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SOLUTION OF SPARSE INDEFINITE SYSTEMS OF LINEAR
EQUATIONS*

C. C. PAIGEt anD M. A. SAUNDERS{

Abstract. The method of conjugate gradients for solving systems of linear equations with a sym-
metric positive definite matrix A is given as a logical development of the Lanczos algorithm for tri-
diagonalizing 4. This approach suggests numerical algorithms for solving such systems when 4 is
symmetric but indefinite. These methods have advantages when A is large and sparse.

1. Introduction. Here some methods are considered for solving
(1.1) Ax=b

when the n x n real symmetric matrix A4 is large and sparse. Unlike matrix fac-
torization, the methods given here for solving (1.1) regard 4 as an operator and
only require matrix-vector products, building up x as a combination of vectors
derived from a Krylov sequence. Some basic theory for different methods of this
type is given in § 2.

One of the best known examples of this type is the conjugate gradients
method (CGM) [2], which can be used to solve positive definite systems. Reid [11]
has indicated that CGM can be very accurate and fast for several problems even
though rounding errors cause it to depart significantly from its ideal path. In the
experience of the present authors, CGM can be relied upon to converge ultimately,
and so is very effective if regarded as an iterative method rather than an n step
process. In fact CGM often gives the solution to the required accuracy in very much
less than n steps.

CGM can break down for A4 having both positive and negative eigenvalues,
and there is a need for methods which can handle large sparse indefinite symmetric
matrices. Luenberger [7], [8] examined the possibility of two methods related to
CGM for indefinite matrices; unfortunately his methods encountered some
unresolved computational difficulties. The method of minimized iterations de-
veloped by Lanczos [5] is closely related to CGM, and Fridman [1] extended this
approach to indefinite symmetric matrices. This method is good in theory, but
no computational experience is mentioned in [1], and it is the experience of the
present authors that the method will usually not converge on large problems.

Both the CGM and the method of minimized iterations are directly related
to the very basic algorithm developed by Lanczos [4] for tridiagonalizing A,
as is explained in [3]. The Lanczos process does not require A to be definite and
so is a good starting point for developing algorithms for solving (1.1) with in-
definite A. A description of the Lanczos process is given in § 3, and the method of
conjugate gradients is developed from it in § 4. This gives computational insights
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into the method and leads to two new algorithms that may be used when 4 is
indefinite ; these are described in §§ 5 and 6. The method in § 6 can also be used if
A is singular and (1.1) is not a consistent set of equations, and some properties of
this method are developed in § 7.

When linear least squares problems are put in the form (1.1), as in [12],
the symmetric matrix A will be indefinite with some zero subblocks. If these prob-
lems are large and sparse, then the new methods given here could be used. When
there are no constraints the algorithms can be simplified to take advantage of the
special form of A, saving storage and computation. This is described in [10],
which also contains FORTRAN subroutines for both indefinite symmetric systems
and the unconstrained least squares problem. However, as a better method has
been found for least squares which is not a direct simplification of the symmetric
case, it will be treated in a separate paper.

Computational results for the new algorithms are discussed in § 8, and these
indicate that they give accurate results, often in much less than n steps. A rounding
error analysis of algorithms of this type will be given in a later report.

The methods given here for symmetric indefinite systems would appear to
be superior to those in [1], [7], [8], as the latter present some difficult unsettled
problems when routine practical application is considered. These particular
problems do not arise here, since the particular development of the algorithms
from the Lanczos process allows a good understanding of their numerical proper-
ties and so some possible numerical instabilities have been avoided.

In the text upper case italic letters denote matrices, lower case italic denote
vectors and lower case Greek denote scalars. The exceptions are ¢ and s (not used
as a superscript), which denote cosine and sine. The symbol || - | denotes the
2-norm of a vector or matrix.

2. General theory. Given the set of equations
(2.1) r+ Ax = b, Ar =0,

where A4 is a real n x n symmetric matrix which may be both indefinite and
singular, we will consider computing various approximations to x of the form
Vo, Ve =[v,,v,, -, v, where the v, are a given set of linearly independent
vectors. In particular, we will look for solutions x, = V,y, which give stationary
values to

(22) fuly) = (4Vy — bTB(AVy — b),
where B is some symmetric matrix; thus f,(y) will be a norm of the residual if B
is positive definite. Note that this is just a theoretical tool that will lead to different

methods and that B will not be required explicitly.
The function f,(y) has a stationary value at y, if

(2.3) VIABAV,y, = VI ABb,

that is, if
(2.4) VIABr, =0, re = b — Ax,,
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and the methods to be considered will essentially try to solve (2.3). Since the
second derivative of f,(y) is 2V ABAV,, it follows that if ABA is positive definite,
there is a unique y that minimizes fi(y). If ABA is only positive semidefinite, then
the minimizing y is not necessarily unique, while if ABA is indefinite, we only
have a stationary point of f,(y). In any case, X, is an approximation to the solution
in the sense that the residual is restricted to the nullspace of V¥ AB, and V, can be
chosen to reduce the dimension of this nullspace with increasing k.

An obvious choice for Bis A™ for some integer m, and we will restrict ourselves
to this case. Choosing m = —2 would essentially require a knowledge of x on
the right-hand side of (2.3), and for m < —2, solving (2.3) would appear to require
at least as much knowledge as solving the original problem. The choicesm = —1,0
appear to be the most useful and will now be considered.

Case (a). Taking m = —1 would give B = A~, but to allow for the more
general case of singular A, we take B = A, where A~ is a generalized inverse of
A such that A4~ is the orthogonal projector onto %(A), the range of 4. With this
choice, we have from (2.1)

AA™b = AATr + AA” Ax = Ax,
and (2.3) becomes
(2.5) ' VIAV,y, = VIAx = VIb — V7,

which cannot be solved directly for y, unless a value for V[r is known. We will
consider only the case V{r = 0, so the method will be applicable if r = 0 or
v,eAR(A),i=1,---,k, and then

(2.6) ViAViye = Vib,  x, = Viyi

gives a stationary value of (2.2) with B = A~. If the columns of V; span %(A),
then we have the least squares solution of minimum length.
Case (b). Taking m = 0 gives B = I, and we can minimize |r,| by solving

27 VIAWay = Vidb,  x, =V,
where y has been replaced by u to avoid confusion with (2.6). Furthermore, if
Uy, -, U, Span %(A), then x, is the minimum length least squares solution of

(2.1). We will call methods based on (2.7) minimum residual methods. A possible
danger with these is that if 4 is poorly conditioned for solutions of equations, then
the condition of the problem (2.7) can be much worse. Values of m > 0 would
lead to more poorly conditioned problems still and will not be examined here.

3. The Lanczos vectors. If the vectors v,, - - -, v, in § 2 are computed by the
Lanczos algorithm [4], then some important and computationally useful simpli-
fications result. In particular, algorithms arise which are useful for large sparse
matrices : for example the method of conjugate gradients.

The initial vector we will use in the Lanczos algorithm will be

(3.1 vy ="b/B1,  Br=bll;

there are indications that this choice, and possibly v, = Ab/|| Ab||, are the most
computationally viable ones for solving large problems of the form (2.1).
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If we have an initial approximation x, to x in (2.1), then we change the prob-
lem to

r+Ag=ro=b—Ax,, Ar=0, x=x,+¢g,

and proceed as before. With the choice of v, in (3.1), we restrict ourselves to the
case of r = 0 in § 2, Case (a), though there is no such restriction on Case (b).

A satisfactory computational variant of the Lanczos algorithm [9] has as its
jth step, defining vy, = 0,

(3.2) Biv10j4qr = Av; — oo, — By, a; = v] A,
with $;,; = 0 chosen so that |[v;, || = 1. After the kth step,
B2

AV Vil + Boensef, = |72 P ,
(3.3) '
B o
ViVi=T=[er, -, e, Vivee, = 0.

The process will be terminated at the first zero f;, so from now on we can assume
that §; #0, j=1,---, k.

From (3.3) and (3.1), we have VfAV, = T, and Vb = B,e;, and with this
choice of vectors in § 2 Case (a), (2.6) becomes

(3.4 Tiyx = Biey, xx = Vidk,

where the superscript ¢ indicates that it is the solution that would be obtained
using the method of conjugate gradients, as will now be explained.

4. Derivation of the conjugate gradients method from the Lanczos process. The
conjugate gradients method [2] can be developed in a straightforward manner
from the Lanczos process. The purpose of giving this development here is to
divide the conjugate gradients method into separate computational algorithms
whose numerical properties are more clearly understood ; this leads to some new

and useful methods.
If A is positive definite then so is T = Vi AV, in(3.4), and hence the Cholesky

factorization
(4.1) T, = L%

exists. Here 9, is diagonal with positive elements, and %, is unit lower bidiagonal,
and these can be developed as k increases. Unfortunately y, in (3.4) changes fully
with each increase in k, and so V,y, cannot be accumulated as k increases. This
difficulty can be overcome if we define p, = £fy, and C, = V;Z, " so that (3.4)
becomes

4.2) LD = ey, Xi = Cipy-

The columns of C, can be found in ascending order by solving

(4.3) ZCt=Vv{
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for the rows of C¥, and since p, can be developed similarly from (4.2), it follows
that xj; = C,p, can be accumulated as the algorithm progresses, and the columns
of ¥, and C, need not be kept once they have been used in the Lanczos algorithm
and in forming xj. The columns of C, are 4-conjugate, since

(4.4) CiAC, = L' T.%: " = 9,

and a comparison with [3] shows that this method is mathematically equivalent
to the method of conjugate gradients. The approach here is computationally a
little different, for example, involving unnecessary normalization of the Lanczos
vectors ; but the advantages are that it emphasizes how the method is based on the
Lanczos algorithm, with the eigenvalues and therefore the spectral condition
number, of T, approaching those of A as k increases. Furthermore, the role of the
Cholesky decomposition becomes apparent, with the subsequent need for A4
to be positive definite to ensure numerical stability.

If 4 is an indefinite symmetric matrix, then the factorization (4.1) can still
be tried, often with success, but it does not always exist and can no longer be relied
upon numerically.

5. An algorithm for indefinite symmetric systems. The possible failure of the
method of conjugate gradients in problems involving indefinite symmetric matrices
leaves a need for a numerically stable method based on the Lanczos vectors.
Several such methods are possible, using various stable factorizations of T; in
(3.4), but the method we found to be most theoretically and numerically satisfying
is that based on the orthogonal factorization

(5'1) 7;c = Eka’ QkTQk =1,

with L, lower triangular. The bar is used to indicate that L, differs from the k x k
leading part of L, in the (k, k) element only. As before y, in (3.4) need not be
computed ; instead, if we define

(52) Wcz[wl""awk—lawaEV;Ql{’
(53) Ze= s Ge 007 = Qo
then (3.4) becomes

(5:4) Lz, = Pey, X = Wiz,

and it turns out once more that the v; and w; can be formed, used and discarded
one by one. This gives mathematically the same solution as does conjugate
gradients, but here the factorization is numerically stable even when T, is indefinite.

The factorization (5.1) can be obtained by a series of orthonormal matrices
Q.+, cach of which differs from the unit matrix only in the elements

9ii = —qiv1,i+1 =€ =C€080;,G; ;11 = qi1,; = 5; = sin 0. Thus
(71 )
02 72
(5.5) LQ12 Q-1 = TO{ = L= &3 03 73 >
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