -1],8));

>> H=(1/sqrt(.181))*H;

>> b:[l

1J;

>> H=(1/sqrt(.01))*H;

>> energy=[1

1J;
>> [E, B, theta, w, L]|=admMAC(H, 9*R, 8*energy)
count = 377
E =
1.3818 1.3169 1.0554 0.8112 0.7529 0.8112 1.0554 1.3169
0.6463 0.7676 1.0087 1.2261 1.2789 1.2261 1.0087 0.7676
B =

2.4180 1.4474 0.4511 0.0686 0.0010 0.0686 0.4511 1.4474
0 0.9004 1.8012 2.2963 2.4355 2.2963 1.8012 0.9004
theta = 1.0e-007 *
0.6328
0.3116
w = 1.0e-006 *
0.1303
0.1051
L = 1.0818e-007
[Eopt, thetaopt, Bopt]=minPMAC(H, 9*b, le6*w)
count = 83
Eopt =
1.2276 1.2191 0.3660 0.0000 0.0000 0.0000 0.3660 1.2191
0.0000 0.0000 1.0060 1.3747 1.3825 1.3747 1.0060 0.0000
thetaopt =
3.3294
3.0007
Bopt =
2.3358 2.2219 1.1102 0.0000 0.0000 0.0000 1.1102 2.2219
0 0.0000 0.8796 2.3756 2.4898 2.3756 0.8796 0.0000
>> sum(Bopt(1,:))= 9.0001
>> sum(Bopt(2,:))= 9.0003
>> sum(Eopt(1,:)) = 4.3978
>> sum(Eopt(2,:)) = 6.1440

13.5.3 Distributed Implementations

Figure 13.16 shows a possible implementation of MAC system where a complex controller executes
Mohseni's algorithm for all U users and passes the resulting bit and energy distributionso each of the
users. The experienced transmission engineer will note tha noise change (or an energy/rate change of
any of the users) or a channel change results in the need for ¢éhre-execution of Mohseni's algorithm. The
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Figure 13.16: Central Control for swapping .

area of e cient incremental changes remains open to innovaion although some methods may already
exist.
It is possible to continue distributed \bit-swapping” (and possibly some minor gain swapping within
a user's tones) to accommodate a change. First an implementisn would need to ensure some margin
u for each of the users (it can be the same margin or di erent). Then an initial pass of Mohseni's
algorithm is run with the following constraints:

1. reduce the energy constraints by , for users if an admission problem

2. increase crosstalk by , for any crosstalk component generated by useu, whether admission or
min-E-sum problem

3. upon (any) completion increase the individual user energgs by  (recalling that the actual
crosstalk in the transmission system and not in the algorithm execution is smaller by  for any
crosstalk generated by user).

The results of the above single Mohseni execution the are itialized to the transceivers (or updated at
su ciently infrequent intervals to allow the controller to be able to solve the basic problem for all users).
Each user then maintains an incremental energy table for itgeceiver and transmitter, based only upon
measured noise (which includes users not yet decoded in thanal optimal order from Mohseni's algorithm
initial execution). A bit is swapped for any user if the di er ence in measured margin (or di erence in
next greatest and last smallest) energy exceeds 3 dB or morenely anytime the minimum margin across
all tones for the user grows. The applicable PSD from infreqant uses of Mohseni's algorithm can be
updated with possible change of the order. Such a PSD (and/oorder) change will lead to a number of
swaps but will lead to the correct bit distribution being imp lemented.

This procedure eliminates the need for a centralized bit-sapping procedure, which may be too
complex or invoke other undesirable transmitter-synchronzation e ects.
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Exercises - Chapter 13

13.1 Orthogonal Codes in Space
This problem consider a multiple-access problem in a wireles system. There is a single base station
(BS) and 2 users (A, B). A, B and BS each have 2 antennas. (Figwe 13.17)

[1

7™

Figure 13.17: Two users with two antennas for Problem 13.1

The channel from user A to BS can be represented by 22 matrix H;, and the channel from user B
to BS can be represented by 22 matrix H,. Then the received signalY at the BS can be found from
the following equation.

Y =H: X1+ HxX, + N

X1 and X, are transmitted signals from user A and B respectively, andN is the receiver noise N is
2 1 AWGN, the power density of each noise component is -60dBm/H). Also, the following are known.

H]_:F ]_M ,H2:F 2M

3 0 02 0
1= 0 01 27 0 4

Note that the only singular values are di erent from H; and H,. (i.e F and M are same for both!)
Total bandwidth of the system (=W) is 1MHz, and the maximum to tal power (=P) that can be used
by each user at each moment is 10 dBm.

a. Find the maximum data rate of user A and B if a TDMA scheme, where only one user A transmits
for half of the time, and only user B transmits for the other half of the time, is used. (Hint :
What is the optimal transmission scheme if channel informaton is known to both transmitter and
receiver?)

b. Find the maximum data rate of user A and B if a FDMA scheme, where only user A transmits in
one half of the total bandwidth and user B transmits in the other half bandwidth (assume ideal
rectangular lIter), is used. Compare the results with TDMA r esults in (a). Can you explain why
they are same or why they are di erent?

c. Both A and B want to share all of the frequencies over all time. Can you come up with an easy
way of avoiding co-channel interference? What would be the @des for each user? (Hint : What's
the common structure betweenH ; and H,?) For your chosen codes, calculate maximum data rate
for each user. How much more data rate in % can we achieve compal to TDMA and FDMA
cases in (a) and (b)?

(Comment : Generally, nding a set of orthogonal space codegor given multiuser wireless channel
is very hard even with perfect channel knowledge. However ni this problem, we can easily exploit
the structure of channel to enhance performance.)
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7™

Figure 13.18: Two users with two antennas in Problem 13.2

13.2 Chain Rule for a Matrix Channel
Consider the 2-user case in gure 13.18 represented by

Y =H:X1+ HxX, + N

where N is the receiver noise N is 2 1 AWGN, the variance of each independent noise component is
0.1). The input autocorrelation matrices user 1 and user 2 a@ identity matrices. Also, the following are
known.

4:5315 2:1131

_ . _ 31

Hi= 21131 4s315 © H2= 4 5

. First assume that each user will communicate treating theother user's signals as Gaussian inter-
ference, that is that the two receivers do not cooperate. Whais the data rates that user 1 can

achieve?

Q

b. Repeat part a for user 2.

c. Instead, the designer wants to use a GDFE where coordinatkjoint reception is possible. What is
the maximum by that receiver 1 can detect reliably? While maintaining this rate for user 1, what
is the maximum by, the receiver can achieve for user 2?

d. Reverse the order and roles of user 1 and 2 in part c and repea

e. What can you say about the sum rates in parts ¢c and d?

13.3 Rate Region for non-zero Gap

An scalar (L = 1) multiple-access AWGN channel has two scalar inputs with unit eneries, gains:7
(user 2) and 15 (user 2) with noise variance:0001. The gap is 8.8 dB forP, = 10 © on all parts of this
problem.

a. Find the maximum individual rates for each user. (2 pts)
b. Find the maximum rates of the two users if the other user is teated as noise. (2 pts)
¢. Find the maximum sum rate for this particular gap. (1 pt)

d. Create a formula in terms of the two independent SNRs for tle two channels and the non-zero gap
that has a single log term and provides the maximum sum rate. 2 pts)

e. How might other points be realized on this channel? (1 pt)
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13.4 2-user packet channel with VC

Two users in a MAC channel with the same sampling rate have chanels H;(D) = 1+ :8D and
H,(D) =1 D. The common AWGN noise power-spectral-density level is 0.1 Both users have 9
dimensional identity autocorrelation matrices for the situation of a packet size ofN = 8 samples and a
guard period of = 1. The symbol rates of the two transmitters are synchronized at 1=9 the sampling

rate.
The gap is 0 dB.

a. Find the rate sum in bits/symbol received. (4 pts)
b. Find the rate tuple for a GDFE that decodes user 1 rst. (4 pts)
c. Find the rate tuple for a GDFE that decodes user 2 rst. (4 pts)

d. Repeat part b if each user instead uses a vector-coding wet- Il distribution for a noise that
consists of the other user and background noise.

e. Repeat part c if each user instead uses a vector-coding wext Il distribution for a noise that
consists of the other user and background noise.

13.5 2-user packet channel with DMT
Repeat Problem 13.4 for DMT. Is there a clear structure that energes that might simplify imple-

mentation?

13.6 Basic GDFE Program.
Given the 2-user vector MA channel with additive white Gausdan noise (both outputs same and

independent) of 2= :1 and
1+:9D :8D

:6D 1+ :5D (13.121)

P(D) =
Both inputs have E; = 1. Vector DMT is used with N = 512 and a negligible cyclic pre x length of
=1 on each of the two synchronized usersLy = 1.
a. (2 pts) Determine the GDFE receiver settings and draw at frequencyn = 128, and n = 160.
b. (2 pts) Determine the GDFE receiver settings at draw at frequency n = 0, and n = 256.

C. (4 pts) Write a GDFE program that automatically generates a GDFE for an input-speci ed tone
n of a vector DMT system. The inputs should be the matrix H, and the corresponding noise
autocorrelation matrix for tone n. The nonzero input energies corresponding to each of the aainns
of H are also inputs. The outputs are the GDFE MS-WMF matrix and th e feedback matrixG for
tone n, along with the rate sum, and a vector of the bits per each dimasion overall and individual
SNRs.

d. (1 pt) Check your answers to part a and b with your program from part c.

13.7 Vector IW Program.
This problem generates an IW program. You may assumé , = 1.

a. (2 pts) Write a water- lling program (or nd one from EE379 C) that accepts channel and noise
spectra and provides energy and bits.

b. (4 pts) Modify this program to implement a IW program that t reats all other users as noise

c. (2 pts) Use your program to perform vector-multiple-access IW for computation maximum rate
sum on the channel of Problem 13.6 for gap= 0dB.

d. (2 pts) What are the input energies and tone rate sums for tmesn = 0, 128, 160, and 2567
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13.8 lterative Water- lling for MA channel.
Refer to Problem 13.7 to begin this problem.

a. (3 pts) Modify the IW program you created in Problem 13.7 for the MA channel with a speci ed
order so only undetected users in the order are treated as nge.

b. (3 pts) Apply your new program to a MA channel that has user 1 with P1(D) =1+ :9D, P,(D) =
1 :9D, and NT° = :181 for the common single-dimensional output. The two inputs each have unit
energy. What is the maximum sum rate? What are the rate tuplesfor the two possible orders?

c. (3 pts) Repeat part b except with the two channelsP;(D)=1 D?andP,=1 D.

13.9 Rate Region for high/low.
Using the Program of Section 13.5:

a. (3 pts) Write a program that attempts all energy pairs E =[i1 0:1;i2 0:1]forimax: 1 = imax: 2 = 10
to estimate the rate region. Show your matlab code.

b. (3 pts) Find the minimum energy for the MA channel with N2—° =:1andPy(D)=1+ u :1 D for
U =10 with highest rate sum. What does this tell you?

13.10 Sum rate of an ISI MAC with non-zero gap, courtesy S. Jaganndtan

Consider a U-user multiple access channel with ISI. When thgyap is 0 dB, for any given set of PSDs
for the users, the capacity region has a polymatroid structwe and contains a hyperplane on its boundary
at an angle of 4% with respect to all the axes. However, when the gap is non-zer(i.e. > 1 in linear
units), the rate region for a given set of PSDs is a polytope tlat does not have a 48 hyperplane on
its boundary in general. Therefore, for a xed PSD for each usr, the sum rate is maximized at one of
the U! corner points. EE479 student Joseph C. Koo has provide a dynamic programming algorithm to
reduce the computational burden of enumerating all the U! pants and provides the maximum sum rate
and resulting spectrum allocation for the multiple access bannel with non-zero gap.

In this problem, consider a 2-user ISI MAC with a single antema at each transmitter as well as at
the receiver. The results can easily be extended to U users. €t the gap for the codes of the 2 users be

> 1 (i.e. > 0 dB).

a. Argue that an FDM scheme maximizes the sum rate of this chanel. What can you say about the
ordering problem for this case? (Hint: Consider a tonal decmposition of the channel resulting in
approximately at tones. Which scheme maximizes the sum rake on each tone?).

b. Consider the MA channel that has user 1 withH;(D) =1+ :9D, user 2 with H,(D) =1 :9D,
and N2—° = :01 for the common single-dimensional output. The gap =4 dB. The two inputs each
have unit energy. Using Joseph's code, determine the maximm sum rate? Plot the spectrums for
the 2 users. What does this tell you?

c. For the same channel, use the iterative water lling code & problem 13.6 with the energies reduced
by in linear units for each user and with gap = 0 dB. Find the re sulting sum rate and plot the
spectrums for the 2 users. Compare your results with part b ad explain your observations.

d. Repeat parts b and ¢ with the channelsH;(D)=1 D?andH,=1 D.

13.11 Rate Regions.
Using the program generated in Problem 13.7:

a. (2 pts) Estimate the rate region for the channel used in Prdolem 13.6 with a gap of O dB.

b. (2 pts) What is the maximum data rate possible for User 1?
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c. (2 pts) What is the maximum data rate possible for User 2?

13.12 FM IW for vector multiple access.
Modify your program in Problem 13.7 to execute xed-margin IW for any speci ed rate tuple. (3

pts)

a. (2 pts) Use your program to plot the spectrum use of each oftie users when the two rates are
equal and as large as possible with a gap of 3 dB.

b. (2 pts) Use your program to plot the spectrum use of each ofhe users when the rate of the rst
user is 1/2 the rate of the second and both are otherwise largas possible with a gap of 3 dB.

13.13 Sum capacity of MA channel under a sum power constraint
This problem generates a program that calculates the sum cageity of a MAC under a sum-power
constraint using the parameters of Problems 13.6 and 13.7 aan example test. The following steps are

taken to reach this goal:

a. (Single User Water- lling with a xed water-level) This p roblem uses xed-margin water- lling
with a given xed water-level, so that the total used power is the result. Modify the program you
wrote in Problem 13.7(a) to implement FM water- lling. (2 pt s)

b. (MAC water- lling with a xed water-level) Using the prog ram you wrote in part (a), write a
second program that implements FM iterative water- lling f or the MAC. That is, one user consid-
ers all other users as noise and executes FM water- lling, ath other users execute the same FM
water- lling iteratively. All users use the same water-level during the processes. This algorithm
also converges and outputs the used energies as a result. (&sp

C. g3| seglon method) Suppose that the sum-power constrait is given in Problem 13 6. That is,
o=l n 1 Ew.u NUE(= P ) instead of the current individual power constraint of Ezl Enu

NE, (u=1; ;U). Inorder to determine the correct water-level (= ) for the given sum power
Pt , the following bi-section method is used as an outer algorlim. That is, it rst xes and
determines the total used power by running the program obtaned in part b. Then, this program
keeps adjusting until is found. Write a program that performs the following procedures.(4
pts)

Bi-section method *

1. Set h = high and | = jow-

( nigh = 1ow Should be high/low enough such that 2 [ ow; high ].)

2. Set = rL:

3. Run the program in Problem 13.7(b) with the water-level of and nd the sum power used by
all users. Denote this sum power as P

4, If P <Pyot,set | = , else, set =

5. Repeat the steps from 2 to 4 until desired accuracy

d. What are the input energies and tone rates for tones n=0,18,160 and 256? (2 pts)

13.14 Characterizing the Capacity region of a 2 user Vector DMT MAC: - M. Mohseni.

This problem develops and uses MATLAB code to characterize te boundary points of the capacity
region of a Vector DMT MAC using the provided admMAC.fanction. This problem studies a Vector
DMT MAC with U = 2 transmitters, each with Ly =1 transmit dimension and a receiver with Ly =2
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receive dimensions orN = 2 tones. Both transmitters have unit energies, E; = E; = 1, and the whitened
equivalent channel isH, = Ryn () ™2Hy:

_ 05 01 _ 12 11
Hi= 17 o2 Ha= 91 oa

You can download minPMAC.nadmMAC.and all necessary functions from class web page
http://eeclass.stanford.edu/ee479/ under the handout section.

a. Using the provided function admMAC,develop MATLAB code to nd the boundary point of the
capacity region of the given channel that lies on the lineb, = b 3 for any given 0. Use your
code to nd the boundary point that lies on the line by = b,. You are not required to calculate the
energy distributions that achieve this point. Hint: This problem may be solved by choosing; = b
and b, = b for some positiveb and checking whether this rate tuple is achievable for thishannel
or not by using the provided function. Subsequent increaser alecrease ofb to nd the maximum
value for which the rate pair (b; b) is achievable.

b. The MATLAB function minPMAC.ramploys the ellipsoid method to minimize a weighted-sum of
powers satisfying a given set of rate constraints for each @s. Closer inspection of this function
reveals that the starting ellipsoid is very large, and an appopriate initialization step such as the
one given in the lecture notes is missing. Modify this functon to include this initialization step
from the notes.

¢. Using the modi ed minPMAC.mnd the minimum sum-power of two users that could achieve the
boundary point you have found in part (a). Find the corresponding energy and bit distributions.

13.15 Facets of a Gaussian Multiple-User Channel - Midterm 2008.
Figure 13.19 illustrates a multi-user channel that uses Gassian codes on all inputs and has additive
Gaussian noise with power spectral density 2:01, The output is a single dimension scalar real sequence.

Figure 13.19: A MAC with ISI.

a. What kind of multi-user channel is this? What is U? (2 pts)

b. For parts b) to e), please leta = 0, h; = 10, and h, = 20. Draw the capacity region of this
channel? (3 pts)

¢. What is maximum rate sum? (1 pt)

d. Find frequency-division-multiplexed simultaneous water- lling spectra for the user power levels as
in the gure while attaining the rate in part ¢ and specify the corresponding rate pair? (4 pts)
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. Describe a time-sharing solution equivalent to part d . (1pt)
. Now please leta=0:8 and h; = h, =1, and you may use Vector DMT.

. What does the frequency-division-multiplexed simultareous water- lling spectal solution look like
now? (2 pts).

. What is the maximum rate sum? (2 pts).

i. Supposeb, =2 b and by =1. Find an energy and bit distribution for N =4 in VDMT for this
data rate pair. (4 pts).

j. Find roughly the largest data rate pair of the form (2b, , by) for this channel. (3 pts).

. Show the 4 GDFEs that correspond to part i, by specifying the feedfoward sections, feedback
section (or coe cient) for each of the 4 tones. (8 pts)
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