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The Kuramoto Model: From Asynchrony to Synchrony
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Synchrony/phase locking increases with inhibition [Kuramoto 1984, Daniels 2005].
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Attention--Synchrony Relation
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Right: Synchrony enhances network coherence. Left: Inhibitory neuron (red) synchrony entrains excitatory neurons (blue).

Inhibitory neuron entrain excitatory ones.
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Transition to Synchrony

0.25¢ Lot T

el © 015! " ® PTPRRRE
% l..‘." .o'....

F 0.1 e ]
E f{';‘.’o,.. ..'.' . . * e

é 0_05, D) ee®e eeo e . ° ® o

0 1 1 1
0 10 20 30 40
AG
Right: Synchrony demo. Left: When inhibition surpasses a critical level, the network synchronizes.
For a good software demo, see:
http://tutorials.siam.org/dsweb/cotutorial/indexppks=4&p=0
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Kuramoto's Model (1984) was Inspired by Winfree
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Synchrony/phase locking increases with inhibition [Kuramoto 1984, Daniels 2005].

Winfree's Assumptions:

e Neurons are globally and weakly coupled.

e Neurons express nearly identical frequencies amddentical in all other manners.
Winfree's Results:

e We can describe neurons only by their phase]0,2

e We can describe the network of neurons from a meafield perspective.
Winfree's Simulations

e Synchrony emerges like a phase transition froiguad to a solid.
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Kuramoto's Model (1984)

The evolution of phases is given by the sum of aesiinteractions via their PRCs, proportional sirausoid:

. K& . :
b = w + N;SII’] [¢i—¢j], i =1 N
The order parameter:
. 18
re'v = NZe"”i, i =1. N
j=1
Question: Physically, what i5 - ¢; ?
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Mean Field Description

Consider the order parametee ' ¢ :
. 1N
rel(lﬁ-‘bi):_Ze' (¢J_¢l), i=1.. N
N
j=1
whose imaginary part equals:

1 N
i —ti1==S'sin [¢ -¢i 1, i=1.. N
rsin [¥- o] N]Zf'n [¢ - i ] [
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substitut into the phas equation

‘.bi = w - Krsin [¢¥-¢], i =1.. N
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AB (K/N)

Kuramoto uses a sinusoidal phase response curve.

For thei!" neuron to phase lockp, = 0; therefore,
wi = Krsin [¢-¢]

since-1 < sin [¢ -¢; ] < 1, neurons canonly lock ifl w; | < Kr .

Question: What is the range of phases to whicharesican lock? At what phase do perfect
neurons & = 0) lock?
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Steady-State Analysis |

Thei™ oscillator is described by

é =w +Kr Sin [¥[t] -é ] With y[t] =t +¥[0]

where(} is the locked frequency. In this rotating refeeframe, the oscillator's phase is
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6 =¢i -Y[t]l o¢ =6 +Qt +y¥[0]

which leads to

.6i =w -Q-Kr Sin [6; ]

Dropping the subcript and working in the continulimit (N — o), we have
) dw
w=Q+Kr Sin [6]  — = Kr Cos[8]
de

in steady-stated(= 0); the derivative will come in handy shortly.
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Steady-State Analysis Il

We obtain the coupling strength K required to syonfze oscillators with natural frequencies disitéd with densityg(w)
by calculating, which, in the continuum limit, is given by

r= ! fgeieNg[e] de
N

where is N(0) dd is the number of oscillators with phases betwéamd 6 + df. In terms of the frequencies' probability
density, this number is given byglb) dw = Ng(w) (dw/df) dj. Thus, we have

N

r =J-- el®glw] d—wde
_ de

NI N

=Kr g[w] (Cos[e] + 1 Sin [e]) Cos[e] de

N Ny

N

As the siii9) term is odd, it drops out, leaving

1=K

N Ny

g [w] Cos?[e] de

N

after we divide by—we can't factog(w) out because is a function ob—an oscillator's natural frequency determines its
phase.

To find the critical couplingKc, we need to pick the most favorable conditions ggnchrony. This corresponds to
g(w)'speak, where the oscillators are spaced most claseiequency. These oscillators will be the firstsynchronize,
locking at the frequenc§ where g) peaks. As they span a small range, we cag(&8t= g({), and obtain

2
rglQ]

Cos?[e] de = K¢ =

N Ny

1 =ch[s:1j-

N

We can obtain an approximate result for higher tongpstrengths by expandingwj(to second-order. This yields a result
that describess initial growth:
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16 Kc
r = f (1——
\/nKSg (o] K
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Kuramoto's Intuition
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The first neurons to synchronize are those atéméec of the distribution.

As K increases, more neurons are pulled into synchrony.
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Vector Strength (VS) versus Order Parameter (r)
Spike 1 0(t) 1

Spike 2

Spike 3 0(t) 3
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In many cases, VS and r are similar.
Both quantify synchrony in terms of vector sumplése differences.
Vector strength sums spike phases across time apVeast on period.

The order parameter sums neuron phases at a pdintd.

Does Kuramoto Apply?

Fit at K =925 K=221,q_.=0.2
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r sin(y-0)

wi = 2xf; = Krsin (¢ -6;)
Question: What assumptions of Kuramoto's model elwiolate?
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Does Kuramoto Apply? Yes, but ...

Kuramoto Model, Kc at 13.600
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For the lorentzian distribution:

Question: Why does the model fit our data?
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