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Abstract

Sparse SQP methods such as SNOPT needa

QP soler that pemits warm starts eachmajor
iteration and can handle marny degreesof freecbm.
An active-setQP method with direct KKT soles
seemshe only option.

We discuisssomeimplemenation isswessuwch as
updating the KKT factors, scalng the QP Hessan,
and recovemg from KKT singularity.
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Why a new QP solver?



SNOPT

Sparse SQP solver for NLP (Gill, Murray & Saunders 2005)

Sequencef QP subpoblems:

e T 1, T
QP mlnlxmlze g X + 5X HyX

subject to linearized constraints and bounds

Limited-memoy quasi-Newon Hessia
Ho = | or diagona
Hi= (I + vu")Hg(l + uv'), etc

Warm start, fewiterations ) active-setmethod SQOPT
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SNOPT

Sparse SQP solver for NLP (Gill, Murray & Saunders 2005)

Sequencef QP subpoblems:

e T 1, T
QP mlnlxmlze g X + 5X HyX

subject to linearized constraints and bounds

Limited-memoy quasi-Newon Hessia
Ho = | or diagona
Hi= (I + vu")Hg(l + uv'), etc

Warm start, fewiterations ) active-setmethod SQOPT
SQOPT's reducedHessia Z "HyZ can be large

CG on Z "HZ works unepectedlywell sametimes
Needa QP sdver tha works with KKT systems
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Linear Algebra Q1
Updating basis factors



Updating a basis
Aim UseSuperLU, PARDISO, ... as black box solvers for Bg

Product- form update By = BoTqiTo::: Ty
Simple, but pehaps denseunsiable
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Updating a basis
Aim UseSuperLU, PARDISO, ... as black box solvers for Bg

Product- form update By = BoTiTo::: Ty
Simple, but pehaps denseunsiable

Schur-complement update (Bisschop & Meeraus 1977)

Initially: B Box = Iy .
A I A ] A !
B V| X
Later: (% k S 2

2 sdveswith Bg
1 sdve with C, = W] B}, 'V (smdl),
spaseproducts Vv, W,! w
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Linear Algebra Q2
Updating KKT factors



Updating KKT systems

for QP active-setsdver

Aim UseMAS57, PARDISO, ... as black box solvers for K g
Initially: Koy=d
Later A LA 1 A

Ko ke y1 _ O

VkT y2 do

Exsting work: Gould & Toint, Gondao

Blo ck-LU up dates { p. 8/27



QPA In GALAHAD

Active-setQP sdver (Gould and Toint 2001)

Sequenceof updated KKT systems

A A A |
Ko V. | Ko V

VT VTR C

Ko= LoDoL{ via MA27 or MA57
C =i V'K} 'V factored by SCU (smdl)
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QPA In GALAHAD

Active-setQP sdver (Gould and Toint 2001)

Sequenceof updated KKT systems

A A A |
Ko V. | Ko V

VT VTR C

Ko= LoDoL{ via MA27 or MA57
C =i V'K} 'V factored by SCU (smdl)

2 sdveswith Ko, 1 sdvewith C, productsVv, V'w

1 sdve with K if K| *V were stored (but it is fairly dense)
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Symmetric Block-LU updates

~ ~ ~

A | A A |
Ko V. _ Lo DoL{ Y
Al YDt | C

LoY =V, C = jY'Dj'Y

Ko= LoDoL{ via MA27, MA57, PARDISO, ...
C factoredby LUMOD (LC = U, L squae, smadl)
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Symmetric Block-LU updates

~ ~ ~

A | A A |
Ko V. _ Lo DoL{ Y
Al YDt | C

LoY =V, C = jY'Dj'Y

Ko= LoDoL{ via MA27, MA57, PARDISO, ...
C factoredby LUMOD (LC = U, L squae, smadl)

Solveswith Lo, Do, C, Do, L4, productswith Y, YT
MAS57 treas Lo, Do astwo black boxes (Thankslain!)
Y is likely to be well-conditioned and sparse
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Unsymmetric Block-LU updates

~ ~ ~

A | A 1 A |
Ko V. Lo Uy Y
wWT - zT C

LoY = V
Uiz = W,
C = ;2'Y

Ko = LoUp via LUSOL, SuperLU, UMFPACK, PARDISO, ...

Solveswith Lo, Ug, C, productswithY, ZT
Lo, Up are two black boxes
Y and Z are likelyto be sparse
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QPBLU

Active-setQP sdver (Harh Huynh's thess)

QP minimize  c'x + 3x"HXx
X

subjectto Ax =Db; |- x- u

Matlab prototype, F90 version underway
Block-LU updatesof KKT factors
Ko = LoUg with black-box sdvers for L, Ug

SNOPT'sH1 = (I + vu")Hg(l + uv'), etc
handledby block-LU updates
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N

N

N

Experiments with Matlab QPBLU

QP minimize  c'x + 3x'x
X

subjectto Ax =Db; |- x- u

QP problemswith H = |

A, b, c, |, u comefrom LPnetlib cdlection (Tim Davis)
[LO, WD, P,J = lu(KO) via UMFPACK (Tim Davis)
20 Block-LU updatesthenfactorize curent KKT
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Block-LU updates

~ ~ ~

A ! A A !
Ko V _ Lo Up Y

wT A C

Two possibleimplemenétions:

Lo= 1, Ug= Ko Separate Lo and Ug
Y =V LoY = V
UiLlz = w Uiz = w

Compae nonzerosin Y and Z
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Number of Nonzeros

Number of Nonzeros

3000

2000

1000

3000

2000

1000

Black-box Ky vs separate Lg, Ug

Data Source: capri, KO = I*K0

100 200 300 400 500
Iterations
Data Source: capri, KO = L0*UO
100 200 300 400 500
Iterations
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Linear Algebra Q3
Rank-revealing factors



Threepivoting options:
TPP T

TRP T
TCP T

LUSOL

NIes
NIesS

Nres

ndd Partial Pivoting
ndd Rook Pivoting

ndd Complete Pivoting
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TPP: Threshold Parti al Pivoting

2.0 £ £
3.0 £
£ £
40 £ £ £

£ £

Requie|jLijj - ¢; ¢, = 2.0sy (nat 1:.0)
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TRP: Threshold Rook Pivoting
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TCcP: Threshold Complete Pivoting

4:5 1.0 3:0

3.0 £
£ £
40 £ £ 90

£ £
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Rank-Revealing Factors

A=XDY'T =

Demmelet al. (1999}
X, Y well-canditioned )  condA) ¥acond D)

2 SVD ubDVv'
> QR with cdumn interchanges QDR
> LU with Rook Pivoting LDU

N

LU with Complete Pivoting LDU
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Rank-Revealing Factors

A=XDY'T =

Demmelet al. (1999}
X, Y well-canditioned )  condA) ¥acond D)

2 SVD ubDVv'
> QR with cdumn interchanges QDR
> LU with Rook Pivoting LDU
> LU with Complete Pivoting LDU

2 MA27, MA57 (Lj bounded D block-diag) LDLT
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Linear Algebra Q4
KKT repair



Two-stage KKT repair

~

A !
H AT
K =

A

[L,Up, g = lusol (A wth Threshdad Rook Pivoting
detects singularitiesin A

[L, D p] = nmab57(K) with strict pivot tolerance
detects singularitiesin K
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Linear Algebra Q5
Condition of Kg



Scaling H

~

A !
® AT g .
As we know from least squaes, A IS better conditioned if
® Ya Ynin (A):
Hence,QPBLU sdves
QP minimize ®(c™x + 5xTHx) + ! £ suminf

subjectto Ax =Db; |- x- u

~

A !
®Hg A} y .
Ko = A 0 70 s petter conditioned (if we can guessgood ®).
0

Schurcomplemens Cy = | V,/K | "V alsa
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Summary

QPBLU active-set QP solver | .
]
KKT sdves: Ko= @0 #oa
A 1A A A |
Ko V. _ Lo Up Y

Block-LU updates: =
pd Wl D AR C

Black-box sdvers for Lg; Ug

Y; Z spase,soworth storing
Onehope for parallelismin LP/ QP/ NLP sdvers
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Summary

QPBLU active-set QP solver | .
KKT sdves: Ko= @ Aoa

A 140 A A |

Ko V. _ Lo Up Y

Block-LU updates: =
P wT D AN C

Black-box sdvers for Lg; Ug

Y; Z spase,soworth storing

Onehope for parallelismin LP/ QP/ NLP sdvers

Sparse LU, LDL'" solvers
LUSOL, MA27, MA57 already suitable
NeedjLjj - 2 (s&) to be rank-reveding

Request to Super_U, PARDISO, UMFPACK, ... developers
Sepaate sdveswith Lo, Do, Ug
At least one factor well-canditioned (tell us which one!)
Options for rank-reveding factors of K g
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