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STABILIZING POLICY IMPR OVEMENT FOR LAR GE-SCALE
INFINITE-HORIZON DYNAMIC PR OGRAMMING

MICHAEL J. O'SULLIV AN® AND MICHAEL A. SAUNDERSY

Abstract.  Today's focus on sustainabilit y within industry presents a modeling challenge that
may be dealt with using dynamic programming over an in nite time horizon. However, the curse of
dimensionalit y often results in a large number of states in these models. These large-scale models
require numerically stable solution methods.

The best method for in nite-horizon dynamic programming depends on both the optimalit y
concept considered and the nature of transitions in the system. Previous research uses policy im-
provement to nd strong-present-value optimal policies within normalized systems. A critical step in
policy improvemert is the calculation of coetcients for the Laurent expansion of the present-value
for a given policy. Policy improvement uses these coetcients to search for improvements of that
policy. The system of linear equations that yields the coetcients will often be rank-de cient, so a
specialized solution method for large singular systems is esserial.

We present methods for calculating the present-value Laurent expansion coezcients of a policy
with substochastic classes. Classifying the states allows for a decomposition of the linear system into
a number of smaller linear systems. Each smaller linear system has full rank or is rank-de cien t by
one. We show how to make repeated use of a rank-revealing LU factorization to solve the smaller
systems. In the rank-de cien t case, excellent numerical properties are obtained with an extension of
Veinott's method [13] for substochastic systems.

1. Intro duction. A current focusof many industries is sustainability |ensuring
that the resourcesof the industry will never be exhausted. For example, both agricul-
ture and aquaculture rely on renewable resourcesfor continued pro ts. One method
for addressingsustainability is by consideringthe e®ectof managemen policies over
an innite time horizon. Any policy that destroys the stock (even slowly) will be
sub-optimal when comparedto a policy that maintains (or renews)the resourceover
time.

Dynamic programming (DP) can be usedto model systemsover an in nite time
horizon and can alsoincorporate uncertainty in the behavior of the system. However,
these models often require a large state spaceto represen the system accurately.
Thus, any solution method must be able to deal with the computational challenges
preseried by a large state space.

To selectan optimal policy, one must di®ereriate betweenall the possiblepoli-
ciesthat exist for cortrolling suc processesMost previous researt focuseson sub-
stochastic systems (where transitions between states are probabilistic), where the
objective is maximum reward rate, presen-value optimality, or strong-presert-value
optimality. Of these three concepts, only strong-presert-value optimality considers
short, intermediate, and long-term behavior. (Using the maximum reward rate asan
objective ignoresany transient behavior, and presen-value optimalit y discourts away
the importance of long-term behavior.)

Normalized systemsdon't require transitions to be substochastic, but rather, the
transition matrix of every stationary policy has spectral radius not exceedingone.
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Rothblum [11] notesthat Blackwell's existencetheorem for substochastic systemsex-
tendsto normalized systemsand then generalizeghe methods from Miller and Veinott
[7] and Veinott [13, 14] to give a policy improvemert method for normalized systems.
This (more general) policy improvemen requires the coexcients of an (augmerted)
Laurent expansionof the presen-value for a policy. The coexcients are the unique
solution of a set of linear equations (identical to those from Veinott [13] exceptin the
number of arbitrary variables).

Veinott [13, p. 1651]shows how to solve theselinear equationsexciently (for sub-
stochastic systems)by identifying recurrent classessolving within ead suc (stochas-
tic, irreducible) classhy repeatedapplication of Gaussianelimination, and usingthese
solutions to solve the remainder of the system. Rothblum [11] notes that Veinott's
method may be extendedto normalized systems,but extra work is required to parti-
tion the systeminto communicating classesand identify which classesare recurrert.
No previous researd discusseghe numerical properties of the linear equationsor the
numerical stability of solution methods (although Veinott [13] recognizesthe linear
dependenceof the linear equationswithin recurrent classes).

This paper preserts computationally excient methods for solving the linear equa-
tions for any policy with substochastic classes.Rather than try to solve the equations
asa singlelarge system(with uncertain rank), the methods usethe partitioning of the
state spaceinto communicating classes(similar to Veinott [13]). By restricting the
linear systemto ead classand solving these smaller systemsin a speci ed order, we
reducethe full linear systemto a sequenceof smaller linear systemsthat have full rank
or are rank-de cient by one. We give e®ective methods for solving the smaller linear
systems,using repeated application of a rank-revealing LU factorization (RRLU). In
the rank-de cient case,excellert numerical properties are obtained with an extension
of Veinott's method [13] for substochastic systems.

The paper is organizedasfollows. Section2 intro ducesthe preliminary de nitions
and results necessaryfor policy improvemert in systemswith substochastic classes.
Oncethe system has beenpartitioned into communicating classesx3 givesa method
for nding the Laurent expansioncoezcients within ead (substochastic, irreducible)
class. We also present Veinott's [13] method for stochastic, irreducible systems,and
extend it to systemswith systemdegreed > 1. An exampleillustrating both methods
is given in x4. Section 5 discussesthe stability and computational exciency of the
methods, and x6 presens numerical comparisons.

2. Preliminaries. Consider a geneal systemobsened in periods 1;2;:::. The
systemexistsin a nite setS of S states. In ead state s 2 S the systemtakesone of
a nite setAs of actions. Taking action a2 A from s 2 S earnsreward r(s;a) and
causesa transition to statet 2 S with rate p(tjs; a).

Each (stationary) policy +2 ¢ is a function that assignsa unique action + 2 Ag
to eath s 2 S, and inducesa single-period S-column reward vector r. = (r(s;%)) and
an S £ S transition matrix P.” (p(tjs;ts)).

2.1. Systems with substo chastic classes. Each transition matrix P. (corre-
sponding to policy +) de nes a set of communicating classesas follows. A state s
communicates with another state t if there exists someN > 0 such that P}, > 0. A
communicating class Cis a maximal subsetof S such that every pair of statess;t 2 C
communicate with ead other. Each communicating classC may be either transient
(the long-run probability of beingin Cis 0) or recurrent (the long-run probability of

being in Cis positive).
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If every classC (under 1) has0 - p(tjs;a) - 1 and P toc P(tjs;a) - 1,s;t2 C,
a 2 As, then * has subste@hastic classes Also, sincethe blocks of P, corresponding
to these classeslie on the diagonal and have spectral radius not exceedingone, P.
has spectral radius not exceedingone. If every (stationary) policy has substochastic
classesthen the system has substochastic classes.Also, sincethe spectral radius of
the transition matrix for every (stationary) policy doesnot exceedone, the systemis
normalized.

SystemDegree. For ead policy , let the degree of + be the smallestnonnegative
integerd. ~ i such that Q‘i and Q\*! have the samenull space(where Q. "~ P.j ).

+

Let the systemdegree d” maxaiz¢ d:.

2.2. Strong-presen t-v alue optimalit y. Suppose that rewards carried from
one period to the next earn interest at the rate 100/ (¥2> 0) and let = ~ 1+11/2
be the discount factor. The presentvalue Vil/z of a policy * is the (expected) presen
value of the rswards that + earnsin ead period discourted to the beginning of period
0,ie, V. L., "NPNilr.. A policy +is present-valueoptimal if V| V.%for all
° 2 ¢. Finally, % is strong-present-valueoptimal if it is preser-value optimal for all
suzciently small ¥2

Blackwell [2] shaws the existence of a stationary strong-presert-value optimal
policy for substochastic systems,and this theorem also holds for normalized systems.
It suzcesto restrict attention to stationary policiesthroughout this paper.

n-Optimality. It is computationally challengingto discerndirectly whether or not
a policy is strong-presen-value optimal. Howewer, building a sequenceof n-optimal
policiesis more excient and evertually attains strong-preset-value optimality (when
n=>S).

A policy *is n-present-valueoptimal if

o e
lim 3" 'A VX oforalle 2 ¢ 2.1)

Evidently
V)= Tre+ TPV (2.2)
Rothblum [11] extendsthe Laurent expansionof Miller and Veinott [7] (for substochas-
tic systems)to give
VAGE V] (2.3)
n=jd

in small %2> 0. By substituting (2.3) into (2.2), llrnultiplying bygl+ il/zand equating

coexcients of like powersof %3 we seethat V"* 9" Tvi &, yn+d = Ty 4yt
satis es

o+ Quv = Vit j=id:i0:n+d (2.4)
where Qs = Ps .1, r0=ry,rl= 0:4 6 0, and vi di 1= 0(7 11]. Conversely if the
matrix V"*d "~ Tyn;yntleoseyntd T gatisTes (2.4) then VI = v viid;:::;vﬂi1
[13, 11]. Thus, (2.4) uniquely determinesthe vector V" = V.1, but not v"*1;:::;yn*d

Writing B © C for two matrices of like dimension meansthat ead row of Bj C
is lexicographically nonnegative. From (2.1) and (2.3), a policy + is n-presen-value
optimal if and only if +is n-optimal, i.e., V' © V." for all ° 2 ¢.
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Denote the set of n-optimal policies by ¢ , and notice that the n-optimal sets
are nested,ie., ¢ T ¢, 49 ¢;4+1 T ¢;q+2 T €¢¢¢ Extending [7], [13] shows
that there existsan m 2 [j 1;S] suchthat ¢ T ¢, 1 7 ¢¢T ¢ = ¢y = CCC
(for substochastic systems). Moreover, an S-optimal policy is strong-presen-value
optimal.

Rothblum [11] showvs how to extend the policy improvemerts from Miller and
Veinott [7] and Veinott [13] (for substochastic systems)to normalized systems(th us
systemswith substochastic classes).

Hereafter we only considerstationary policiesin systemsthat have substochastic
classes.We presert a numerically stable method for nding V," for a given+2 ¢ and
i d- n. More generally, the method "nds a solution of

d+Qu=vil: j=m+1::n+d (2.5)

uniquely determined.

3. Finding the Lauren t coezxcien ts. The communicating classdecomposition
of a policy (seex2.1) induces a deendene partial ordering amongst the classes. A
class C depends on another classD if there is somes 2 C t 2 D with Psg > 0. (If
additionally Pys > 0 then C and D would be the same communicating class.) If a
classC doesn't depend on any other classthen Cis independent

Bather [1] and Veinott [13] both use the dependencepartial ordering to solve
(2.5) for substochastic systems. In substochastic systems, all recurrent classesare
independert, so one may solve (2.5) for these classesseparately Once the values of
the independert (recurrent) classesare known, i.e., vi for s in a recurrert class,these
valuesmay be incorporated into the linear equations (2.5) for classeghat depend on
the independert classes,and these linear equations may then be solved separately
By repeating this process,(2.5) may be solved for the ertire systemby solving (2.5)
within ead class(using any necessaryaluesfrom other classes).

For systemswith substochastic classes,it is not necessarilytrue that recurrent
classesare independert and vice versa. However, one may still usethe dependence
partial ordering to solve (2.5) by solving (2.5) within ead classas just described.
Also, even though it may not be clear if a classis transient or recurrent, ead class
is substochastic (by de nition) and irreducible (becauseevery state within a class
communicates with all other statesin the class).

The remainder of this section presertis a method for solving the linear system
(2.5) within a single substochastic, irreducible class. Throughout, the notation for
system parameters denotesthose same parameters restricted to the class. Thus, S
refers to the states within the class, P. refersto the transition matrix restricted to
the statesin the class,and soon.

Each classmay be transient or recurrert. . In a transient class,limyi;, PN =0,
S0QLY” (Pyj 1) 1= P+ P2+ ¢¢¢ is well-dgned (Q. is nonsingular). If
the classis recurrert, then it must be stochastic, i.e., ,5 p(tjs;%) = 1 for every
s 2 S. Then the rows of Q. sum to zero, so Q. is singular. Since the classis
irreducible, eliminating any (single) state s from the class causesthe remainder to
becometransient. This is equivalent to removing the row corresponding to the state-
action pair (s;%) and the column corresponding to s from P.. Removing this row
and column from Q. causesit to becomenonsingular. Hence,Q: hasrank S 1 (it
is rank-de cient by one).
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3.1. Rank-rev ealing LU factors. Given a (substochastic, irreducible) class,
onemay deduceif it is transient or recurrent by meansof a rank-revaling LU (RRLU)
factorization of Q.. This takesthe form _

|

A 1A [
C o 0 u )
T 1 o "'

TiQ.T] = LU = (3.1)
where T; and T, are permutations that must be chosento limit the size of the o®-
diagonal elemerts of L and U. If j"] is suitably large then Q. is taken to have full
rank, but if j"j = O(2) where 2 is the macdiine precision, Q. is regarded as singular
(in this case,rank-de cient by one).

Our discussionis certered on LUSOL, a padkagefor computing sparseLU factors
of a squareor rectangular sparsematrix [4, 9, 10]. LUSOL producesan L with unit
diagonalsand a U that tends to re°ect the condition of the original matrix Q.. As
in sewral other such packages,T; and T, are chosento maximize sparsity asmuch as
possible,subject to a stability test at ead step of the factorization.

The stability test is a function of two parametersL max and Unax (both 1 or more).
At the kth step, the next column of L and row of U must satisfy

jLikj © Lmax; i > k;
JUkj] © UmaxjUkk]s | > ke

Adequate stability is usually achieved with thresholdpartial pivoting (TPP), in which
Lmax = 10o0rless,and Unax = 1 (sothat only the subdiagonalsof L are cortrolled).
To improve the rank-revealing properties, both Lmax and Unax must be nite and
closerto 1. Valuessud as4, 2, and 1.1 are increasingly likely to reveal rank correctly,
while retaining somefreedomto keepL and U sparse.

LUSOL has two RRLU options. Threshold rook pivoting (TRP) usesL nax =
Umax - 4 (say) and provides a good compromise between stability and exciency.
Threshold complete pivoting (TCP) additionally requiresall elemerts in the remain-
ing unfactored matrix to be boundedrelative to jUykj at ead stage. To obtain reliable
RRLU properties in our experiments, we have used TCP with Lax = Umax = 2:0.

De ne the permuted Q. _and the combined permutations from (3.1) as follows:
A ! A !

? LRETTE T TT)° f f\;
! tT H

Q" TiQ.T]~ (3.2)

where@ = (0 isan (S 1)£ (S 1) nonsingular matrix, and g, @, t, f, I, u are
(Si 1)-vectors. Regardlessof the nature of the class (based on the size of "), the
LU factors may be usedto solve (2.5) becausethe systemis consistert even if Q. is
singular.

Note: The methods preserted in the next two sectionsare essetially those devel-
oped in the rst author's thesis[8], whereit wasinadvertently assumedthat T; = T,
(and thus T = I). Herewetreat T asa generalmatrix.

3.2. Transient classes. The linear system (2.5) is block triangular:
32 3 2 3

vm +1 Vm . Cm +1

é‘Q; T 19 KL

Qi Vn+d i Cn+d
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If the rank-revealing LU (RRLU) factorization shownsthat Q. hasfull rank, the whole
system (3.3) is nonsingular and may be solved by block forward substitution:

QM =ity j=m+L::n+d (3.4)
3.3. Recurren t classes. Applying the permutations to (3.3) gives

m+1 bm+1

2 32 2
Q
CT Q m+2 H’n+2
iT Q Wn+d
wherevi = TJw (j = m+ 1;:::;n+ d) and also B"** = T;(v" j ¢"*') and

B iTid (j=m+2:::;n+ d) If the RRLU factorization shaws that Q. is
rank-de cient by one, system (3.5) has additional structure:

2 Q 2 32Wm+13 26m+13
CIT ' © Wgﬂ @ﬂ
it it 0 g w2 g+

ittt i oq wg? 7 = BE? 7 (3.6)

iT it Q@ a 53w e
it ip dq wg*e p* e

wherew and B represen the Tst S 1 elemens of w and bl respectively, and ©
marks onerow and column that reveal a rank-de ciency of onein the full system. The
marked row is redundant asit comesfrom the rst block of (3.5), which is singular
but consistert. Also, sincew"* 9 is not determined uniquely, we may assignwg” d- 0
and make the marked column redundant. Removing the marked row and column
givesthe following system, which hasfull rank and therefore a unique solution:

2 Q q 3 zwm +1 3 26m+1
it it 9 q wo B’"*Z
. tT . l-l qT [ WI’T‘I+2
it ) ' (3.7)
it it Q

it ot Wl

We now describe two methods for solving system (3.7).
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3.4. Block LU metho d (BLU)
givesthe following nonsingular system:

for recurren t classes. Rearranging (3.7)

2 32 3 2
Q q Wm+1 +1
i -f Q i f\ q Wm+2 6m+2
i f Q i f\ q Wt dji 1 Bn+ dj 1
it Q i f28 wrd 2 =@ frd (3.7
i tT qT i M Wgﬁl H;HZ
. . Wg+2 :
i tT qT it ' bg+ di 1
i tT qT iU Wg+ di 1 k%+d
To derive a solution method, we label the componerts of (3.7") as
" #" # " #
AlB W B
= : (3.8)
C|D ws bs

Since @ is nonsingular (and @ = [0 has already been found) it is easyto solve a
system Ax = b sequetially. Hencea block LU factorization
" 4 m 4o ”
A B _ A Y

C D C I 4

solvesthe full systemezciently. First, solve AY = B and calculate the Schur com-
plement Z = D j CY, then useblock forward and badkward substitution to solve
(3.7 and hence(3.6):

#" # " B# " #" # " #
A R Y W R
= and = (3.9
C |1 Xs bs z Ws Xs
The remainder of this section breaks down ead step of the process.
Solving AY = B. Expanding A and B into block-matrix form gives
2 3 2 3
o) ]
it Q it q
Y = i t (3.10)
it Q q
it Q i £
The “rst column of Y solvesthe block-diagonal system
2 32 3 2 3
Q ym a
i T Q y"* i f
U : =g 4 (3.11)
i -f Q yn+ di 1 0
it Q ye 0
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The Tst two vectorsin the solution satisfy Qy™*! = gand Qy™*2 = fym+1; f But
Qe= OgivesQe= j @ sothat y"*! = j e andthen Qy™*2 = ; Tej f=j [T fle=
i e Thus, we may usethe factors @ = [0 to solve (3.11) as follows:

ym+1:ie.
Qym+2 =je
Oyl = Tylily j=m+3::;n+d:

The solution of (3.10) is then given by the block-Toeplitz matrix

. 3
ym+
ym+2 ym+1
Y = ym+2
yn+di 1 ym+1
yn+d yn+di 1 ¢ee ym+2

Forming Z = D CY. With ®n+j ~ i tTy™" + q'y™*I*1 the structure of C
and Y gives
2 3 2 3
in ®na g y"H
Z - E i H ®n+2 ®n+1
. . qum+1
i K ®h+di1 ®h+igi2 CCC By

However, Qym+*1 = §implies that q"y™*! = ' (becauseQ: is rank-decient by one).
HenceZ is both triangular and Toeplitz:

M+ ®m 1

2
®n+2 u+ ®n+l
Z = ) ) (3.12)

®n+dj 1 ®n+d; 2 ¢CC P+ ®m

Block forward substitution. The solution of A% = Bin (3.9) is found sequetially
like the rst columnof Y in (3.11). Then xs = bs j CR may be calculated directly.

Block backwad substitution. If the dimensionof Z is large, the solution of Zwg =
Xs may be found using special methods for (lower) triangular Toeplitz systems[12).
Otherwise, ordinary forward substitution sutcesto nd ws, andthen W= 2i Yws.

from W and ws.

3.5. Veinott's metho d for recurren t classes. Veinott [13, p. 1651] givesa
method for solving the singular linear systemfrom a recurrent classin a substochastic
system. In his method, d = 1 and the singular systemis

) #" m+1# "bm+1#
Q W : (3.13)
il Q wn* pn 2
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The notation in this section and the next is the sameasin x3.3, where & represerts
the Tst S 1 elemens of a vector a, and A represerts the leading (S 1)£ (S 1)
submatrix of a matrix A. Veinott alsode nes Q%asthe rst S 1 columnsof Q and
(most importantly) de nes

m+1 wh +2
Wm+1 - + Wg1+1 e Wm+2 - + Wrsn+2 e
Substituting into (3.13) and setting wg *2 = 0 gives
# 2 1 ’ #

" e "

0 +1

Q §Wm +1 Z = bm
iloie Q7 0,7 o

Veinott usesGaussian elimination to solve QW™*! = B"*! and obsenesthat the
elimination reducesthe last row of Q°to zero, sothat w™*! is uniquely determined.
He then appliesthe sameelimination stepsto

"
h i m+1

W
ie Qo S :bm+2

wm +2

and notesthat wg' *1 is uniquely determined by the last row.

3.6. Extended Veinott's metho d (EVM). We now extend Veinott's method
in two ways: (1) to solve for systemswith d > 1, and (2) to incorporate the improved
stability of a RRLU.

To solve (2.5), we rst compute the RRLU factors of Q. to obtain L, U, and
T asin (3.1){(3.2). Next, we remove the row and column marked © in (3.6) to
obtain system (3.7) as before. (This is equivalent to Veinott setting wg“z = 0and
observing that the last row of Q° vanishes,but we have chosenthe row and column
more carefully.) Next, we substitute

" j o o . 4
W I e
wi 0 1w (3-14)
(this is equivalent to Veinott's variable change)to get
2 5 32 nud 2,3
iT e & o wa fym +2
i tT i 1 qT 0 Wm+2 bg+2
b= 3.15
D2 5 (3.15)
iT e & : fn+d
i tT i 1 qT Wn+d bg+d
De ning
# . #
1 h i h i jil
TO ; ET 0 T°; F 'e(_?=,eQ0,xJ v
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givesthe block-triangular system

2 32 3 2 3
Q Wm+1 t\{n+1
i TO = Xm+2 UT]+2
iE F X" 7 - e, (3.15"
{E F x"d g+

We solve (3.15") using block forward substitution with an LU factorization of F, which
may be obtained from a sparseBartels-Golub update of the factors of Q (sinceF is a

4. Example. Considerthe systemde ned in Table 4.1 and represerted graphi-
cally in Figure 4.1.

Also considera policy + in this systemwith reward vector r. and transition matrix
P. asfollows:

01 01 2 3
1 1 i1 10

1§ 1§ gl 0 0 o%

+= ) r+ = ; Pi: .
1 0 0 0 3
1 1 00 } O

The policy is depictedin Figure 4.2, wherewe can seethat the communicating classes
under + are f1;2g and f 3;4g. Both classesare substochastic. Also, it is clear from
Figure 4.1 that any policy in this system has substochastic classes,i.e., the system
has substochastic classes.

The degreeof + is 1, but the system degreeis 2 (becausea policy using action
2 instead of action 1 in state 4 has degree?2). Using d. instead of d in (2.4) may
decreasethe computation required to nd the Laurent coezcients for +, but the
amount of computation required to nd d. is signi cant (and only slightly lessthan
that required to 'nd d). Therefore, it is computationally more excient to calculate
the systemdegreed at the start of policy improvemert and used in (2.4) throughout.

Finding vi 2 requiresthe solution of (2.4) for this system:

2 3 2
i 3 0 i 3 0
1 1 0 0% 1 i1 0 0% .
0 0 j1 15° o o0 j1 1% B
o o0 3} 1 o o0 $ 1
and
01 2 3
1 iz 3 1 0
1+§1 il Ogvozv'l
0 0 0 1 3
1 o o0 1 j1
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Table 4.1
System description

p(tjs;a);t2 S

s2S | a2As |r(s;a) | 1| 2] 3| 4
1 1 1 1131 1]o0
2 1 o[1]0]0

1 1 1/0]0]o0

1 0 olo|o|3

1 1 ojo|i]o

2 0 olo|o0|1

A
JAN -
-

NI

o

1 0
< 2 N
l/‘
4
1 1
~J
0
1

Fig. 4.1. Graphical representation of system

@
% 0
- >
4 1 3
<] |

Fig. 4.2. Graphical representation of +

N
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Solving rst for the independert classf 3; 4g, we have

# o #" #
i1 1 1 0
1

N

1
LU
0 i

NI

within the class. The LU factors are nonsingular, indicating a transient class. There-
fore, nding vi 2 within f3;4g requiresthe solution of (3.3):

2i - 30 2 1 0 1
;7 il Vi 0
il 111 : Vlsi = 0 ;
5 i1 A 0
Ol il 3 % i T3 =
3ol Vi irsa=il
and solving sequettially using the LU factors gives
AAv Avr A 1 Ar A1 A
vig _ 0 vit 0 vio_ %
VL2 0 il 0o 2

The next classf 1; 2g dependson f 3; 4g, whosevaluesare known. Hence,vi 2 may
be calculated within f1;2g. Restricting Q. to f1;2g gives

1 L
Q.= '2 7 .
* 1 i1

The rows of Q. are interchanged(for a marginal improvemert in stability), giving the
LU factorization

# " # " #
01 i
T1Q:T2 = LU; Ti = 1 O; Ta=1; L= v U=

The singularity of U indicates a recurrent class. Calculating vi 2 for f 1;2g therefore
requiresthe solution of (3.6):

2 30 ,1 0 1
1 1 L 0
iz 3 wi,? 0
i1 1 i1 wi e 0 _
il i % % Wizl 0 ,
il 1 jl5@w ire2=il
i1 iz 5 0w V8 ra= 3%
for which @ = 1,q" = j ,4=i1,and’ = 1. Eliminating the redundart row

and arbitrary variable w9 givesa slightly smaller nonsingular system corresponding
to (3.7).
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4.1. Block LU metho d (BLU). Rearrangingasin (3.7") gives

2 30 1 0O 1
1 i1 wi 2 0
1 il j14Bwit 0
1 i 1B wi = ire2=il
i1 i} L L wip 0
il i3 wh iV ra= 3

Now A, B, C and D are known. Solving AY = B requiresthe solution of

2 30 1 0
1

. ; g i§

by sequetial useof the nonsingular LU factors ' = 1, 0 = 1. Thus

2 3
il
yi2=yil=i1 y?=0 and Y=9;1 ilé;
il
and then
" " 2 3 "
;# s # 1 s #
Z= 7 : i1 12 =i
il iz i 1 3
Block forward substitution solves
2
x'12 0
z%xs;:%o; ) etee
x4 il
Then,
A 1 A 1 #0 2 1 A I
R ! " xi 4 = 0 !
xi 2 0 il 2 11 0
il = 5 1 Xy~ = 0 = 13
2 1 3 I ng 1 [
Finally, block badckward substitution rst solves
#A 1 A ! A v A
o3 wit _ xh?= 0 ) wh o _
| . = . . -
1 2wt xpt=j 8 wi 8
and then calculates
0 .21 0 . 1 2 3. | 0 1
W, Xp°=0 il W2 = 0
W‘Hﬁ = %Xil=0§ i gil Ilé s T %%5%
wS xP=i1 il 2 o 3

SinceT, = |, the v and w variables are the same.

13
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4.2. Extended Veinott metho d (EVM). Herewe obtain vi,?;vi *;v9 within
the classf 1; 2g following Veinott's approad. The systemto be solved is (3.6):

2 30 ,1 0 1
1 1 Wi/ 0
I wif 0
i1 1 i1 wi e 0 .
|1 l% % Wizl 0 ’
il 1 i1 Wg irs2=ij1
i1 iz oz 0w i VSira= 3§

# " N " #
Q=1 Q°= ; T0= f; E= , F=

Setting wd = 0 givesthe system

2 30 1 0 1
Ly 0
il 1 Wi, 0
il il j% wil€ =80
i1 1 wi i1
il il i3 oW i 3
Recall ' = 1, 0 = 1, and the LU factors of F are
# #
il 1
C= o O= 3
1 i3
Solving LOwi 2 = 0 givesw} ? = 0, and solving
2 30 .1 0 1
il 1 wi,? 0
Eil i % willg_ O+w‘1220§
il 1 wi i1
il i1 iz oW i 2

sequetially usingC and U givesw) = wi * = 0,wy * = 13, andw) = £. Performing

the appropriate additions giveswi® = wi,2 = 0, wi' = whi' = 3, wf = ¢ and

w3 = 0. Again, T, = | meansthe v and w variables are the same.
Therefore, irrespective of which method is usedfor the recurrent classf 1; 2g,
0 Ol 0 31 0 Al
9 9
viZ= %f)g vil= %193% VO = %Og
- 0

[MENERTNY

0 0

solves (2.4) for the example system, and the Laurent coezxcients vi 2 of the policy +
have beenfound.
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5. Numerical stabilit y. For transient classesthe natural approad is to solve
the block-triangular system(3.3) by block forward substitution, usingthe nonsingular
Q- repeatedly asin (3.4). If Q. is ill-conditioned, any errors in solving with Q. will
grow exponertially. One may reduce the e®ectby using a small interval, namely
n+ dj m. This may be achieved by implemerting policy improvemert as suggested
by Veinott [13]. By nding m-optimal policiesfor m = j d;:::;n sequetially, Veinott

(again in order). Finding an (m + d)-improvemert requiresvi””d, sothe interval for
(2.5)isat mostm+ 2dj (mj 1)= 2d+ 1. Therefore, the smaller the degreeof the
system, the more reliable calculations become.

Note: If Q. isill-conditioned but not singular, (3.3) is intrinsically ill-conditioned
and the computed V! will have error regardlessof the numerical method used. Keeping
d small is advisable until the policy improvemen leadsto a better conditioned Q..

The RRLU factorization of Q. is essetial for numerical computation. If a classis
recurrent but the LU fails to identify the singularity, the factors of Q. will be extremely
ill-conditioned and computational errors will becomeprominent in the block forward
substitution for solving (3.3).

If singularity is identi ed, the Block LU method works with the factorization
(3.7%{(3.8), which is stable aslong as A is not almost singular and the elemers of
either B or C (or both) are not much larger than the biggest elemen of A. Denote
theserequiremerts by Property P1. It is not clear when Property P1 will hold, but
it can be tested a priori .

The Schur complemen Z (3.12) is lower triangular with constart diagonal ele-
mens U+ ®y+1 . The condition of Z will be reasonableif that diagonal value is not

Denote this state by Property P2.

If P1 and P2 both hold, we have a stable method solving a well-behaved problem.
If P1 holds, the condition of Z re°ects the condition of the original problem. In
practice with block factorizations of this kind, a singleiteration of iterativ e re nement
[5] is likely to give acceptable accuracy in most cases(without the use of higher
precision). If the re nement procedure declaresfailure, interval reduction would be
necessary

For the extended Veinott method there is more assuranceof stability, because
the triangular transformations (3.14) are well-conditioned and the block-triangular
system(3:15) "~ (3:15%) accurately re°ects the condition of system(3.7). This becomes
evident in the following numerical results.

6. Numerical experiments. The Block LU method (BLU) and the extended
Veinott method (EVM) involve similar amounts of computation, but may di®er in
their numerical accuracy

To compare the methods, we performed some experiments using Matlab 7.0.4
[6] with machine precision2 ¥4 2 £ 10 6. We generated 100 sparselinear systems
(order 100, density approximately 20%), 50 corresponding to transient classesand 50
correpsondingto recurrent classes.Hence, half the systemsare of the form (3.3) and
the other half contain one singularity asin (3.6). We alsoimplemented ead method
with three di®eren LU factorizations:

1. Matlab 's sparselLU factorization: [L,U,P,Q] = lu(Athresh)
2. LUSOL with threshold partial pivoting (TPP).
3. LUSOL with threshold complete pivoting (TCP).
Matlab 's LU alsousesTPP. The threshold parameterswere setto keepjL; j - 2:0,
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a fairly strict bound that favors stability over sparsity but allows a little freedom.
To estimate rank, LUSOL courts the number of diagonalsthat are small in absolute
terms or relative to their own column:

jUjjj . 2273 max(l; kUj kl );

and regardsthem assingularities. We applied the sametest to Matlab 's LU factors.

We solved for the Laurent coexcients in the test classesvith both BLU and EVM
using ead of the factorizations. For ead classwe performed 100 experimernts. We
randomly permuted the statesin the class(this corresondsto a symmetric permuta-
tion of the rows and columns of the linear system, but does not changethe Laurent

for eadh method and factorization over the 100 experimernts, obtaining the following
results:

2 For transient classesthe residual norms for the calculated v/ increasewith
j, but reach only O(10' 13) (whenj = 6) for all combinations of method and
factorization, so are numerically insigni cant.

2 For recurrent classesthe residual norms resulting from BLU increasewith |
from O(10' ) to O(1) (varying slightly with the factorization used),implying
signi cant numerical error with all factorizations.

2 |n cortrast, the EVM residual norms stabilize at O(10' *4) asj increases
for all factorizations, so are numerically insigni cant. Figure 6.1 shaws the
behaviour of the residual norms for the recurrent classes.

Largestresidualdor recurren classes

10 T
BLU & TCP -
—>*—— EVM & TCP
2 — — — BLU & TPP - <
— ¥ — EVM & TPP - -

— —  BLU & Matlab - -

—X— EVM & Matlab s

Residualnorms

2

V3
Laurent coezcient

Vo vt % v4 Vo Ve

Fig. 6.1. Residual norms for recurrent classes
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To identify di®erencesin the methods and factorizations more accurately, we
analyzed pairwise di®erencesof the residual norms: % i " for ead j, where the
superscripts refer to two di®erent methods or factorizations. Statistical analysis of
thesepairwise di®erencesn residuals(for ead of the 100systems)led to the following
obsenations.

Comparison of metho ds.

2 For transient classesthere is no statistical evidenceof a di®erencebetween
BLU and EVM for any of the coexcients, regardlessof the factorization used.

2 For recurrent classesthe rst evidenceof di®erencebetweenBLU and EVM
appearsin the calculation of v°. There is evidencethat %% | %™ A 0
for most j. The di®erenceis initially insigni cant, but grows with j: see
Figure 6.2. Note that the di®erencegrows slowest for TCP, followed by TPP
and then Matlab .

Di®erencén largestresidualnorms
10 T T T T T

10°

EVM

BLU j

10

10

TCP
- — —TPP
—-— Matlab
10‘ 15 | | | | | | |
V2 V3 . v4 Ve V!
Laurent coezxcient

6

Fig. 6.2. Con denc e intervals for pairwise comparison of BLU and EVM (recurrent classes)

Comparison of factorizations.

2 For transient classes,there is statistical evidenceof di®erert factorizations
giving di®erert residual norms, for both BLU and EVM. Howewer, the di®er-
enceis O(10' 13), sois numerically insigni cant.

2 For recurrent classewith BLU, there is evidenceof di®erenceamongthe three
factoriz%tions: seeFigure 6.3. 1/1{”’ i 1/1«5“’ , 1/?”“ i 1/j£°F’ , and 1/?6‘“6“’ i %PP
exceed’ 2 for j 3, sothat TCP outperforms TPP, which outperforms
Matlab .

2 For recurrent classeswith EVM, Vi Be ,1/%‘“'“ i A< , and 1/%43"3*’ 7
are O(10' ) for all j, and thus numerically insigni cant.

B
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Di®erencén largestresidualnorms

| TCP (BLU) i

i TCP (BLU) ;
i TPP (BLU) s/

i TCP (EVM) I/

i TCP (EVM)

i TPP (EVM) y

10 T
TPP
— — — Matlab
— — Matlab
—*— TPP
— * — Matlab
— X— " Matlab

AN

10°

Di®erence

10

10

Vo vt v2 v oo v
Laurent coezxcient

Fig. 6.3. Condenc e intervals for pairwise comparison of factorizations (recurrent classes)

From our experimerts, it is unclear if TCP is required to identify the rank of a
classcorrectly, or if TPP (or TRP) are suzcient. As the threshold value 2.0 is quite
low (favoring stability over sparsity), all factorizations seemto have determined the
rank of Q. correctly. If we increasethe threshold (th us sacri cing numerical stability
to presene sparsity), all threshold strategiesbecomelessable to determine the rank
of a class. To presene exciency and reliability, experiencein the context of sparse
constrained optimization [3] suggeststhe useof TRP with 1:1 - threshold - 2:0.

7. Contributions.  Veinott [13] originally usedthe recurrent classdecomposi-
tion with repeatedGaussianelimination to solve for the Laurent expansioncoexcients
of a substochastic system. (For singular systemshe removesthe last column from the
system and notes that Gaussian elimination results in the last row of the system
vanishing, leaving a nonsingular upper triangular matrix.)

Here we presert BLU, a new method for computing the Laurent coetcients of
a system with substochastic classes(although the ertire system may not be sub-
stochastic). This method follows Veinott and Bather by using the dependencepartial
ordering to decomposethe problem into a sequenceof computations on irreducible,
substochastic systems. With the help of a RRLU for ead of thesesystems,BLU iden-
ties transient and recurrent classes. Also, the coetcients for the transient classes
are found sequetially with the LU factors. For recurrent classesBLU usesthe LU
factors and a block LU decomposition to nd the coezcients in a way that hasproved
stable for somesystemsbut not all.

In seard of greater reliability, we revisit Veinott's method for calculating the
Laurent coexcients for a substochastic system. We extend his idea of repeated use
of Gaussianelimination to solve for systemswith substochastic classes.We also im-
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plemert the Gaussian elimination using sparselLU factorization with various types
of threshold pivoting to provide stability. For recurrent classes,we follow Veinott's
method (which removesthe last column of the singular matrix), but only after ap-
plying any permutations from the LU factorization; see(3.15). The resulting method
(EVM) has proved to be extremely reliable.

Note that a stable LU factorization could be applied to the ertire system(3.3), but
this direct approad would becomeincreasingly inetcient with the systemdimension.
Somesort of block factorization (with repeated use of factors of small matrices) is
certain to be more e®ective. The BLU method is onesudc approad, but for maximum
reliability and the sameezciency it is clear that the EVM approad should be used.
By incorporating EVM into policy improvemert, we shouldbe ableto deal successfully
with the large modelsthat arisein the sustainable managemenm of resources.

Ac knowledgemen t. Wethank Arth ur F. Veinott, Jr. for sharing his knowledge
of substochastic systemsand for encouraging the dewelopmert of reliable solution
methods. We alsothank CameronG. Walker for his input into the statistical analysis
of our numerical experiments.
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