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Abstract

QPSOL, LSSOL, NPSOL, QPOPT,
MINOS SQOPT, SNOPT, Knossos PDCO, Spaseloc,
SYMMLQ, MINRES LSOR, LUSOL

Theseare optimization packagesdevebped at SOL during the
last 30 yeas by Gill, Murray, Saunders, and Wright, with much
Input from coauhors Paige, Murtagh, Friedander, and Jin.

We give a persoral history of the devebpmern of thesecodes.
For exampe, LUSOL is the engine for most of the large-scag
solvers (MINOS, SQOPT, SNOPT, Knosso$, aswel asfor
ZIP, MILES PATH, Ip_sole.
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Nonlinear Opti mization

minimize A(x)
X2Rn

0 1
X
subject to - %c(x)§ - u
AX

A(x) nonlinea objecive function

c(x) nonlinea constraint functions2 R™
A spasematrix

", u bounds

Assumefunctions are smooth with known gradients
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MINOS

General sparse NLP

1975. Bruce Murtagh and MS
NZ and SOL

Spaselinea constraints, nonlinea obj
Reduced-@dient method (active sel)
LP + uncastrained optimization
(Simplex+ quasi-Newon)

1979: Sparsenonlinea constraints
UNSW and SOL, eXxendedRdbinsan 1972

Assumefunctions and gradients are cheap
GAMS and AMPL
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QPSOL
Dense QP

1978: Gl & Murray
1984. G, M, Saundes & Wright

Denselinea constraints, inde nite QP obj xTH x
Orthogond factors AQ= (L 0); Q= (Y 2)

DensereducedHessia Z'HZ = RTR

= :@!
Z R @

Only- needscaewhenZ, R get bigger
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QPOPT

Dense LP and QP (6, m, & s1995)

Objecive = c'x + 3x'G'Gx

or c'x + SxTH X

Positive de nite, Semide nite or Inde nite
Denselinea constraints

Later versian of QPSOL (f77)
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LSSOL

Dense Constrained Leas Squares

min kX xj bk? st:

1971: JosefStoer

A !
X

AX

1986:. LSSOL: G, Hammaling, M, S & W

PXQ
Orthogond factors

ArQ

@ @

I
-7

@ .

@ _ .

The only method that avoids forming X ' X

We don't know how for spase X
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Lagrangians

NP min A(x)
st. ¢(x)=0

Penalty Function

min A(x) + TUpko(x)k?
Augmented Lagrangian

min A(X) i Yi'c(x) + 3%akc(x)k?
Lagrangian in a Subspace

min A(X) i Yk'c(x) + s¥Rke(x)k?
st. lineaized constraints
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LANCELOT

Conn, Gould & Toint 1992 and Galahad : G, Orban, T 2003

NP min A(x)
si. c(x) = 0; CeoX U
BCy min A(X) i Yik'c(X) + 3%Kc(x)k?
st. XU
BCL Method

> Solve subproblem BC;
? Update dual variables: yi+1 = Yk i Y&C(X})

> Juggle % and repeat
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NPSOL

Dense NLP (e, M, s& w 1986)

> DenseSQP method
QP subpoblemssdved by LSSOL

> Seach direction (¢ x; ¢ y)
QR, min quadratic approx'n to Lagrangian
si. lineaized constraints

> Ment function
Lineseech on augmented Lagrangian:

min L(xx + ®x; yx+ ®Cy; %)

SOL Researc h { p. 10/44



SQOPT

Sparse QP (G, m, & s1997)

> Semde nite QP obj (xi Xo)™H (X | Xo)

> Userroutine computesH x for givenx

2 Allows elastic boundson variables and constrants @ i
d m
j

j
Application 1: Inside SNOPT

P
2 =D+ Vv VARE W, ij (Limited-memay quasiNewton)

Application 1: Fused Lasso (Tibshirani, S et al. 2004)

D

"
| —

. - P—— . .
min kKX § yk® st.  jjj- sp and  j i i1 S2

2 Hx = X T(Xx) (not ideal)

2

Constraints onk ky and kM ki) marny ;=0and ;= ;1
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SNOPT

Sparse NLP (6. m, & 52003, siAM Review SIGEST 2005)

> Sparse SQP method
QP subpoblemssdved by SQOPT

> Seach direction (¢ x; ¢ y)
QR min limited-memoy approx'n to Lagrangian
si. lineaized constraints

> Ment function
Lineseech on augmented Lagrangian:

min L(xx + ®x; yx+ ®Cy; %)
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Infeasible Problems

or infeasible subproblems

SNOPT's sdution { modify the origina problent

min A(X) + ¥kc(x)kq

NP(3) min A(x) + ¥e'(v+ w)

st. c(X)+vi w= 0 viw, O

Implemengd by elastic boundson QP slacks
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SNOPT paper

revised for SIAM Review 2005

LUSOL: Threshdd Rook Pivoting for Basis Repar
SYMMLQ on Z'™HZd = | Z"gop Whenmany superbasics
1000 CUTEr and COPS 3.0 test problems

Up to 40,000 constraints and variables

Up to 20,000 superbasics(degeesof freedan)

900 problemssdved successfully
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Stabilizing
MINOS

M ichael Friedlander's thesis 2002
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Minimizing the Augmented Lagrangian

Ly = AX) i yTo(x) + Svke(x)k?

BCL (LANCELOT) LCL (MINOS

minixmize L (X; Vk; %) minixmize L (X; Vi ¥&)

St. St. lineaizedc
T XU T XU

Globdly convergent Quadraticaly convergent
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An Elastic LC Subproblem

min aug Lagrangan

subjto bounds
minimize AX) i YkTe(X) + 3%ake(x)k?
st. X - U

eeeeee
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An Elastic LC Subproblem

min aug Lagrangan

subjto lineaizedc bounds
minimize AX) i YkTe(X) + 3%ake(x)k?
St. Ck (X) = 0 X+ U

eeeeee
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An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto lineaizedc + elastic vars, bounds

minimize AX) i Yk Te(X) + 3¥eke(x)k? + Fxel(v+ w)

st. c(X)+viw=0 wv;w, O - x- U
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An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto lineaizedc + elastic vars, bounds

minimize AX) i Yk Te(X) + 3¥eke(x)k? + Fxel(v+ w)

st. c(X)+viw=0 wv;w, O - x- U

M

minimize AX) i Yk Te(X) + 3%ake(X)k? + Yk (X)ka

Sl. TLoX - U
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An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto lineaizedc + elastic vars, bounds

minimize AX) i Yk Te(X) + 3¥eke(x)k? + Fxel(v+ w)

st. c(X)+viw=0 wv;w, O - x- U

> Subproblemsare always feasible
> Multiplier esimatesare controlled by k¢ yffkl - Y

2 Eventually, x;, is sane as for MINOS subpoblem
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The Stabilized LCL (sLCL) Method

1. Solve subpoblemwith optimadlity tol !
(Xp;Ye) A Elastic LC subpoblem (xi; Y; %; %)

2. If ke(xp)k - "
Decrease; ( nit ely often)
Reset¥, (suxcienty large)
Update (Xk+1;Yk+1) A (Xe; Vi)

else

Reject(x;; ;)
Increase
Declease %

> 15 and ¥ work togetherto ensue globa convergence
> I and | are adjusted dynamicdly to save work
> cf. Conn, Gould, Sartenaer, & Toint, 1996 oL Researc b 1 o 1920



m KNOSSOS

Sparse NLP (michael Friediander & s 2004)
Fortran 90
> Dynamic memay
> LC sdver\isdated"
> Threadsde desig (LC sdver pemitting)

LC subproblems

2 Solve with MINOS or SNOPT

> Hot start on mgor itn 2, 3, 4, ...
(keepquasi-Newvion Hessia or reducedHessia)

> Ealy teminaion of subpoblems
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PDCO
Primal-Dual IPM for (Sepaable) Convex Opt

MATLAB (Saunders 1997{2004)

> Nomind problem

CO min A(x)

st. Ax= Db TooX - U

> Reailarized problem

COr min A(X) + 5kD1xk? + 3krk?

Sst. AX+ Dor = by oo X - U

r 2A(x); D1° 0; D>, A 0, all diagonad A can be an operator
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PDCO applications
> BasisPursuit (Chen, Donoho, & S, 2001)

> Image recastruction (Kim thess, 2002
> Maximum entropy (S & Tomlin, 2003
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PDCO on Web Traxc entropy problem
A 1sa 51000t 662000network matrix, nnZA) = 2 million

Itn mu step Pinf Dinf  Cinf Objective center atol LSQRInexact
0 25 11 -6.7 -1.3403720e+01 1.0
1-50 0267 24 11 -51 -1.3321172e+01 242.0 -3.0 5 0.001
2 -5.1 0.195 23 1.0 -5.3 -1.3220658e+01 36.9 -3.0 5 0.001
3-52 0431 21 09 -52 -1.2942743e+01 1229 -3.0 5 0.001
4 -55 0466 19 0.7 -53 -1.2711643e+01 41.8 -3.0 6 0.001
5-57 0671 14 0.2 -55 -1.2492935e+01 71.8 -3.0 9 0.001
6 -6.0 1.000 -0.0 -0.8 -5.8 -1.2367004e+01 2.7 -3.0 10 0.001
7 -6.0 1.000 -0.1 -23 -6.0 -1.2368200e+01 1.1 -3.0 9 0.002
8 -6.0 1.000 -1.1 -4.7 -6.0 -1.2367636e+01 1.0 -3.0 2 0.009
9 -6.0 1.000 -1.3 -5.7 -6.0 -1.2367655e+01 1.0 -3.0 7 0.015
10 -6.0 1.000 -25 -7.6 -6.0 -1.2367607e+01 1.0 -3.0 2 0.004
11 -6.0 1.000 -3.7 -8.6 -6.0 -1.2367609e+01 1.0 -35 8 0.004
12 -6.0 1.000 -5.9 -11.0 -6.0 -1.2367609e+01 1.0 -4.7 11 0.000
PDiths = 12 LSQRIitns = 79 time = 101.4 (MATLAB)

224  (C++)
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SpasslLoc

L ocalization of Wireless Senor Networks
MATLAB (Holly Jin + Carter, Saunders & Ye, 2004)

X X

minimize j®j ] + |®ik ]
(5 )2N1 (5k )2N2

subjectto  kxi | xjk?i ® = dﬁ . 8 (ni;j)2 Ng
kxi i axk®i ®& = d&; 8(ik)2 N>
kxi | Xj k2 , rijz; 8 (i;j)2 Ny;
kxi i axk? ,  rg; 8(i; k)2 Ny;
Xi; Xj 2 R?; ®j ; ®k 2 R;
| < ). sersas k: anchors

dij naisydistancedata ax known positions of anchas

rij radioranges Xj sensos' positions (to be esimated)
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Localization of Wireless Senor Networks

> Biswas and Ye (2003a): SDP relaxation DSDP 2.0
50 nodes: a few secmds
200 nodes:too muchtime and storage

> Biswas and Ye (2003b): Parallel SDP subpoblems DSDP 2.0
4000 nodes: 2 mins

> Spaseloc (2004):  Sequenial SDP subpoblems DSDP 5.0
4000 nodes: 25 secs

(DSDP = SDP soler of Bensonand Ye)
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Full SDP vs. SpassLoc

Full SDP SpaseLoc

R BN T
A /// Ny -
o o o . :

\\ 0.6 \
N ~
\.
0.4
> — — - >~ ¢ e / =
/ / n * \ — 02r / o< * ~c 2 —C

/// . \\\ ol /SR

Localization errors for full SDP model and Spaseloc
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LUSOL

Sparse LU + Updates (like Reids LAO5)
G, M, S& W 1987
Revised 1989{2004

Part of Mike O'Sullivan's thesis 2002

Squae or rectangular A = LU
Markowitz strategy for spasity

Threshdd strategesfor stability and detecting rank
TPP Threshdd Partial Pivoting
TRP Threshdd Rook Pivoting Rank-reveding
TCP Threshdd Complet Pivoting Rank-reveding

Bartels-®lub updating
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T hreshold Pivoting

TPP TRP
1 2 2 2 2
2 16 16 £
1 1 £
£ £
£ £ £

TCP
2 2
16

1
£
£

Threslold Rook Pivoting is the right comgomisefor reveaing singularity
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LUSOL

BFP (Basis Factorization Package)

The engne for

MINOS

ZIP

MILES

PATH

SQOPT

HenceSNOPT and Knoss®
Ip_sdve

Also BasisRepar
Squae B | x singularity
Recengular (B S) | nd better B
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Summary

Key concepts for Nonlinear Optim ization

2

2

Stable denseand spase matrix factorizations
Minimize augmented Lagrangian in (relaxed) subspae

Software

2

2

2

MINOS SNOPT in GAMS, AMPL, NEOS

TOMLAB/ SOL (Homstrém) for MatLas uses

SNOPT has its own MatLag interface

PDCO (MatLag) min A(x) st. Ax = b+ bounds,A an operator
Spaseloc (MatLas) Scdable senso locdization

LUSOL (C versian) now in open saurce system lp_sdve

LUSOL (origina F77) will be in COIN-OR

SYMMLQ, MINRES LSOR (F77, MatLas) CG-type iterative sdvers
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Other SOL Research

Uday Shanbhay (with Walter Murray)

Stochastic nonlinea programming equililsium programming
nonlinea facility location problems

Che-Lin Su (with Dick Cottle)

MPEC and EPEC (math programswith equilirium
constraints)

Samantha Infeld (with Walter Murray)
Trajectory optimization for spaceckift

Yinyu Ye
Large-scée (dud) SDP

Wirelesssenso network locdization
M

http ://www. starford.edu/gr oup/S OL/d issetations .html
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The Lighter Side of Optimization

In New Zealbnd, the equivalernt of the TV guide is called The Listener.
Every weekall ife in New Zealand" column publishes clippings descrbing
local everts. The r st serder of eachacceped clipping recevesa $5 Lotto
Lucky Dip. The following clippings illustrate somecharacteristics of
optimization problemsin the real?) world.

Robust solutio ns
RECOVERY CARE givesyou nancial protection from specied
sudden iliness. You get cashif you live ... and cashif you don't.

N o objectiv e functio n
Peofde have beenmarrying and bringing up children for certuries
NOwW.
Nothing has evercomeof it. (Evenng Post, 1977)
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Mul ti ple objectives
\| had the chace of runningover my tean-mae or going onto
the grass,sol ran over my tean-mae thenran onto the
grass, Rymerrecdled later.

Obvious objective
He sad the feewas increasedfrom $5 to $20 becaisesame
pele had camplanedit was nat worth writing a chequefor

$5.
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Equilibri um condition
\ The pedestian count was not consideed high enaugh to
justify an overbridge', HelenRitchiesad. \ And if there
continuesto be pele knocked down on the crossing the
numler of pedestianswill dwmindle:’
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Constra ints
ENTERTAINERS DANCE BAND, etc. Vocdist wanted for

New Wave rock band, must be able to sing

DRIMNG INSTRUCT OR Part-time position. No experience
necessy.

HOUSE FOR REMOVAL in excellentorder, $800. Do naot
disturb tenant.
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Exactly one feasible soluti on
MATTHEWS RESTAURANT, open 365 nights. Including
Mondays.

Buying your own businessnight mean working 24 hours a day.
But at least whenyou're self-emplged you can decidewhich
24,

Semgeant J Johnsion sad whenHall was stopped by a police
patrol the defendat deniedbeingthe driver but after it was
pointed out he was the only persa in the ca he admitted to
beingthe driver.

His companion was in fact a trans\esite, X, knovn variously
as X or X.
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Bound your variables
By the way, have you ewer seena bird transported without the

useof a cage? If you don't usea cage it will °y away and
maybe the same coauld happento your ca. Mark my words,
we have seenit happen.

Redunda nt constra ints
If you are decaating befae the baby is born, keepin mind

tha you may have a boy or a qgirl.
EAR PIERANG while you walit.
CONQURRENTTERM FOR BIGAMY (NZ Herald, 1990)

SOL Researc h { p. 36/44



|nfeasibl e constra ints
| chcseto cook myselfto be quite sure what was going into
the meds.

We apologize to Wellingon listenes who may nat be
receivng this broadcast.

Themodel 200 is British all the way from its stylishroo®ine to
Its French-mae Michelintyres. (NZ Car Magazine)
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or

. ?
BUY NOW! At $29.95 thesgleanswill nat last long!

NOT TOO GOOD TO BE TRUE! We can sellyour home for
muchlessthan you'd expect (NZ Property Weekly

The BA 146's landingat Hamilton airport was barely audible
above airport background naise,which admittedlyincludeda
Boeing 737 idling in the foregound.

Yesterday Mr Palmer sad\ The Australian reports are not
carectthat I've seenathough | can't say that I've seen
them?®

It will be a chancefor all womenof this paishto get rid of
anythingtha is nat worth keepingbut is too good to throw
away. Don't forget to bring your husbands.
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or - ?

The Frenchwere often mare blatant and maore active,

paticulaly prop X and numkber eight Y, but at least one All
Black was seengetting his retaliation in r st.

WHAT EVERY TEENAGER SHOULD KNOW | PARENTS
ONLY

\ Love Under 17" Persans underl18 not admitted.

\ Keepingyoung pemlein the dark would nat stop themhaving
seXin fact it usudly had the opposite e®ect' shesad.

NELSON, approximately 5 minutesfrom airport. Golf course
adjacent Sleepssewenall in sinde beds. Ided for

honeymoons. (Air NZ News, 1978)
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Hard or soft constraints
Thetwo have run their farm as equa patneis for 10 yeas,
with Jan in chage of grassmanagement Lindsg looking after
fertilizer, and both working in the milk shed\ We usedto
have our sta® meetngs in bed. That got maore dixcult when
we emplged sta®!" (NZ country paper)
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Elasti ¢ constra ints
The Stationary Engne Drivers Union is planningrolling

stoppages.

Whenthis happensthere are set proceduesto be followed and
theyare establishedprocedues, providedthey are followed.

APATHY RAMPANT? Not in Albany|t he closingof the

elecbral rolls saw fully 103.49 percent of the areds eligble
voters signedup.

Auckland City ratepayers are to be remindedthat theycan
pay theirratesafter theydie. (Auckland Herald, 1990)

He was remandedin cusibdy to appea again on Tuesd# Iif he
IS still in the country.
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Convergence

\ Ther is atrendto openlibrarieswhenpele can usethem}
he says.

Mayor for 15 yeas, Sr Dove-Myer wants a nal threeyeas at
the helm\to resbore sanity and stability in the a®ars of the

city".
Appl icati ons

(Yachting) It is not particulaly dangerous, as it only causes
vomiting, hat and cadd °ushes,diarhoea musclecramping
paalysisand sanetimesdedh ...

(Boating New Zedand, 1990)

(Ecdogicd models) CAR POLLUTION SOARSIN
CHRISTCHURCH|B UT CAUSE REMAINS MYSTERY

Nappieswanted for windaw cleaning Must be used.
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Sto chasti ¢ opti mizati on
Life is Uncetain.
Ea Desser First. (Marie CallenderT-shitit)

Al ways room for improvement
The owner Craig Andrew sad the threeman gquditiesfor the
job were speed,agility and driving skills.\ Actualy, Merv has
none of those, but he's still the bestdelivery boy we've had",
he sad.
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Integer Variables (0, 1, 2, ...)

0 or 1 is sometimes not enough

When Taupo police arresied
a Bay of Plenty man
for driving over the limit
theydiscorered he was a bigamist

Nelson Mail, 5/04
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