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SOLUTION OF SPARSE INDEFINITE SYSTEMS OF LINEAR
EQUATIONS*

C. C. PAIGEt anD M. A. SAUNDERS{

Abstract. The method of conjugate gradients for solving systems of linear equations with a sym-
metric positive definite matrix A is given as a logical development of the Lanczos algorithm for tri-
diagonalizing 4. This approach suggests numerical algorithms for solving such systems when 4 is
symmetric but indefinite. These methods have advantages when A is large and sparse.

1. Introduction. Here some methods are considered for solving
(1.1) Ax=b

when the n x n real symmetric matrix A4 is large and sparse. Unlike matrix fac-
torization, the methods given here for solving (1.1) regard 4 as an operator and
only require matrix-vector products, building up x as a combination of vectors
derived from a Krylov sequence. Some basic theory for different methods of this
type is given in § 2.

One of the best known examples of this type is the conjugate gradients
method (CGM) [2], which can be used to solve positive definite systems. Reid [11]
has indicated that CGM can be very accurate and fast for several problems even
though rounding errors cause it to depart significantly from its ideal path. In the
experience of the present authors, CGM can be relied upon to converge ultimately,
and so is very effective if regarded as an iterative method rather than an n step
process. In fact CGM often gives the solution to the required accuracy in very much
less than n steps.

CGM can break down for A4 having both positive and negative eigenvalues,
and there is a need for methods which can handle large sparse indefinite symmetric
matrices. Luenberger [7], [8] examined the possibility of two methods related to
CGM for indefinite matrices; unfortunately his methods encountered some
unresolved computational difficulties. The method of minimized iterations de-
veloped by Lanczos [5] is closely related to CGM, and Fridman [1] extended this
approach to indefinite symmetric matrices. This method is good in theory, but
no computational experience is mentioned in [1], and it is the experience of the
present authors that the method will usually not converge on large problems.

Both the CGM and the method of minimized iterations are directly related
to the very basic algorithm developed by Lanczos [4] for tridiagonalizing A,
as is explained in [3]. The Lanczos process does not require A to be definite and
so is a good starting point for developing algorithms for solving (1.1) with in-
definite A. A description of the Lanczos process is given in § 3, and the method of
conjugate gradients is developed from it in § 4. This gives computational insights
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