CHAPTER V

A Local Basis Simplex Method

1. Introduction

The two methods presented above, NDSDLP and PCSDLP, require the
optimization of subproblems essentially independent of the main problem.
This practice can be costly, leading to a great number of iterations. We
describe below an adaptation of the Simplex Method for linear programs with
stochastic structure. This method reduces the complications of stochastic
linear programs by taking advantage of some fundamental properties of the
basis. We call this approach a local basis simplex method, LBSMPX |,

because it relies on the near square block triangularity of the bases for these

problems.

Block triangular linear programs, in general, have the form:

min ¢1z1 + c2z2 + -+ crzy
subject to 1)
1
Anzy 4+ F Apne=b,t =1,.., T,

ZtZO,tZI,...,T.

where z; € R™ by € R™t ¢, € R™, and the matrices A;; are dimensioned
accordingly.

The detached coefficient matrix is then:

A
Az A

A= . (2)
A7y Arg Arr
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"’"B&_l
; —Bi 1
A—t-—l,t - (4)
—B;

where k; i repetitions of the matrix, —B;_{, correspond to the possible

outcomes of period ¢t — 1.

Then, we define A;_{; as

A‘é—l,t
Ag 1,

[ e

A1t =

k
ATyt
The other A;; matrices are void, so SDLP has the desired structure. §

The SDLP has other advantages that it shares with general multi-
stage linear programs. In these programs, the number of additional columns
required in finding the true basis from the artificial basis is limited. This
bound means that storage requirements should not grow excessively with the

problem size. This well-known property is stated in the following lemma:

Lemma 2. For a dynamic linear program ( a block triangular linear program
where A = 0 for all s > t + 1, ie. a staircase structure), the number of
surplus and deficient columns in each block of the basis, By, is bounded by:
(1) 0 < &1 £ ma,
(i) —m; < I < mypq,t=2,..., T —1

)

where Iy + my is the number of basic columns in the basis from period t,and

the basis has the form:
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Proof. (ia) This follows from Lemma 2.

(ib) and (iia). Assume that l{ > my¢y 1. This implies that there are

greater than m; + m;,; independent columns) in the matrix :

[ 4
—Bt
Dt-———"— —Bt (6)

\_5.)

but, again, D¢ has row rank m¢ + ms4 1, a contradiction. Therefore, l{ <

mt+1.

(iib) and (iii). As before, the number of independent columns cannot
exceed the row rank of the submatrix including that scenario, and the result

follows.

From this result, we proceed to find an efficient implementation of the
Simplex Method to the problem, SDLP, in which, a limited number of
additional computations are used to perform the simplex routines of finding

the true basis representation of a column, the cost row, and prices.

3. Finding the true basis representation of a column

To find the column representation, first define a square block triangular

artificial basis for SDLP as
83



V8

o3 JO SUWIId} UL SUWN[OD 837} 91IM M4 ‘[ — 7 potrad WOl S3[qRIIBA DISBq

snJdins sq 4snW 2127} ‘7 polad e s1seq 973 Ul STWN[0> 8527} 9o8[dal OF,
"{y Mo1 10] TWN[OD dIseq 87Y ST ‘v sregm __gU v3fp:yt=¢

8197 aUYSP
9M 'SISBQ 9MIj 9} WOYJ SUWN[0D SUIRIUOD ;7 pue ‘L| o woly wesoys vIseq

—~opnasd aIe ;J Wl STWN[OD 874 ‘Ie[nIUls-Uou pue olenbs aIe LJ pue i sleym

. (L i ;
8 “l=in
ol

uoljipied ® st os[e 819} ‘#/) LIsAs 1o

'L PUR D S® PaUYep ale L pue © jo syuswma[dmod a7 ],
{ stseq eniy ey Wi umwmoo B S1 ‘D 1y 3 fn} =4
oUTeP I9G1IN] dAN
"{s1seq [epgIYIe oY3 U TWN[OO R ST D1y D fol =

9UPOP Os[® am ‘Y ‘X1IjeW
julel}suod ® Io4 ‘*g-— ul smol Jurpuodssiiod aqy sepnjoul *4 pue ‘7 pouesd

[o®e Ul SUWN[0d juspuedeput *wi Iof {7 JOo SMOI 8} JO SISISUOD /] alegm

(550 A \
SA
(L) A =1
tn A
h 4




artificial basis as _
pJ

; t—1
L 4 .
U ( ;1= (9)
"Bt—1 ;
Ri_,

where P]_, consists of rows from Al andis my—q X 57__, ( the number of
surplus columns in period ¢ — 1 under scenario 7 ). The rows corresponding
—BJ it J 7 J ; g
to —Bj{_, are partitioned between @7 ., an 83y X 83_ matrix, and R} |,
. — oJ i ;
a (kt me St—-l) X si_, matrix.

The coefficient matrix, A, is then

( B )

P
Q1
P3?
P
s
Pje
Q;
U—tla=]| I : U—lA4 (10)
on
Ry
R}*
k
Qr,
\ R, /

which, by row and column permutation, is
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kre—1
PT”I

\ Q=

which is clearly nonsingular because U—! and T are both nonsingular.
Now, index Q;f for all 7 and ¢ along the diagonal as @y,..., Q. Let @,
be the first singular matrix in the list. Its row rank is r, < s,, the number

of columns. In order for @ to be nonsingular, however, the row rank of the

submatrix of the remaining columns, Fpyy, is
k
Tot1 > E 85
j=p+1
This violates the column rank, therefore, each @7 is nonsingular.§

Given that the Q{’s are nonsingular, we can proceed to eliminate the
pseudo-basic columns from the basis. This procedure involves premultiplying

U~—'A by a product of matrices, F1,F3,..., FXT21. We first define

(ot )

P1Q1—1
RiQ7?

and observe that
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Proof. We proceed by induction on p, where we order all the blocks of surplus
columns with p = 1,...,k. For p = 1, the result is true trivially since no
new nonzero blocks are added.

Assume this is true for all p < n. We look at the surplus columns in

n-1, and assume, without loss of generality, that this is scenario { in period

t. We then define

\
P Fyo| o | = st (16)

\R!./
Next observe that every F, in periods 1,...,t — 2 has only identities in

columns corresponding to Pé, Qé, and Ré, so that only the Fé_l need be
considered. If the scenarios are not ancestors of { at period t, then again by
the hypothesis, they have no block entries that correspond to Ré, Qi, or Pé,
and so do not alter St.

Therefore, we have

(Pi\ ( '—"Pf.‘——l(QEt~—1)_l \ (pé\

Qé I (Qé——l)ﬁl Qé
S;=Fi_,- = (17)

Ri‘ “Ri—1(Qi‘-—1)—~1 I Ri
WA 2

and the only additional blocks occur where —~Pé_ﬁ1(Qi_1)_1Pf¢ is nonzero.

By the hypothesis, the only nonzero blocks in Sé_l are In its ancestor rows
from previous periods, so the only additional nonzero blocks in .S’i will occur
in these rows and the rows where columns are surplus in £ — 1, scenario /.
This completes the induction. g
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VWith this representation, we form the following procedure, called LBFTRN

(for local basis forward transformation) to find z7.
LBFTRN
Step 0. Identify an incoming column z;. Find
z; = (U lag (Ul L) T HVE(UYD) ™ a: + b,)) = (a; B;)as defined in (20).

(22)
Step 1. Identify a® and b7. Find

(Qi——l)~la§)
v=(Qi_,)'F;.

gl
il

(23)
Step 2. For all j € Ui;zl ¥(s) (all preceding pseudo-basic columns) find

Jt

for .7 € Q/J(t - 1)1

zZ;; = w— Pi(5, )7, (25)
for j € 9(t),
Z; =71, (26)
for j € U271 9(6),
Z;; = —Ri_,(j,*)@ — Ri(j, )7, (27)
and for 7 € ¥(t — 1),
Z;; = —Ri(j,*)" (28)
Step 3. For j € 9(t,1),
Zj; = Zji + 05 (29)
91
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and define Wé by the general recursion:

— [ > sV wh (32)
(t+1)

for all I = 1,..., k¢, where {(t 4 1) denotes all descendants of {(t) at t + 1

and pi(j_'*l’l) is the probability of each descendant.

Now, to find the prices relative to the true basis, we look for p such that
O=c¢;—p-a;forally€r,a; € A (33)

‘e have from 7 defined in (32) and (33) that
0=rc¢; — 7 -a; for all jETﬂa, (34)

or, since 7 = cU
— -1,
0=y¢; c(U aj)

35
=c; —c¢; 1, (35)
where [; is a unit column with identity in row j.
Thus, for ¢ partitioned as
c? = (c;:7€ ‘r‘ﬂ a),and

F=(c;:7e7[ea), (36)

we have from (35) and the definition of @ and R in (9),
5—c——ZcQt. —c '.Qj—cR-ijoraHjETﬂﬁ. (37)

t5£ 7
We seek next o such that

0=1¢; — Z(Ci +0,)P; — (c? 4 0,)Q; — PR forall j € rﬂb?. (38)
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for all 7 € 7(¢,{). The incoming variable in this strategy is then chosen as
the variable with the most negative reduced cost in that period and scenario.

We define this as
gs(t, ) = Minjer(e,1)C; — 0 - Q5. (43)

If 25(¢,1)>0, then the algorithm would proceed to the next scenario in

pericd ¢, or, if [ = k¢, the first scenario in period ¢ 4+ 1 would be considered.

5. Updating the Pseudo-Bases and Surplus Blocks

After the incoming column is chosen in (43) a leaving column is selected
by the minimum ratio criterion of the standard simplex method. This pro-

cedure, called CHUZR, finds

= min5“>0( iS)); (44)

Er 5(

where Z; is the representation of the incoming column found by LBFTRN

o

and £, is the current value of the right hand side in the 7** row.

The computationsin CHUZR can also be reduced because nonzero entries
in Z are restricted to certain blocks as we discussed in Section 3. For up-
dating the basis, s can be pseudo- basic or non-basic in period t (ie.,s(t,!) €
a(\7(t, 1) or s(t,l) € @(\7(t,!) ), and s can enter the true artificial basis
in period t or become surplus basic in period ¢t + 1 (that is, r € 7(t —
LONa,rt+1L,0Na, 7t + 1, 0Naor r(t + 1,0)Na). We discuss these
cases below :

Ul. rer(t—1,0).

In this case s replaces a surplus column from the previous period. To
update, we remove a column and row from @t — 1,!) and update the
corresponding list of pseudo-vectors in period ¢. We also update U(t, )™}
by replacing the pseudo-basic column, $(r), that corresponded to r with s.
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This is done by adding an elementary matrix to the eta file of U(t, 1)1 as
in standard simplex codes. (Note that if s € «, the artificial basis remains
unchanged.)

U2. rer(t,)Ne.

Here, s replaces a currently true basic column in the artificial basis. If
s € o, then we must replace the row in Q(t, !) for which s is basic with the
row for which r was basic. The artificial basis is unchanged. If s € @, then
we need only update the artificial basis, U(t, ), as in Ul

Us.rer(t+1,0)Nz.

In this case, s replaces a surplus column which is basic in the next period.
We maintain the same artificial basis and update the surplus block,@(t +
1,1). To do this, the column occupied by r in @(t + 1,() is replaced by the
corresponding row entries of s. This is performed easily by premultiplying
by an elementary matrix for this pivot.

Ud. rer(t+ 1, 0N

In this case, s replaces a basic column in the next period. This involves
adding a column and row to @(¢t + 1,{). The new row has entries from each
of the surplus basic columns. The list of pseudo-basic variables in the next
period must also be updated with the addition of the row for which r was
basic. Again, the artificial basis remains unchanged.

The updating procedure can be confined to the current local artificial
bases and current and following pseudo-bases. This property enables us to

store only the present and following bases for updating purposes.
6. The Algorithm

The previous sections have presented the basic routines for a local basis
simplex method. We discuss below the method’s basic strategy and im-
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Step 3. Call LBBTRN for (t,1) to find the current prices. Set ITNO =
ITNO + 1.

Step 4. Call PRICE for (t,1). If €,>0, check basic variable values. If
there exists z(t', ') infeasible, set MSTAT = ‘NO’, and

(a) f t = T,l = kr,NDRCTN = ‘FORE’,and CFLAG = ‘NO’,
if MSTAT = ‘Y ES’, the solution is optimal,stop. If MSTAT = ‘NO’
and the objective value, z(1,1) > O,then the solution is infeasible, stop. If
z(1,1) = 0, then, set MSTAT = ‘YES’, and go to Step 2.

(b)Ift=1,l=1NDRCTN = ‘BACK’, and CFLAG = ‘NO’, then
if MSTAT = ‘Y ES’, the solution is optimal, stop. Else, if the objective
z(1,1) > 0, then there is no feasible solution, stop. If z(1,1) = 0, then set
MSTAT = ‘YES’ and go to Step 2.

(c)Ift=T,=kr,NDRCTN = ‘FORE’, and CFLAG = ‘Y ES’ set
t=T—1,1=1NDRCTN = ‘BACK',CFLAG = ‘NQO’;set MSTAT =
YES. I ITNO < MAXIT(the maximum number of iterations between
reinversions),go to Step 2, else go to Step 1.

(d)Ift =1, = 1,NDRCTN = ‘BACK’, and CFLAG = ‘YES’,
then set t =2l =1 NDRCTN = ‘BACK',CFLAG = ‘NO’ MSTAT =
YES ITITNO < MAXIT, go to Step 2. Else, go to Step 1.

(e)Ift < land ! < ky,thenset i=1{+1. fITNO < MAXIT, go
to Step 2,else go to Step 1.

HIE1<t<Tl=k,NDRCTN = ‘BACK’ sett=t—1,1=1, go
to Step 2. |

(g)If1 <t <T,l=k,NDRCTN = ‘FORE’, set t = t+ 1, = 1,
go to Step 2.

If ¢, <0,set CFLAG = ‘YES’.

Step 5. Call LBFTRN.
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B e ey

most negative pricing strategy in PRICE, for instance, can be altered. We
can also choose to proceed to the next period with a criterion other than
¢s(t, 1)>0. 4(t,l)> — ¢ could be used with ¢ decreasing in size as the optimal
solution is approached.

LBSMPX uses the standard simplex techniques by efficiently partition-
ing the basis. As in the nested decomposition approach, NDSDLP, and the
piecewise method, PCSDLP, LBSMPX concentrates on different sections of
the basis one at a time. It differs with the previous methods, however, by
continuously reflecting changes in the entire problem. The advantage of
this property is that the global solution reflects the local optimization more
quickly. The disadvantages, however, are that the method requires more
computational effort in maintaining these instantaneous changes. These rela-

tive computational requirements are, again, discussed more closely in Chapter

VIL
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for larger problems in order to approximate and then refine the state and
policy space. These methods prove very valuable for general transition equa-
tions and objective functions (see Larson [39]), but linear programming methods
are most commonly used for problems with linear constraints and objectives.
They do not require quantization of the state space or knowledge of the
range of state variable values along the optimal path. Linear programming is,

therefore, often more efficient than dynamic programming-type algorithms.

Our methods in Chapter III and IV actually combine these two tech-
niques, although we have presented them as linear optimization strategies.
In the following sections, a standard dynamic programming formulation of
the stochastic linear program will be presented and its advantages will be
discussed. We will then show that the piecewise method, PCSDLP, and the
nested decomposition approach, NDSDLP, are simply different versions of

general dynamic programming.

2. The Quantized State Space Approach

A standard simplification in dynamic programming is quantization. SDLP
can be formulated in this manner by first creating a discrete approximation
of the state space. This will enable us to form a recursion at every stage ¢

and for every state y;. We first define

Y = szt~ (1)

and quantize this vector as {yl, y2, ..., yi’}. The random right-hand sides

will again have discrete values, {1, £2,..., €5}

Now, the following backward algorithm, BDP, can be used.
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I The support of the random vector, &, is By = {¢1, €2, .., 333

II. The values of the inventories from period t are Biz:, where Biz: €

Ye={vt, v} ... ¥i}.

Proof. The result follows directly from Bellman’s Principle of Optimality

and the finiteness of the Simplex Method for linear programming. J

BDP requires the solution of a great number of linear programs in Step
1. The storage requirements may be prohibitive for a large or detailed
state space, Y;. BDP does, however, have the advantage of solving small
subproblems and of following a single pass to optimality recursively from
period t back to 1. The method may even be implementable when one has a
great deal of advance information about the admissible states in the solution.
For more general problems, however, more efficient ways to characterize the
state space are necessary. In the next section, we show that the algorithms,
PCSDLP and NDSDLP, of Chapters IIl and IV are such methods, employing

approximations for a continuous state space.

3. Relation to the Nested Decomposition Method

In this analysis, we consider the optimization problem, DP(t), at some

time ¢ :

Zf(yf-“l) = E&{»Zt(yt-—-l, ft)}, (6)

where z¢(y¢—1, §:) = min y,2:((ys—1, &), y¢) and
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Proof. For t = T, we have

Qr(zr—i1) = E[Qr(z7—1, &7)]
= E¢r[min crzr|Arzr = €r + Br—iz7—1,270 > 0] (9)
= zr(Br—1z7—1).
Att=T—1,
@r—i(zr—2,fr—1) =min cr—127—1 + Qrlzr_y) (10)
subject to

Ar—1z2r—1=€r—1+ Br_o27_,,

Zr—3 Z 0}

which, by (9), is equivalent to :

min ¢r—127—1 + 2r(yr—1)
subject to
Ar—1z27—1=€r—1 + Br—2z7_>, (11)
Bri1zr—1=yr—i,
zr—12 0.

Therefore, the functions zr_1(yr—z, ér—1) and Q7 1(z7—2, Er—_1) are
identical and have correspondingly the same optimal solutions, z7_y. The

result follows by induction on t.§

Lemma 1 shows that the cutting plane method used in the nested decom-
position approach is equivalently a method for finding the function, ze(ye—1),
in DP(t). In doing this, the constraints in ND(t)(a) linearize the convex func-
tion in the neighborhood of y;__;.

In other words, at stage t + 1, for a given y—;", we find
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From this lemma, NDSDLP can be seen as a method for finding an
optimal solution to the dynamic program, DP(t). We further observe that
the discreteness of the ¢; distribution was not necessary for this development.
The convexity of z:11(y:) is sufficient for the outer linearization to properly
bound the objective function. The next section describes how PCSDLP uses
the piecewise linearity of z;4;(y:) to make local definitions of the dynamic

programming recursion.

4. Relation to the Piecewise Method

For B, = {&},€2,...,¢F}, from Lemma 1, it follows that

k
2t 41(Byzy) = Z P zsp1(Byzy, &)

J=1

k
= pQzs, £))

=1

= Q(z:).

(15)

Figure 1. Outer linearizations.
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DP(t), and we can proceed to find z¢(y;—;). (See Figure 2, and note that the

optimum is determined for z; only, so that 2¢4.1 need not be at a minimum.)

From this development, we have

Lemma 3. If the piecewise linear approach, PCSDLP, terminates with

2e((ye—1, &), yf+1) = z¢((y:—1, &), y¥), then the associated z¥ is an optimal
solution to z;((y:—1, &) in DP(t).

4. Conclusion

In Sections 3 and 4, we showed that the piecewise and nested decom-
position methods found values of z; that minimize the function z: for a given
state y;—;. The following theorem, which follows directly from Lemmas 3

and 4, states this result.

Theorem 1. The nested decomposition and piecewise methods presented in

Chapters 3 and 4 obtain optimal values of ze(y:—1, &) at each stage t of the

t+l

-

Ry
—

<

Figure 2. At y?, z.((ys—1, &), ¥3) = 2:((ye—y, &), v5).
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CHAPTER VI

Computational Results
and

Conclusions

1. Introduction

In this chapter, we synthesize our previous development of alternative
methods for reducing the complexity of problems under uncertainty. We also
present some results from solving these stochastic dynamic linear programs.
In this presentation, we wish to show that the difficulties in solving complex
stochastic programs are not so great that one should ignore uncertainties.
We will demonstrate that the stochastic solution can be evaluated without
prohibitive complications and that our techniques may prove beneficial in
this evaluation.

Our strategy has been first to consider deterministic problems and then
to extend them to the SDLP form. Our initial step in this approach dealt with
the properties of the basis for different scenarios. In Chapter I, we showed
that this analysis may result in finding an optimal deterministic solution.
Beyond this, in Chapter 2, we showed that a bound on the value of the
stochastic solution could be obtained before proceeding to solve SDLP. We
next gave three algorithms for solving this problem. In the following sections,
we present the computational properties of these algorithms in solving some

examples of SDLP.

Section 2 describes our computational results on representative test prob-

lems and compares the algorithms’ performance with standard linear pro-
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that efficient handling of these elements implicitly uses the structure and
that, except on very large problems beyond the capacity of standard linear
programming codes, no improvement can be made upon the packaged codes.
Our procedures have an advantage over these codes because they only in-
volve small sections of the program during an optimization. They do not re-
quire storage of the entire program parameters and, thus, may handle larger
problems. Apart from this advantage, we want to observe our algorithms’
performance on smaller problems that simplex codes handle easily.

The nested decomposition method, NDSDLP, was programmed in FOR-
TRAN as NDST1. This program includes the basic algorithm presented in
Chapter III, but does not include modifications, such as column passing. For
solving individual linear programs at each node, NDST1 uses the procedures
of LPM-1. It saves lists of the current basic variables at each node, but it
does not maintain the LU-decomposition for each node. Instead, it keeps
only one ETA file (the elementary matrices in the product form of the basis
inverse) for the current node and reinverts the basis each time it encounters a
new node. NDST1 also includes lower and upper bound capabilities on each
variable and, hence, does not require Step 2' of NDSDLP.

The piecewise approach, PCSDLP, was programmed as PCST1. It in-
cludes the feasibility routines of NDST1 for finding a primal feasible solution
of SDLP, and it follows the procedures of PCSDLP given in Chapter IV.
Tt Les by, owever, weave vapdilitices i vavneg lintes suvprhrem rdses.
Alternatively, it considers each subproblem basis individually and, therefore,
may be forced to solve larger than necessary master problems. PCSTI also
uses lower and upper bounds on all variables and checks for possible upper
bound violations of the equation (IV.4a), as we mentioned above. For the
case of artificial variables in the subproblem basic sets, the upper bounds are
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Program Parameters

TABLE 1

Number Number Number
of of of Density
Constraints Variables Nodes
*

(m) (n) (k) £)
PA1 10 22 3 .15
RD1 10 25 3 .25
NG1 19 35 3 .28
PA2 22 50 7 .08
RD2 22 57 7 .14
PA3 48 106 15 .04
RD3 48 121 15 .07

* (number of non-zero elements)/(total number of elements)

These examples were chosen to represent the types of problems found in

applications.

The first cases, RD1, RD2, and RD3, were selected from a control
problem in Davis [20] and modified to reflect a production planning model
as in Beale et al [7]. In this format, the expected present value of profits is
maximized for a firm planning the production and storage of a number of
products that require common resources. Their sales are determined by an

uncertain demand. The decision variables in this model are :

z;: — the amount of product ¢ sold in period ¢,

ys,+ — the amount of ¢ produced in period ¢,

s¢,+ — the amount of product ¢ in stock at the end of period t.

The linear program for this problem is
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TABLE 2

Sample Times and Iterations

LPM-1 NDST1 PCST1 LBS1

No. No. No. No.

Time of Time of Time of Time of

(CPUs) Iter. (CPUs) Iter. (CPUs) Iter. (CPUs) lter.
PA1 .18 12 .14 12 .18 i2 .20 11
RD1 .30 15 .23 12 .42 13 .33 15
NG1 .48 18 .83 20 1.01 23 .58 17
PA2 .84 29 1.71 29 2.41 30 1.05 28
RD2 1.5¢ 31 .91 32 1.34 33 1.73 31

PA3 4.01 61 3.39 68 5.61 79 4.96 64

RD3 T.13 65 4.889 67 7.64 71 6.72 59

some of the complications of stochastic programs.

The solution times and number of simplex iterations required for the
optimal solution of these problems are presented in Table 2. The times
are in CPU seconds for solutions from a “cold start”(an infeasible basis),
and represent computing time excluding time for data input. The results
show that, on small programs, our algorithms may be competitive with
codes using sparsity techniques alone, such as LPM-1. This is especially
significant because NDST1, PCST1, and LBS1 are experimental codes and
are not programmed for maximum computing efficiency. Small problems,
however, are not representative of actual applications, and experience with

larger programs is mandatory for true comparisons. Again, we do not intend

to prove the superiority of our methods, but only to show how they perform.
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iteration despite reinversion.

An interesting property observed in the solutions by NDST1 concerns the
set of basic variables in the master problem as cutting planes are added from
the subproblems. In our examples, we often saw that one set of basic variables
would remain constant in the master problem from iteration to iteration and
that the additional basic elements, would be chosen from another small set
of variables. The algorithm would choose a member of the additional set on
one iteration, replace it with another member in the next iteration, and then
bring the first element back into the basis at master—subproblem optimality.
For Xp, the constant set of basic variables, and {z, 25}, the additional basic

variables, the basis in the master problem would follow the pattern:

Iteration Basic Set
1 {Xs}
2 {XB,z:}
3 {Xg,z2}
4 {XB, 21,22}~ optimal.

It has been observed [1] that the deterministic problem often brings
additional variables into the basis and then adjusts them in subsequent
iterations without dropping them from the basis. This observation led to
the column passing technique we discussed above. Our observations indicate
that the set of columns passed forward to the subproblems should include
columns that were in the basis but were deleted. This would allow for the

entire set of columns to obtain the optimal weights in a single pass.

The behavior we have observed may be indicative of the hedging effect in
stochastic problems. In our example above, z; may be included to optimize
the first descendant scenario and z, may correspond to optimizing with
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difficulty here.

LBS1 also maintains more information than is necessary and its use of
the triangular basis differs only slightly from the factorization for sparsity in
LPM-1. LBS1’s additional bookkeeping is most evident on smaller programs

and begins to be efficient for larger problems as we start to see in RD3.

These examples presented some of the properties of NDST1, PCSTI, and
LBS1. Knowledge of these attributes should be helpful in determining what
method to use for a specific problem. To determine this, as we stated above,
the deterministic scenarios should be evaluated first and then the stochastic
problem should be solved. Because of its simplicity, we would recommend
NDST1 as a first method to try, followed by PCSTI, if convergence to
optimality is slowed by excessive suboptimization. LBS1’s implementation is
more determined by efficient coding and its evaluation should be made only
once its procedures have been efficiently coded for larger problems on faster

processors.

3. Areas of Application

We have mentioned that stochastic dynamic linear programs may be
found in many real-world contexts. In this section, we discuss some actual
applications of these problems in decision-making. We mention these ex-
amples to demonstrate the range of possible implementations of our tech-
niques.

The first use of stochastic linear programs was by Dantzig and Ferguson
[21] on a problem of airline scheduling with uncertain passenger demand.
Using a modification of the transportation simplex method, they demonstrated
that the net expected costs for meeting the carrier’s demand could be reduced
from $1,666,000 to $1,524,000 by considering the complete distribution of
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use of a stéchastic model. Difficulties often arise in the implementation of a
model’s optimal solution, but, in Aghili et al’s experience, the model served to
inform management, and it became an important policy instrument. Another
example of this utility of stochastic linear models appears in Gaither’s study
[24] of commercial fishing seasons. That research demonstrated that sub-
stantial savings could be accrued by proper fishing regulation in Alaska, but
modifying those regulations required difficult policy decisions that would not
be immediately forthcoming. Despite these problems, Gaither’s model also
played an important role in demonstrating to the decision makers how they

should structure their strategy and what concerns they should have.
4. Conclusion

We have presented several approaches for solving linear models that in-
volve decisions made over time in uncertain environments. We have showed
that the resulting stochastic dynamic linear programs can be analyzed through
the use of deterministic scenario solutions and the subproblem solution methods
of nested decomposition, piecewise path following, and local basis factoriza-
tion. This analysis rests upon the fundamental properties of the basis in
linear programming, the understanding of which is crucial in understanding

the characteristics of a stochastic solution.

The stochastic solution succeeds because it allows for a regularization
of the extreme point solutions that occur in different deterministic scenarios.
This property should be carefully considered in evaluating any stochastic
solution because it can be a powerful stabilizing force in determining optimal
decisions. Within the framework of the stochastic model, a single decision
can be chosen that will reflect each of the future scenarios included in the

model.
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