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m KNOSSOS

An F90 package for nonlinealy constrained optimization

Kemel: | Linealy constrained sdver

Nonlinear constraints
AppliesLCL method; repeaed cdls to the LC sdver

Linear constraints
Single cdl to the LC sdver

What's In a Name?

> NewA home"for reducedgradient (LC) sdverin MINOS
> Other LC sdvers may be used(eg SNOPT, other 1st/ 2nd deinv)
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Constrained Opti mization

NP min f (x)
X2R" 0 1
X
st. - ?@Axg- u
c(X)

2 Smooth functions: f (x), ¢ (x) 2 SpaseJacobian J(x)
2 1st denvativesavailable 2 SpaseA



Keeping It Simple

GNP

min f (x)

x2 Rn
St.

c(x)=10
X, 0




LINEARLY
CONSTRAINED
LAGRANGIAN



Linearly Constrained Lagrangian (LCL)

Robinson ('72), Rosen & Kreuser ('72) r st proposedLCL

> ood (Xo;Yo) ) quadratic convergence(outer iterations)
> No globa convergenceproperty

MINOS (Murtagh and Saundes '83)
> WidelyusedLCL implemenétion (eg., AMPL, GAMS, NEOS
> Modi ed LCL to improve robusiness
> Many heurstics



Minimizing the Augmented Lagrangian

LGy AET () i yTo(x) + Ske(x)k?

BCL LCL
(eg., LANCELOT) (eg., MINOS
min - L (X yk; &) min - L (X yk; %)
si. st. Lineaizedc
x, 0 X, 0

Globdly convergent Quadraticdly convergent



A Stabilized LCL Algorithm

Properties
> Globdly convergent
> Fast locd convergence(usinglst denvs only)

Important
> Handlesinfeasiblesubpoblems
> SolvesLC subpoblemsinexactly



LCL (Robinson '72)
Lineaization: ¢(x) = c(Xk) + I(XK)(Xi Xk)

Minimizang the Lagrangian subjectto lineaized c:

1. Find(x,; ¢ y,) tha sdves

min f(x) iy} o(x)

st. ©(x)=0
X, 0

2. Xgs1 A X
Yir1 A Yk + Gy

> ood (Xo;Yo) ) convergesquadraticaly
> Not globdly convergent (in geneagl)
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M |NOS LCL (Murtagh & Saunders'83)

LC Obj] = augmented Lagrangan

1. Find(x,; ¢ y,) that localy sdves

min - f (x) | yy () + 3¥ke(x)k?

st. ©(x)=0
X, 0

2. Restict k¢ xk, k¢ yk
3. Adjust pendty paameter %

Drawbacks
> Heurstic step lengh restiction
> Pendty ¥ improvesrobusiness but no guarantees
> Subproblemsmay be infeasible
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Toward Stabilized LCL

Whenxy Is far from Xa,

c(X) = 0 may be poor approximationto  ¢(x) = 0

> Current Jacabian may be ill-conditioned
) k¢ xk can be large

> Lineaization may be infeasible
) subpoblemcan be ill-de ned

Suggest the needfor an elastic subpoblem



An Elastic LC Subproblem

min aug Lagrangan
subjto bounds

min f(x) yyc(x) + 3%ke(x)k?

SI. X, 0

p. 12



An Elastic LC Subproblem

min aug Lagrangan
subjto Lineaizedc bounds

min f(x) yyc(x) + 3%ke(x)k?

st. ©T(x) = 0 x, 0
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An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto Lineaizedc + elastic vars, bounds

Xr;rJ/i;\rllv F(X)i ygo(x)+ 3%ke(x)k? + el (v + w)

st. T(X)+vi w=0; viw;x ., O

SSSSSS



An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto Lineaizedc + elastic vars, bounds

Xr;rJ/i;\rllv F(X)i ygo(x)+ 3%ke(x)k? + el (v + w)

st. T(X)+vi w=0; viw;x ., O

M

min f (x) i yyo(X) + 3%ke(X)k? + ¥kt (X)ki
Sl. X, 0
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N

An Elastic LC Subproblem

min aug Lagrangian + 1 pendty function
subjto Lineaizedc + elastic vars, bounds

Xr;rJ/i;\rllv F(X)i ygo(x)+ 3%ke(x)k? + el (v + w)

st. T(X)+vi w=0; viw;x ., O

Subproblemsare always feasible

Parameter ¥ usedto control the multiplier esimatesbecaise

KE yka - Y%

For 3% suzciently large, sdution is sane as MINOS subpob

v; w introducedlinealy
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The Stabilized LCL (sLCL) Method

1. Solve\to within" opt Tol & O:
(xg;¢y p) A Elastic LC subpoblem (xk; Yk; ¥&; %)
2. Ifke(xpk - "k &
Decease ( nit ely often)
Reset¥ (suxcienty large)

Update iterates:
Xk+1 A XE!

Vel A [Yki YRe(Xp) [+ ¢y

else
Increasely, decease ¥
Rejectx,

> 14 and ¥ work togetherto ensue globa convergence
> sLCL dynamicdly adjusts accuiacy of subpoblemsdves
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CONVERGENCE
PROPERTIES



SLCL ‘ M ain Reaults (Friedlander & Saunders '02)

Global Convergence (closelyrelaedto BCL theay)

2 All limit points are 1st-order stationary
Can be 2nd-ader stationary (with 2nd denv LC sdver)

> Inexact subpoblemsdutions (ot Tol & 0)
> L% remans bounded

Local Convergence
> Quadratic rate (outer iterations, Qot Tol & fast enaugh)

> Eventudly v = wyg = O for k large enaugh
(ie, asymptotic equinalenceto MINOS

Infeasible Problems
k! 1 min  ske(x)k3

and X
kykck=% bounded St. X, 0
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IMPLEMENTATION

m KNOSSOS



A Useful Reformulation

Depature from lineaity: di(x) = ¢(X) i Tk(X)

LX) = (0) iyl e(x) + Shko(x)k?

* A |
Subpoblem’s
c(X)+vi w=0 linea
+ constraints

- ¢
MG Viw) = F0O0 T Y dk(X) i VW + 35Kkd() i v+ wk?
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T he Reformulated LC Subproblem

min M (x; v;w) + ¥%e' (v+ w)
X2V W

st. &(x)+vi w=0; x;v;w, O

¥ no longer boundssubpoblemmuiltipliers! But, set

2. Ky ky -

3. sLCL multiplier

update:

(@] @] i @) ¢
CY = Yei Yei Yeo(Xy)

min Ly (x) + ¥%e' (v+ w)

IS a KKT point of XV W

st.cc(X)+vi w=0;

Vi

X; VW |

0

Vel A Yk i %o(Xp) + ¢y P =y
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Stabilized LCL | Implementati on

Fortran 90
> Threadsde design (LC sdver pemitting)
> LC sdver\ isdated" 2 Dynamic memay

LC subproblems
> Solve with MINOS or SNOPT

> Hot start on mgor 2, 3, 4,...
(keepingquasi-Newon Hessia approximation)

> Ealy teminaion (vialteration Limt or My or (ot Tol)
Proximal Point

minkx i Xok3
X

2 Solve with loosetols

St. A+ AX - Up: y+ X+ Uy

2 Yh - AX - Ual x - X - Uy fessibletherdter
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CUTEr Problems

Nonlinealy constrained subsetfrom CUTEr cdlection

Sze(n+ m) | # of problems

1| 100 204

100 | 1000 40
1000 | 10000 83
10000 | 27608 44
Total 371

Comparison
> MINOSLCL v. KNOSSOS (with MINOS reducedgradient)

> Minor iterations
) Roughly one (f ; c) evaluation; or
) Phasel simplexfor feasibility
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Performance Pro | es |

M inor iterati ons

o

0
T
|

O
o
|

Fraction of problems

O
N
|

KNOSSOS
MINOS

1 ] 1 ] 1 ] 1 ] ]
1 4 16 64 256 1024

¢, £ bestperformer
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Observations

Failures oftenrelaedto elastic variables:
> v;w 9 0 and converge to spurous points
> Unboundedsubpoblems

Robinson LCL ( + %1/ch(x)k2) seemgobustto singular Jacabians
Heuristic
1. Start withO- v;w- O

% for ke(x)k?

2. Juggle pendty params as usua: Y for ko (x)k
fi% 1

8
< Subprob infeasible
3. If or then 0- v;w- +1
key k1 > Y%

4. Carry on with sLCL
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Performance Pro | es ||

M inor iterati ons

o
o3

o
o

Fraction of problems

o
N

KNOSSOS
MINOS
KNOSSOS+Heuristic

4 16 64 256 1024

¢, £ bestperformer
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EXTENSION



An SQP Variant

QP approximation to kth elsstic LCL subpoblem:

¢min gy Cx + ¢x THex + %e' (v+ w) 0 . 1
X;V ;W X E
St. e+ Jk¢tx +vi w=0 i ! @¢ QA
X+ ¢ viw, 0 Yk
SLCL theay might guideupdate rulesfor:
> Y % (pendty/ elastic params)
> Inexact QP subpoblemsdves (Murray & Prieto '94)

Some similaritiesto SNOPT (Gl et al. '02)

Elastic vars | Quasi-Newon Hessia
SLCL/ SQP: key k1 - % H + %J']
SNOPT: kyk + ¢y gky - % | HL or Hp + %JJ
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CONCLUSIONS



N

N

N

N

N

Work In Progress

How to bestcontrol elastic variables?

How to recover from/ prevent unboundedsubpoblems?
Can the heurstic be integatedinto the theay?

What is the best multiplier update (eg., trimming?
Needa 2nd deinvative linealy constrained sdver
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T hanks!

> The CUTEr team: Gould, Orban, & Toint

> Daniel Friedlander mKNOSSOS
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| EXTRA SLIDES |



By the Numbers

No. of Number Optimal
Size (n+ m) | problems|| MINOS | Knoss® | Knossa+
1| 100 204 176 185 182
100 | 1000 40 28 28 27
1000 | 10000 83 31 25 36
10000 | 27608 44 17 21 23
Total 371 252 259 268
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